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1. OnpeneauTe/iM BTOPOro U TPETHLEr0 MOPSAKa

PaccMoTpuM IIpSIMOYTOJIEHYIO TaOIIUILY YUCEN, COCTOSIIYIO U3 K CTPOK U 1
CTOJIOIIOB, 3aKIIIOYEHHYIO B KpYyTJIble CKOOKU

al 1 a12 aea aln

a21 a22 aea a2 n
A=

Al Ay - Qg

Oty TabiMily Ha3BIBAIOT MaTpulleil. DIEMEHT MaTpHUIIbl a,;; MUMEET JIBa UHJIEKca i U

J
j, TNie i — HOMEp CTPOKH, j — HOMEp CTOJIOIa, HA MIEPECCYCHUN KOTOPBIX PaclojIo-
KEH DJIEMEHT a; ; .

Ecii 4uciio cTpok paBHO YHUCITy CTOJIOIIOB, TO MaTpUIla HA3EIBACTCH KBaJ[paT-

Hoii. JIto6o#i kBaJipaTHOW MaTpuile MOXHO IOCTaBUTh B COOTBETCTBUE YHUCIIO, BEI-
9UCIIIEMOE 110 ONIPEICIICHHBIM IPaBUJIaM ¥ Ha3bIBAEMOE OIIPEICIIUTEIIEM.

OHpCI[eJII/ITCJIB BTOPOT'O ITOPSAJKA — 3TO YACIIO

a5 9

A= =@ gy - e

a 4y
OHpeI[eIII/ITeIIB TPCTHET'O ITOPATKA — I3TO YACIIO
an 43 a3
A= _ Ay Q3 Q1 A3 ) Ay
=1 Qp Gy =4aqg - +a;-

ap -

a3 di3 a3 Oz a3 4z

a3 43 Oz

Yuco A paBHO CyMMe CJIaraéMBIX (3HaKW 3TUX CJIaraéMbIX 4epeAyloTcs, Ha9uHas Co
3HaKa + ), B KOTOPBIX KaXJbIi 3JIEMEHT IIEPBOMA CTPOKM YMHOXKAETCS Ha OIpeieI-
TEJIb, KOTOPKIN NIOJTydaeTcsl BEIUEPKMBAHUEM TOM CTPOKM M TOTO CTOJIOIA, Ha Iiepece-
YEHUM KOTOPBIX CTOUT 3TOT 3ieMeHT. Hanpumep,
4 2 3
2 3 1|=4
1 6 1

HAJIOTUYHO BBIYUCISETCSA OIPEJIEIUTEND H—20 TIOPA/IKa. DTU OIIPE/ICIUTENN U CBOM-
CTBa ONpeJeNuTeNIei MBI pacCMOTpUM B 11.5.2. JIns u3ydeHus BEKTOpHOM areOphl U
QHAJIMTUYECKON IeOMETPUM JIOCTATOYHO YMETh BEIUUCIIATE ONPEICIIUTENM JIUIIb BTO-
pOr0 U TPETHETO NIOPSJIKA.

-2 3

31 -2 1
-2
1 6

6 1] ~[1 1

+3-‘ ‘=4(3-1—6-1)—2(—2-1—1'1)+3(—2-6—1-3):—SI.A

2. BexTopnas aaredpa

B pa3nuuHBIX JTUCHUIUIMHAX UCTIONB3YHOTCS CKAJIIPHBIC U BEKTOPHEBIC BEIIMIM-
Hel. CxrajsgpHas BETMYMHA ONPECIISACTCS OJHUM YHUCIIOM, HalpuMeEp, Macca, 00beMm,
TeMIeparypa. BekTopHas BeIMYMHA XapaKTEpU3yeTCd HE TOJILKO YHCIIOM, HO W Ha-
IIpaBJICHUEM, HAIPUMEp, CHJia, CKOPOCTh, yeckopeHue. OTBICKAsAChH OT KOHKPETHOTO
COJICP)KaHMs, BEKTOpHAs areOpa n3yJacT reOMETPUICCKUE BEKTOPHI U OTICpAITiH Ha/l
HHAMM,



2.1. IlonsiTHEe BEKTOpA

IlonsTHe BexTOpa, TMHEHHBIC ONIEpalliy HaJl BEKTOpaMy OBLTA pacCMOTPEHEI B
IIKOJIEHOM Kypce MaTteMaTuki. HalloMHUM OCHOBHBIE MOMEHTHI.
B maremaTuMke BEKTOp — 3TO HaNpaBJIICHHBIA OTPE30K.

Hanpasienue yka3eiBaroT cTpenkoil (puc.l); pasmigaroT Ha- /
a

gayio BekTopa A u ero xoHeny B. O003HAYAIOT BEKTOpP d, 4B,

B

A

€ro JIMHY a, |d E‘ Ecim Havajao v KOHEIl BEKTOpa COBIIa- Puc. 1

2

JIAI0T, TO BEKTOP HA3LIBAIOT HYJIEBEIM 1 0603Ha4aror 0. Ero Hampasnenue cuuraercs
IIPOU3BOJILHEIM, a JUIMHA — HYJIEBOM.

Eciu BexTOpHI NapaJleIbHEl OJHON IIPAMON, TO OHU HA3LIBAIOTCA KOJMUHE-
apnvimu. 1Ipy 3TOM BeKTOpE MOTYT OBITH HallpaBIIEHHEI B OJIHY CTOpPOHY (COHaIlpaB-
JICHBI), WJIA — B pa3HBIC CTOPOHHI ( MPOTUBOIOJIOKHO HANPABJICHBI). 3alMCHIBAIOT
srotak: a ™Mb wmatlb.

BexTopsl, napaiielbHbie 0JIHOM IIJIOCKOCTH, HAa3hIBAIOTCSA KOMNIAAHAPHBIMU.

B Marematuke /iBa BEKTOpa Ha3bIBAIOTCSA PAGHbIMU, €C-

JI1 OHU UMEIOT OJMHAKOBHIE JUIMHBEI, KOJUIMHEApHBI U COHa- D E—
npaBiieHel. Ha puc.2 B nmapaimenorpamme ABCD BEKTOpPHI

AB w DC — paBHH, Tak kak 4B 11 DC u ‘TB‘:‘FC

, a BEK-

TOpsl CB u AD He paBHbI, Tak kKak CB T 4D. Puc.d

2.2, JluHeHHBIC ONICPALIMH HA/l BEKTOPAMH

K muneiinniM OonICpanuAM OTHOCATCA CIIOXKCHUC, BRIYUTAHNUC BCKTOPOB, YMHO-
JKCHUC BCKTOPA Ha YUCJIO.

Cnooicenue 6exmopos
Jist ciioKeHus JIByX HEKOJJIMHEAPHBIX BEKTOPOB & M b
OTJIOXKHUM OT KaKoi-Hubyas Touku A (puc.3) BexTop 4B, paB-
HEIA G, 3aTEM OT TOUKM B OTIIOXKMUM BeKTOp BC, paBHEIH b . To-

I/Ia BEKTOp AC Ha3BIBAIOT CyMMO# BEKTOPOB 4 m b . DTO mpa-
BUJIO CJIOXKCHUS JIByX BEKTOPOB HA3bIBAIOT IIPABUIIOM Tpe-

yrosibHUKa. 110 3TOMy ke IIpaBMIly CKIa/bIBAlOTCA U KOJUIMHE- ~°
apHbIC BEKTOPHI (puc.4), XOTA NIpU UX CIOXKECHUM U HE NoTyda- e
€TC TPEYrOJIbHUKA.

I[I[SI CIIOKCHUA JIBYX HCKOJUIMHCAPHLBIX BCKTOPOB MOXKHO
ITOJIL30BATHCA TAKKC ITPpABUJIOM IIapaliICiiorpaMmMa: OT KaKou-

HUOY/b TOUKA A OTIOXWUTH BEKTOPHl AB=d U AD=b W moO-
cTpouTs mapamnenorpamm ABCD (puc.5). Torna Bektop AC
paBeH d+b .

CnoxeHue Ooiiee JIByX BEKTOPOB IIPOM3BOJIMTCS 110 IIpa-
BUIly MHOI'OyTOJbHUKA. Haripumep, Juis CHOXXEHHS YETHIPEX

BEKTOPOB d,b,¢,d (puc.6) OT NPOU3BOJILHON TOYKU A OTKIIa-
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JILIBAEM BeKTopTB =d, 3aTeEM U3 TOYKH B OTKIAJILIBAEM BEK-
TOpB_C" —b, U3 TOukU C OTKIIAJILIBAEM CD=¢ , U3 TOYKU D OTKIa-
JILIBAEM BEKTOP DK =d. Torya BEKTOP AK (HaripaBJICHHEBIN 13 HaYa-
J1a TIEPBOTO BEKTOPA K KOHIIY TIOCIIEHETO0) PaBeH & +b +¢+d .

Boiuumanue 6€éKmopoe

Pa3HOCTb d—b BEKTOPOB 4 u b €CTh BEKTOD ¢ TAKOH, UTO

b+¢ =d . Jlns mOCTPOEHMS BEKTOPA d —b M3 IIPOM3BOJILHON TOY-
KU O OTJIOXKWUM BEKTOpEl OA=d wm OB =b (puc. 7). Torma Bex-
TOP Pa3HOCTH €CTh BEKTOP BA, COCAUHAIONINN KOHIEI BEKTOPOB

d v b W HalIpaBJICHHKIN K BEKTOPY d .

Puc.7

Ymuoocenue eéexmopa na uucno
IIpou3Be/IcHMEM HEHYJIEBOTO BEKTOpPAa 4 Ha YMCIO A Ha3hIBAETCS BEKTOP
b = Ad , TAKOM, 4TO

1) [B]=]4|-]a], 2) 511 a&, ecmi>0, &N a, ecm i<0.

Hetpy/1HO IpOBEPUTH, 4TO J[Ba HEHYJICBEIX BEKTOpPAa d W b KOJUIMHEAPHBI TO-
I'Jia 1 TOJBKO TOT/Ia, KOI'JIa CYIIECTBYET CJIMHCTBEHHOC YMCII0O A TaKO€, 9TO a = Ab:

illb < da=1b]|. (2.1)

JIuHEeHHBIC O1ICpaliyi HaJl BCKTOpaMu 06JIaI[aIOT TCMH XKC CBOﬁCTBaMH, qTO U JIA-
HEWHBIC OolnICpalivii HaJ{ I[CﬁCTBHTCJIBHLIMH quciiaMi, T.C., MOXKHO T'PYIIIIAPOBATL BCK-
TOPBI 1 PACKPHEIBATH CKO6KI/I, KaK IIpA I[CﬁCTBPIH Cc I[CﬁCTBHTCJIBHLIMH YUCJIaMHU.

IHpumep 2.1. B A ABC W3BeCTHHI BEKTOpHl AB=d, BC =b, o

BK - menuana (puc.8). Haiitu Bextop BK .

Pewenue. PaccmotpuM napajureniorpaMMm ABCD . Tax kak
w“ A %

TOYka K €CTh cepeJiiHa AC, TO OHA ABJIACTCS TOYKOU nepe- K

ceueHus JuaroHaneil. [loatomy S

ﬁzéﬁzé(jy—c’+§4):%(3—cﬂ4—3)=%(E—zi). b Pucs

2.3. KoopauHAaTHI BEKTOPA ¥ TOYKH B 33JTaHHOM 0a3uce
Pas3nooicenue eexmopa no 6asucy na niockocmu

Bba3uc na nnockocmu — 310 06a HEKOJUIUHEAPHBIX 6€K-

mopa e, ,ée,, B3ITBIX B OILIPEJEICHHOM IIOPSIKE. ¢
Ilycte a — TIpOM3BOIBHEINA BEKTOp Ha IUIOCKOCTH. U3 —
v IR e
IIPOU3BOJILHOM TOUKU O OTIIOKUM BEKTODPHI, PaBHEIC é€,,é, U 2
— - . o = B
O4=a (puc. 9). Bektop OB koJjulMHEapeH BEKTOPY &, & BEK- e
TOp OC KOJJIMHEApEH BEKTOPY é,. IloaToMy HaljyTcs Takue gﬂc-

uucla a, ¥ a,,9T0 OB =g, OC = a,é,. Torja

a=aé +ape,. (2.2)

6



I"'OBOpSAT, 4TO BEKTOpP 4 pa3IoKEH N0 Oazucy é;,é,, a KodpQ UIMEHTHI Pa3IoKEHUS
a;, a, Ha3BIBAIOT KOOPOUHAmMamu éekmopa a 6 basuce é,, é,. OTMeTUM, 9TO pasiio-

KEHHE BEKTOpa a 1o 6a3ucy é,, é, CAMHCTBEHHO.

Pas3znooicenue eexmopa no 6azucy 6 npocmpancmaee
Ba3uc 6 npocmpancmee — 3T0 mpu HEKOMNIAHAPHBIX 6EKMOPA &, é,, &, B3s-

THIX B OIIPEJICIICHHOM IIOPSJIKE.
IlycTh d — ipou3BONBHEINA BeKTOp. M3 1IpOU3BOJILHON TOY-
KU O OTIIOXKUM BEKTODHI &, &,, & U O4d=a (puc. 10). U3
TOYKA 4 TIPOBEIAECM IPAMYIO AB , NapaJICILHYIO BEKTOPY

€, JIO IlepeceueHuss ¢ IUIOCKOCTBIO BEKTOPOB ¢, €, . 1lo

IpaBUily TPEYroyibHuKa OA= OB +BA. Kakx moka3aHo BEI-

e, OB = a,é, +a, é,. BeKTOp B4 KOJUIMHEapeH BEKTOPY &,

TI09TOMY HAMJIETCS YUCIIO a, TaKOE, YTO BA = a; é;. Torma

ﬁ=a151+a252 +a3é3 . (2.3)

BexTop a pasznoxen no 6asucy é,,é,, & ; K0dpPUIMEHTH pa3inoXeHUs a,, a,, d,
€CTh KOOpP/IMHATEI BEKTOpa a B 6asuce é,,¢é,, é,.

|
IIpundTa 3a114cCh d = {a;,ay,a3} wnu a=| a,

as

Ceoiicmea Kkoopounam 6eKmopoe

1). Ilpu ymHOMXEHUM BEKTOpa Ha YUCIIO €r0 KOOPAMHATHl YMHOXKAIOTCSA Ha 3TO XKE
91 CIIO.

2). Ilpu cnoxeHuu (BBIYUTAHUM) BEKTOPOB MX COOTBETCTBYIOIIME KOOPIMHATEHI
CKJIA IBIBAIOTCS (BBIYUTAIOTCH).

3). /lBa BexTOpa KOJIIMHEApHHI TOTJIa ¥ TOJBKO TOTIJIA, KOTJ[@ UX COOTBETCTBYIOIINE
KOOPMHATHI POTIOPIIMOHAIBHEL.

IIpoBepum Tpethe cBoiicTBO. IlycTh B 6asuce é,,é,, é; BEKTOp @ MMEET KOOp-
JWMHATBl a,, a,, a;, BEKTOP b — KOODJIMHATEI b, b,, b, . BekTOpH! a 1 b KOJUTMHEAPHEI

TOTJIa U TOJIBKO TOT'/Ia, KOTJIa d = Ab. I/ICHOHBSYH IICpBOC CBOﬁCTBO, IIOJIy4YnuM

d|lb< a =Ab, a,=21b,, ay=Ab,. (2.4)

DTO ¥ 03HAYAET IPONOPLMOHAILHOCTE KOOPMHAT BEKTOPOB d W b . Eciu by, b,, b,

OTJIMYHEI OT HYJIA, TO 9T COOTHOUICHUA 3aITUCHIBAIOT B BAJIC

a4 _a, a
=0 Th by



DTH e COOTHOIIEHUS 3alIUCEIBAIOT, ECIIM OJ[HA U3 KOOPJMHAT BEKTOpa b paBHa Hy-
mo. Torma u3 paBeHCTB (2.4) ClleAyET, YTO COOTBETCTBYIONIAs KOOPIMHATA BEKTOpA
d TOXe paBHa HyJ0. UTak,

Qb -%2_%| (2.5)

by b b

Koopounamut mouku. Ux cea3v c koopounamamu eexmopa

PaccmoTtpuMm 6a3ucHble BEKTOpHI é,, €,, é;, IIOMECTUM WUX B 2

obmiee Havyaao — GUKCUPOBAHHYIO TOUKY O (Ha4aJlo KOOPIH-
HaT). Yepe3 Touky O M Ga3MCHBIC BEKTOPHI IPOBEAEM OCH KO-  — 4 =
opauHar Ox, Oy, Oz (puc. 11).

PaccMOTpUM TouKy 4. BekTop O4Ha3EIBAIOT pajiayc-
BEKTOPOM r, TOUkH A (puc.11), a ero KOOpJMHATHI — KOOPOU-

namamu moyxu A B 6azuce é,, €,,€; U1 B CUCTCMC KOOpJIv-

HaT Oxyz . Koop/iuHaTe! BekTopa OyjieM nucath B PUIypHBIX
ckoOKax OA = {a;,a,,a;} , & KOOPJMHATEI TOYKU — B KPYTIILIX
ckobkax A(a;,a,,a;) .

BripazuM KoOpAvHATEI BEKTOpA AB gepe3 KOOpAUHATEI €ro
Hayana A(ay,a,,a;) U KOHIA B (b,b,,b;). Paiiyc-BEKTOPHI 3TUX TO-

yeK 7y ={a;,a,,a3}, 7z =1{b,b,b5}. Bektop AB COEJMHSET KOHIIHI

3TUX BEKTOpOB (puc. 12), cieloBaTeNbHO, 4B =75 —7, W 110 CBOMUCT- Puc.1
~
BaM KOOP/IMHAT BEKTOPOB

AB={b,—a,, b,—a,, b, —a;} | (2.6)

Taxum 00pa3oM, 0111 OmbICKARUA KOOPOURAM 8EKMOPA HANI0 U3 KOOPOUHAM KOHUA
ébluecmsp cOOmeemcmeyloujue KOOpOURamsl HAYANQ.

MeTtoj1aMu BEeKTOpHO#M aireOphl yJ00HO pemaTsh Lebli psji TeOMETPUIECKUX
3asad. IlosicHum 3TO0 Ha mpuUMepe 3ajlauu JIeJICHUsS OTpe3Ka B
JJAaHHOM OTHOIICHMH.

IlycTh W3BECTHHI KOOPJMHATEI TO4YeK A(a,,a,,a;) W

B(b,,b,,b;) . Tpebyetcs HaliTh KOOpAMHATHI TOUKU C(c,c,,C3) »

Jiensuiei oTpe3ok 4B B oTHomeHuu A (puc.13).

AC — A
ITo ycnosuro H — ) WM ‘AC ‘ = /1‘ CB ‘ Kpome Toro, BEeKTOpEI Puc.13
CB
AC wu CB — conanpasiensl. ITostomy AC =A-CB. Paccmotpum (puc.13) pamuyc-
BEKTOpPBl 74, 73, 7» TO4EK A, B,C. .Torma AC = o —7y, CB = rg —7c W PaBCHCTBO
AC = A-CB IIPUMET BUA: 7o —74 = A (Fj —Fy) - I3 3TOTO COOTHOIICHUS
I - - . Pyt Arg
_ — A o WU =4 D
To—Fy=Arj—Arg WA 7o 2

AHaJTOTUYHLEIMY COOTHOIIICHUSAMHU CBA3aHEI 1 KOOPpAUHATEI TOYCK A, B,C:
8



s C 5 C .
N ) S ) 1+

_a, + b, _a, + b, _a,+Ab, (2.7)

Ecm Touxa C et oTpe3ok AB nonionam, To A =11

_a, +b _a,+b, _a, +b,
S5 0 4T 5 8Ty G
- C
IHpumep 2.2. Otpe3ox, COCAMHSAOMMA TOYkU A(3,2,1) U g c
B(15,6,-1),, pa3jielieH Ha NATh paBHBEIX dacteit (puc. 14). Haittu ’ c
KOOP/IMHATHI TOYKU C, . Prc.1 ¢
4Gy 2
Pewenue. Touka C,(x,y,z) IEIUT OTPE30K AB B OTHOIICHUMN A = B =3
2
Haiinem xoopuHate! Touku C, 110 popMyiam:
2 2 2
g +ih 1ty g +ib, 2130 ay+ib 13°CD
x = = =178 = 2 =36, z=" = 57— =02.
3 3 3

Ilpumep 2.3. B tpaneuuu ABCD (puc. 15) n3BeCTHBI KOOPJAMHATHI TpeX €€ BEpIINH
A(1,1,-4),B(3,2,-1),C(4,3,4). HaiiTu xoopAMHATEI BEpIIMHEI D, €CJIM OHA JICXKUT B ILIOC-
KOCTH YOZ .
Pewenue. Tax xak BepimmHa D JISKUT B INIOCKOCTU YOZ , TO €€ TiepBas KOOp/IMHATA
x =0, JBE JPYrue KOOpJMHATH HEU3BECTHHI, 0003HaUMM uUX y,z. WUTak, Touka D
MMeeT KOOpAMHATH D(0,y,z). HalilleM KOOp/AMHATH BEKTOPOB 4B n DC, BhMHUTAS
13 KOOPJMHAT KOHIIAa KOOPWHATRI HaJyaJla:
AB={3-1,2-1,-1+4}={21,3}, DC={4,3-y,4—2z}.
Tax kak BekTOpEl 4B M DC KOJUIMHEApHEI, TO UX COOTBEICT-

A B
BYIOIINE KOOPIUHATEI [TPONIOPIIMOHANLHEI, T.€.
4 3-y 4-z
2 1 3
Torma 2=3-3y, 2:% Wi z=-2, y=1u D(0,1,-2). b Puc.1 ¢

2.4. IIpoexuusi BEKTOPA HA 0Ch

Ilycts I — OCh, ¢ — HEHYJIEBOUW BEKTOp, JICKAIIUNA Ha 3TOMU
ocu, 4B — HeHyleBoi Bektop (puc. 16). Uepes Touku 4 u B npo-
BEJIEM IUIOCKOCTH, IEPICHIUKYJIApHBEIC ocu /. Touku ux nepecede-
HUA C OChl0 [ 0003HAYMM COOTBETCTBEHHOA' W B'. Touxku A4',B’

ecTh Tpoekiy Touek 4 u B Ha ock . IIpoekius BekTopa 4B Ha Puc.16
BEKTOp ¢ (WM Ha Och /) onpeAieiaeTcs ClIeyIomuM obpa3zom:

+‘ﬁ, ecmu AB TT¢

up, AB =p; AB = o
AB|, ecnu ABTl¢

(2.8)




OTMeTUM CleyIoNIe CBOMCTBA IPOSKIIMN BEKTOPA:
)up, 4B = ‘E ‘ .cos @, TIE ¢ — yTOJ MEX/y BEKTOpaMH AB U G ;
3) eciu 6asuc — opmonopmuposeannwiii (TO €CTh, 6A3UCHbIE BEKMOPbL €OUHUYHOU

ONUNbBL U 83AUMHO NEPNEHOUKYNAPHbL), TO KOOPANHATE BEKTOpa PaBHEI IIPOEKIIN-
SIM BEKTOpa Ha 0a31CHBIC BEKTOPHI.

2.5. CxansipHoe nNpou3BEACHIAE BEKTOPOB

Onpeodenenue cKanaprHoz20 npouséedenusn

Cranapuvim npousgedenuem a-b BEKTOPOB d W b Ha3LIBACTCA CKAAD, PABHEINA
IIPOM3BEJICHHUIO JUTMH 3TUX BEKTOPOB HAa KOCUHYC yIJIa MEXTy HUMHU:

5-5:|5|-‘5‘-cos¢.

[IpunsaTo Takxke u Jipyroe 0603HaUCHNE CKAJIIPHOTO NPOU3BEICHUS (a,b). i
Ot™metum, 91O €cii b =d, TO ¢ =0° U U3 OUPEICICHUS CICAYET, i(p

2 . B
uTO d-a :|a| . IIpoussesienue G-a 0603HA4AIOT G2 U HA3LIBAIOT CKAJAP- a

L2 Puc. 17
HEIM KBaJIpaToM BekTopa. UTax, 4~ =|d|".

Ceoiicmea ckanaprozo npouséed0enusn

1). CxanspHoe npou3BeJIcHNE HEHYJIEBBIX BEKTOPOB PaBHO HYJIIO TOTJIA U
TOJIBKO TOI'JI4, KOT'/[a 3TU BCKTOPLI ITCPIICHIUKYJIAPHLI.

2). CxasipHOE IPOM3BEICHAE BEKTOPOB IIEPECTAHOBOYHO: d-b =b -d.

3). CxansapHoe Ipou3BeICHIE HEHYJIEBRIX BEKTOPOB CBA3aHO C UX MPOCKIASIMU:

a-b =|a|np, b =|b|np; a.

(Ad+ub)-¢=A(a-é)+u(b-c),

4). CBOMCTBO JIMHEHHOCTH: .
) a-(Ab+ucé)=A(a-b)+u(a-c).

JloxaxkeM niepBoe CBOMCTBO: JIIL HEHYJIEBLIX BEKTOPOB

ab

1z T .7
|a|-‘b ‘ c0sp=0 < cosp=0 < p=—-<d.lb.
v A A

Jloka3zaTensCcTBO BTOPOTO CBOMCTBA OCHOBAHO HA TOM, 4TO YIUIBI (4 ,b) M (b,d) paB-

~ ~ A - _A -
HBI, TIOITOMY ib =|a|-\b \ cos(d , b) :‘b \-|a| cos(b , @) =b -a.
JlokazaTensCcTBO TPETHEr0 CBOMCTBA CIECAYET U3 TOTO, YTO

A - A _
|d@| cos(@, b)=mp; d, \b \ cos(d@, b)=np;b.
~ - A -~ =

Tostomy a-b=|a|-|b|cos(@,b)=|d|mpab=|b|up;a.
JlokazaTensCcTBO 4ETBEPTOr0 CBOMCTBA OIYCTUM.

CsoiicTBa ePpECTAaHOBOYHOCTA U JIMHCHHOCTUA MO3BOJISIOT IIpr CKAJIAPHOM YM-
HOXCHUU BCKTOPOB PpACKPLIBATDL CKOOKM 110 OOBTIHEIM IIpaBAJIaM a.nre6pL1 KaK IIpA
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I[GﬁCTBI/II/I C MHOT'OYJICHAMW. HaHpHMep,
(G+b)* =(@+b)-(G+b)=d-d+da-b+b-a+b-b,
TO €CTh JIJIT BEKTOPOB, KaK U JIJIS YHCeNl, CpaBeyiuBa popmyiia

(@+b)* =a*+2a-b+b>. (2.9)
AHaNoru4Ho (IIpOBEPHTE CAMOCTOATENLHO),
(G+b)-(G-b)=a*-b>. (2.10)

- - A~ 3x
Ilpumep 2.4. U3BecTHO, 9TO | d | = J2, |b ‘ =3, (@,b) = Brrauciurs

(G-3b)-(2d+b).
Pewenue. Vcnionb3zyeM CBONCTBA NEPECTAHOBOYHOCTU M JIMHEHMHOCTUA CKAJISPHOTO
IIPOM3BECHNS:

(G-3b)-(2a+b)=2d-d+ d-b—65-6—35-5:2|d|2—56-5—3‘5

Tak kak G-b = | |‘ ‘cos(a b)= \/73£ \/3] -3, TO

2
2-

‘ 2

(@-3b)-(2d+b)=2-2-5-(-3)-3-9=-8.

Buiuucnenue ckanaprozo npouszeeoenusn
6 OpMOHOPMUPOBAHHOM ba3uce

PaccMOTpUM OPTOHOPMUPOBAHHEIH 6asuc i, .k . Ilycts d=ayi +a, j + a5k,
b=bi+bj+ bs k. HaiijieM ckaJspHOE IIPOM3BEJICHIE STUX BEKTOPOB, UCIIONIBL3YS
CBOMCTBO JIMHEHHOCTH:  d-b =(aji +a,j +ask)-(Bi +b,j +bk) =
=ab (i) +ab, (i, )+ a1b3(17,]€) +a,b,(7,1)+ aby(f, ) + a2b3(7,15)+ +a3b1(1€,z7) + a3b2(lg,]) + aeb3(1€,]€)

Tak Kak BEKTOPHI i, j,k TEPIECHAMKYJISPHEI M JUIMHEI UX PABHEI €JMHUIIE, TO
CKaJIIPHOC MPOU3BEICHUE Pa3HBIX OA3UCHBIX BEKTOPOB PAaBHO HYIIIO, a CKAJIIPHOC

ITPOU3BCIACHNC OJIMHAKOBBIX 0a3uCHBIX BCKTOPOB paBHO KBaJIpaTy UX JIJIMHBI, TO CCTh
CAUHHUIIC. HOBTOMy IPEABIIYHICC PAaBCHCTBO ITIPUMCT BUJI

UTtak, cxanapnoe npouseedenue JIByX BEKTOPOB, 33J]aHHBIX B OPTOHOPMHUPOBAHHOM
6azuice, pagno cymme npouseéedenutl ux 00HOUMEHHBIX KOOpOUHam.

Ilpumenenus ckanaprozo npou3eedenusn

1). IlpoBepka neprIeHANKYIIPHOCTHU JABYX HEHYJIEBBIX BEKTOPOB

ilb < ab=0]|

2). Beraucnenue JUIMHEI BEKTOpa

la|=y[a-a=+a’| (2.12)

HetictButensHo, d-d=|d|-|a|cos0°=|a |2. B gacTHOCTH, B OpPTOHOPMMPOBAHHOM

6asuce Juig BexTopa a = {a;,a,,a;} 13 popmyin (2.11) u (2.12) nosryanm:
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|ﬁ|:1/af+a§+a§ .

3). OTwICKaHue yIiia ¢ MeX][y HEHYJIEBEIMU BEKTOPAMU d U b

cos g =

| d

ab
|

Jta popmyia cieayeT U3 onpeesiCHUs CKAIAPHOTO ITPON3BEIICHMUS.

4). BrrauciieHne HallpaBIAIOIMX KOCUHYCOB BEKTOpa

a;

da

cosa:|—, cos [

a,

|a

as
— cosy:|—

d

cos’ o +cos® f+cos® y =1,

(2.13)

(2.14)

(2.15)

(2.16)

3neck a, B,y — YTIIBL, KOTOpBIE 00pa3yeT BEKTOP @ COOTBETCTBEHHO C Oa3UCHBIMU

BEKTOPAMH i, j,k (WM, 9TO TO K€ CaAMOE, C 0caMHA Ox, Oy, Oz ). KOCUHYCEI 3THX yT-

JIOB HA3LIBAIOTCA HARPAGIAIOWIUMU KOCURYCAMU BCKTOpA a.

®opmyisl (2.15) cnexyrot Uz popmyin

a-i
coso =

(2.14), Hatipumep,

{a,a5,a5}-{1,0,0} _ @

jal ]|

a1

=12
Bo3BojI B KBaJIpaT 1 CKJIa/IIBasi paBeHCTBA (2.15), yauThIBast, 910 ai +a; +a5 =|d |,

nosryauM ¢opmysl (2.16).

5). Beruuciienue IpOeKIUH JIJIs HEHYJIEBBIX BEKTOPOB d U b

HPaEZ

Sy

a-

a

Jra popmyia ciexyeT u3 CBOHUCTBA 3) CKaISIpHOTO POU3BEICHNS.

(2.17)

6). Beianicinenne paboTel 4 NOCTOSHHOM CWIIBI F TIpU IPSMOJIVHEHHOM IepeMelie-

HUY U3 TOUKU M B TOouky N (puc.l18).

A

7.

JE—

S

I[eﬁCTBHTeHBHO, u3 (I)I/ISI/IKI/I HU3BCCTHO, UTO

A=‘FHW‘ cos(F‘[,\W), a 3HauuT, A= F-MN .

Ilpumep 2.5. HaiiTu KOCUHYC yTJia MEX/Iy JAVarOHaISIMU I1apaJlIeiio-

rpamma ABCD, eciiu A(1,2,0), B(-2,1,1), D(3,-1,3).

Pewenue. CnenaeM cxemaTudHwlii geptex (puc.19). Haiigem
KOOP/IMHATEI BEKTOPOB AB ,BDwu AD, BEIYUTAs U3 KOOPJMHAT

KOHITOB KOOPJIUHATEI HAYaJla 9TUX BCKTOPOB:
AB={-3,-1,13, BD ={5,-2,2}, AD ={2,-3,3}.

ITo npaBuity napasenorpamma AC = AB + AD = {-1,-4,4}.

12
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VICKOMEIi YTONl ¢ MEXIy JMaroHaIsAMH [IapaIelorpaMMa PaBeH yrily MeXIy Bek-
Topamu AC u BD. V3 hopmyist (2.14) nmeem:
AC-BD —1-5+(-4)-(-2)+4-2 1

AC||BD| [(C1? (4 +42 52+ (2? 122 \/_\/_ 3
4cl|sp| | J

BD , T.C. JIMAaroHaJIA MapaJuicjiorpaMMa paBHEI, CICIOBAaTCIILHO,

cosQ =

3aMeTHM, 9TO ‘A—C‘ =

IapaJijIeIorpamMM SBISETCA NPIMOYTONBHUKOM. JTO MOXKHO YCTAHOBUTH U U3 yCIIO-
BUS NIEPIICH/IMKYISPHOCTH BEKTOPOB AB U AD, TaK KaK UX CKaJSpHOE IPOU3BEJIE-
HHUE paBHO HYIIIO: TB-E:—3-2+(—1)-(—3)+1-3 =0.
Ipumep 2.6. Haiity BEKTOp ¢, KOJUIMHEAPHEIN BEKTOPY d = {1,3,2} , €CITA €T0 IIPOCK-
1Mt HA BEKTOP b = {2,1,0} paBHa —2./5.
Pewenue. Tak Kak BEKTOp ¢ KOJUIMHEApEH BEKTOPY 4, TO ¢ = Ad . BerauciauM npoek-
110 BEKTOpa ¢ Ha BeKTop b 1o popmynam (2.17) u (2.11):
_ ¢-b _Aa- b /1(1 2+3-1+2:0) 54

T Rl (e 45
C Jipyro# CTOPOHEI, TI0 YCIOBHIO i8; ¢ =-2,/5. Takum o6pazom, 1/5=-2/5, 1=-2
Torna ¢ =1a=-2a={2,-6,-4}.
Ilpumep 2.7. Haittu jiuHy Meauanbsl AM tpeyronbHuka ABC 11 yron ¢ Mexay Me-
naHoi AM v ctopoHoit AB, eciii AB=10 ¢cv AC=6¢cm u ZBAC = 60°.
Pewenue. Ha BexkTopax AB m AC TIOCTPOMM Hapajutenorpamm ABDC (puc.20).
IlonoBuHa ero jquaroHaiu AD OyJieT paBHa MeauaHe AM TpeyrojibHuka ABC . BBe-
JIEM BEKTOPHI d = AB 1 b = AC. Ilo npaBmily napajieorpaMma

4D~ AB+AC -G +b. 5

JI1s OTHICKAHUS JUTUHEI BEKTOpa AD HMCTIONb3yeM dopmymy (2.12):

‘E‘:‘6+5‘=\/(6+5)2= a%+2d-b+b>. ©
- ~2 — - A C

Tax xax a°=|d|*=100,6>=|b| =36, a-b=|a|-|b|cos(@,b)=30, T0 S

| 4D| = 100+2-30+36 = 196 =14, AM:%AD:7. Prc. 20

JIist OTHICKAHUS YIJIa ¢ MEXIY BEKTOpaMu AB u AD BOCHONIL3yeMcs (pOpPMYIIOii:
AB-AD  G-(G+b) da’+a-b 100+30 13 13
COSQP == = = =—. Torma ¢ =arccos—.
‘AB‘.‘AD‘ 10-14 140 140 14 14

2.6. BexTopHOE pon3BeicHNE BEKTOPOB
Ionamue npagoii u neeoii mpoiKu

YnopsjioueHHas Tpoiika HEKOMIUIaHApPHBIX BEKTOPOB HAa3bIBAcTCS
npaeoii, eCii C KOHI]a TPETLETO BEKTOPA KPAmMHUAUWUiL nO60pOm OT
nepeozo 8eKmopa Ko 6Mopomy 6UOEH RPOMUE YACOBOU CIMPEIKU.

B npotuBHOM cirydae Tpoiika BEKTOpPOB Has3wIBacTcs JieBoil. Ha puc. 21
TpOiiKa BEKTOPOB d,b,¢ aBusercs IIpaBOM, TaK KaK C KOHIIAa BEKTOpa ¢

13



KpaT4aifivii oBOPOT (T.€. Ha YroJl ¢ ) OT BEKTOpA d K BEKTOPY b IIPOMUCXOJMT IPO-
THMB 9aCcOBOM CTpesiku. Tpoiika e BEKTOPOB b,d,¢ SBIAETCS JIEBOM, TAK KaK C KOHIA
TPETLEro BEKTOpa (BEKTOpa ¢ ) KpaTJaiilliiii TIOBOPOT OT IIEPBOr0 BEKTOpa (BeKTopa b )
KO BTOpPOMY BEKTOPY (BEKTOPY @ ) IPOMCXOJUT 110 9aCOBOM CTpEJIKE.

3ameTuM, 9TO BOOOIIE IIPU NEPECTAHOBKE MECTaMHU JIByX COCEJIHUX BEKTOPOB
OpUEHTAlIAA 3TOM TPOUKM MEHSETCH, T.C. IIpaBas TpOiika CTAHOBUTCS JICBOM, a JieBas
— 1paBoii. 1Ipu KpyroBoi niepecTaHOBKE BEKTOPOB B TPOWKE OpUECHTAIAS TPOMKU HE
MEHSETCS, T.C. OPUEHTALAM TPOEK (4,b,¢), (b,é,d), (¢,d,b) — OIMHAKOBEL

Onpeodenenue 6eKmopHO20 NPOU3BEOEHUA

Bexmopnuvim npouszeedenuem BEKTOPOB d U b Ha3BIBaeTCS
6eKmop ¢ , yIOBICTBOPAIONINI TPEM yCIOBUAM (puc.22):

= A
1) [¢| =|a|-|b| sing, tie o =(@,b);
2) BEKTOp ¢ TEPIEH/MKYIIAPEH BEKTOpaM d U b ;
3) BEXTOpHI d,b,¢ 00pa3yloOT IPaBYIO TPOUKY. Puc.22

O6o3HavaeTcs BEKTOPHOE MPOU3BEJICHUE [d, b] Wi dxb . 3aMeTHM, UYTO JIAHA BEK-
TOpa ¢ paBHA IUIONIA/IM NIapaJuIeIoTpaMMa, IIOCTPOSHHOTO Ha BEKTOpax d M b .

Hpumep 2.8. Tlokaszate, uto i xj =k, i xk=—j, jxk=1i.
Pewenue. TloxaxeM, 4T0 i x j = k. JleCTBUTENBLHO, JJMHA BEKTOPa

. k
paBHa EJMHUIIE, T.C. paBHA IUIOIIAJN NPIMOYTOJEHUKA, TOCTPO-

CHHOTO Ha BEKTOpax i W j . KpOMe TOTO, BEKTOP & IEPICHIUKYJIS- R

PCH BEKTOpaM i, j W BEKTOpPHI i,j,k 00pa3yroT IIpaByIO TPOMKY, Tak —J / J

KaK C KOHIIAa BEKTOpa k KpaTdJaifiiii HOBOPOT OT BEKTOpa i K BEK-
TOPY j TPOMCXOJIUT MIPOTHUB YacoBO# cTpenku (puc.23).

3 :1:‘?

Puc.23

Teneps MoKaxeM, 9T0 i xk = —j. JIEACTBUTENBHO, , BEKTOp — j Tiep-

NIEH/IMKYJIIPEH BEKTOpaM i,k Y BEKTOPHI i,k,—j 00pa3yloT paBylo TPOHKY, TaK Kak
C KOHI|a BEKTOPA — j KpaT4alIliii IOBOPOT OT BEKTOPA i K BEKTOPY k IPOUCXOIUT
IPOTUB 9aCOBOM cTpesku (puc. 23). PaBeHCTBO j xk =i NPOBEPHTE CAMOCTOSTENLHO.

Ceoiicmea 6eKmopHo20 npou3eéed0eHusn

1). BextopHOe npou3BeJIcHUE JIByX HEHYJICBBIX BEKTOPOB PaBHO HYJIEBOMY BEKTO-
Py TOr/ia M TOJBKO TOTI/Ia, KOIJIa 3TH BEKTOPEI KOJIIMHEAPHEI.
2). BexTopHOE IIpOM3BE/IEHNE BEKTOPOB aHTUIIEPECTAHOBOYHO, T.€. MCHACT 3HAK
IIpH IICpCCTAaHOBKE NIEPEMHOXKACMBIX BEKTOPOB!: bxd=—adxbh.
3). CBOMCTBO TUHEHHOCTH
(Ad + ub)x ¢ = A(@x¢) + u(b x &),
ax(Ab + ué) = A(@xb) + u(@xé).

JlokaxeM IIEpBOE CBOMCTBO: dxb =0 < ‘ axb ‘ =0;
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‘ 6x5‘:| a |‘ b ‘ sinp=0 < sinp=0 < =0 WM ¢=r,
T.€. BEKTODPEI d U b KOJUIMHEApHEI.
JlokaxxeM BTOPOE CBOMCTBO: b xd = —d xb. JleHCTBUTENLHO, JUIMHEI BEKTOPOB b xd |
dxb paBHEI (Tak KaK PaBHAI IUIOIIAIA IAPaJUICIOTPaMMOB, IIOCTPOCHHEIX HA BEKTO-
pax d,b w b,d); BEKTOPEI b xd, W dxb — KOIUIMHEAPHEI (TaK KaK IEPICHMKYIISIPHEI
IIJIOCKOCTH BEKTOPOB d M b ) ¥ IIPOTUBOIIOJIOKHO HAaNpaBjeHkl (Tak Kak KpaTdaiimii
1I0BOPOT (pHc. 24) IPOTUB YAaCOBOM CTPEIKM OT 4 K b BUJICH C KOHLA Agxb
BEKTOpa dxb,a0T b K d — C KOHIIA BEKTOpa —d x b ). .
JloKa3aTenbLCTBO TPETHETO CBOMCTBA OITYCTHM.
W3 CBOMCTBA IMHEHHOCTH CJIEAYET, 9YTO [P BEKTOPHOM YMHO- |
JKEHHUU MOKHO PAaCKPBLIBATh CKOOKH, BEIHOCUTE YUCIIOBON MHOKHUTEND, a
HO HEJIb3 MEHATh OPSI0K COMHOXUTEICH.

Ilpumep 2.9. Beraucuts (i — j)x (@ + j). Puc. 24
Pewenue. Packpoem cxobxu, MCTIONB3ys CBOMCTBO JIMHEHHOCTH U CO-
XpaHAA NOPSJIOK MHOXKUTEIEH: (i — j)x( +j) =i xi —jxi +ixj—jx].
W3 nepBoro cBO#CTBa cleyer, 9to i xi =0, jxj=0. V3 BTOpOro cBoiicTBa u npu-
Mepa 2.8 CIeIyeT, UTo — j xi =i x j = k. OKOHYaTeNLHO moyduMm: (i — j)x (i + j) = 2k.
3amMeTnTe, YTO IpH BEKTOPHOM YMHOXKEHUH (B OTJIMYIME OT CKAJIApHOTO) hopMyna ai-
reOphl (a—b)(a+b)=a’ —b*> He NEPEHOCHUTCS.

Botuucnenue 6exmopnozo npouseedenus 6 OpmoHOPMUPOBARHOM ba3uce

ITycTh B OpTOHOPMHUPOBAHHOM 0a3uce i,j,k BEKTOPH d U b WUMCHOT COOTBET-
CTBEHHO KOOpAVHATHl {a,,a,,a;} A {b,,b,,b;}. ITO 3HAYUT, YTO
Haiiziem BeKTOpHOE IIPOU3BEJICHUE BEKTOPOB, UCTIOJIB3Ys CBOMCTBO JIMHEWHHOCTH:
de = (alf+a2j+a3 E)X(bll?+b2j+b3 E) = albl (fxf)+a1b2 (fx])+a1b3 (;XE)-F
+ayby ( 1) +azby ( x )+ abs (F < )+ azby (k 1)+ azhy (k x j)+ azby (k x k).
W3 niepBOro CBOMCTBA CIEHYET, UTO i xi =0, jxj =0, k xk =0. I3 BTOporo cBoicraa
U 1ipumepa 2.8 uMeeM:
l?xj:];: ;XE:_J:
Jxi=-k, kxi=j,
YuuTsiBasg BCE 3TU COOTHOUICHUS, IOJTYYUM:
dxb =i (aby —ash,)~ j (@b —ashy) + k (arh, —ayby) Witn

axb=i |2 B_F[" Blg|" % (2.19)
b2 b3 bl b3 bl b2
IIpunsra cnemytomas yio0Has yciioBHas 3anuchk paBeHcTBa (2.19):
i j k
ixb=|a, a, a| | (2.20)
b b, b

15



B stoit popmyne {a;,a,,a;,} — KOOp/IMHATHI BEKTOpa a B Ha3uce ?,]‘,E »  1b,by,by} —
KOOP/MHATEI BeKTOpa b B 6asuce i,/,k .

Ecim paznoxuts "onpenenurens" B popmyne (2.20) mo sieMeHTaM NEpBOi
CTpOKH, MBI IOJTyduM dopmyity (2.19).

Ipumep 2.10. Beraviciats a xb ,ecimd a=2i —j+3k, b=3i-].

Pewenue. Bextopsl @ v b B 6asuce i,j,k UMEIOT COOTBEICTBEHHO KOOPIUHATEI
{2,-1,3} u {3,-1,0}. IToatomy no popmyie (2.20) umeem:

i j k
- -1 31 212 3] -2 -1 - . -
axb=2 -1 3|=i -J +k =3i+9j +k.
3 -1 0 -1 0 30 3 -1

Ilpumenenus 6ekmopnozo npouseedenus

1). Beraucnienue miomasy S, napajueiorpaMmma 1 miomamm S ,

TPEYrOJILHUKA, IOCTPOCHHEIX HA BEKTOpax 4 U b (puc.25): % \/

Sy =|axb|, 8,==|axb|. (2.21) Puc. 25

i
2

JlecTBUTENBHO, S =|a|.\5 ‘Singo u ‘de ‘ =| a|-‘ 5‘ sing.
2). OTBICKaHUE BEKTOpA ¢ , IEPIICH/UKYJISPHOTO 33JJaHHBIM BEKTOPaM 4 1 b
¢=A-(@xh)| (2.22)

Jle¥CTBUTENBHO, BEKTOP ¢ M BEKTOP dxb NEPHEHMKYISPHEI OJHOMI

U TOM XKE IJIOCKOCTH BEKTOpPOB a | E , CJICHIOBATCIIbHO, 3T BCKTOPLI

—al
X
[~ 1!

(o)
—

KOJUIMHEapHH! (puc.26) U OTIIMYAIOTCA JIMIIb HEKOTOPHIM YHCIIOBEIM |
MHOXUTEIICM A .
3). BelunciieHue MOMEHTA 7, CWIbI F , IPUIOKEHHON K TOUKe M, OT- Puc. 26

QA
U

HOCUTENBHO TOUkU O (puc.27):

iy =F x F (2.23) "o
N M
3Jra (hopmyia m3BecTHA 13 DM3VKYL depe3 7 0003HaYeH pajinyc-BeKTOp OM . V )
4). BriuuciieHre TUHEHHOM CKOpPOCTU v TOYKW M, Bpamatouieiics ¢ no- O F
CTOSTHHOM YTJIOBO# CKOPOCTBIO W BOKPYT ocH (puc. 28): Puc. 27

: 224
BekTop yriioBoii CKOpOCTM w HaOpaBJIEH 10 OCU BpalllcHUS Tak,
9TO, TJISJIA C €r0 KOHIIA, BpalleHue TOYKU M BUJIHO POTUB 9acCOBOM
CTpEJIKY; BEKTOp v JIMHEHHOM CKOPOCTH HaIlpaBJIEH 110 KacaTeJIbHOMN
K TPa€KTOpUM; 7 — PaJyC-BEKTOp TOUKHM M.

Ipumep 2.11. Cunwt F,=4i -2j+7k u F,=-2i +j -3k npumnoxe-
HBI K TOYKE M (4,3,]). BeiaucimTs MOMEHT paBHoI[eI‘/'ICTBylomeI‘/'I 3TUX Puc. 28
CWJI OTHOCUTEIILHO TOYKUA O(3,1,0).
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Pewenue. HaliieM paBHOAEHCTBYIOIIYIO CWll F=F,+F,={2,-1,4} W BEKTOp
7 = OM = {1,2,1}. VICKOMEI# MOMEHT 7, = 7 x F BEIIHCITIM TI0 hopmyie (2.23):

k
1

N S

i
My =FxF=|1

2 -1 4

=97 -2j —5k.

Ilpumep 2.12. BerauicnuTs IUIONIA/Ib NTapajuieiorpaMma ABCD, eciiv
. [ A
AC=2e -e, BD=4¢ -5¢,, ¢, e, — ¢JAHUYHBIC BEKTOPEI U (€, ,€,) :%.

Pewenue. CHadana HaiieM BeKTOPH AB u AD (puc.29): C

B
S e
AB=A0+0B=—AC-—BD =6 +2é,

2 2 4 O

— e 1 — 1=
AD = A0+0D =—AC+—-BD =3¢, -3¢,.
2 2 Puc. 29

HaiileM BEKTOpHOE IPOM3BEJICHHE BEKTOPOB AB u AD, WC-
I10JIb3y$ CBOMICTBA BEKTOPHOT'O IIPOU3BECHUS:
ABx AD = (-8, +28&,)x (38, —3&,) = 386, x & + 68, x & + 38 x&, —6&, x&,.
Tak kak ¢é,xé; =0, e xe,=0, e,xé =—¢ xe,, TO IIOIy4UM:
ABx AD = —6 & x &, +3 & x&, =3 & x&,.
Brraucaum mitonias napasuienorpamma o gpopmye (2.21):
342
—
IHpumep 2.13. Haiiti BEKTOp ¢, IEPIICHIUKYJISPHEINA BEKTOPAM d | b , €CIA
=2 -, b=3j+k, |¢|=3V41 u Bextop ¢ 06pa3yer Tymo¥ yroix c ocsio OZ .

_— A
Supcp =| ABxAD | =|-3|| & x&)|=3-| & || & | sin (& , &) =

Pewenue. Bektop ¢, NepHEHMKYJIAPHEIA BEKTOpaM & W b, HalijieM 1o ¢opmy-
nam (2.22) u (2.20):
=ﬂ{f

i J
¢=A(@@xb)y=112 -1
3Has JJIMHY BEKTOpa ¢ , HaliieM | 1|:
|a|=3Jﬂ=|/1|-\—f—2j+61€\=|z|\/(—1)2+(—2)2+62:|/1|JH.

0 3
Otcrozia moxyaum, 9ro |A|=3, A=+3. YcranoBum 3Hak A. Ilo ycrmoBuio BexTop ¢

3 1 7o 17 |0 3

=]

-1 0 |2 0] -2 -1 .. -
‘ -‘ ‘+ ‘ D:@gi_zj+6k)

00Opa3syer TyIol yroj ¢ 0cblo OZ , a 3HAUUT, U C BEKTOpOM & . Iloatomy ¢-k < 0. Ho
¢-k =61 .CnenoBarensno, 4 <0. Utak, A1=-3 U é=A(-i -2/ +6k)=3i+6j —18k.
2.7. CMemaHHOE IPOM3BE/ICHHE BEKTOPOB
Onpeodenenue cMeUWanHOZ0 RPOU3BEOCHUSA

IIyCcTh BEKTOP d 6€KmMOpHO YMHOXACTCS Ha BEKTODP b , 3aTeM HOJydHBIIMIACS
BEKTOP dxb CKANAPHO YMHOXKACTCS HAa BEKTOP ¢ . B pesynsTare moydaeTcs 4ucho,
KOTOPOE HA3EIBACTCH BEKTOPHO-CKAISPHBIM WM CMEIIAHHEIM [IPOM3BEICHUEM BEK-
TOPOB d,b,¢ W 0603Havaercs abé Wi (4,b,¢). Taxkum obpaszom,

17



abé=(axb)-¢ | (2.25)

Ceoilicmea cmMeuwlanno20 NPouU36e0eHUn

1). CmemnanHoe TIpou3BEJIEHUE TPEX HEHYJIEBEIX BEKTOPOB PaBHO HYIIO TOTJ[A U
TOJIBKO TOT/Ia, KOT/Ia 3TU BEKTOPEI KOMILJIAHAPHEI.

2). Eciiv BeKTOpHI d,b,é — HEKOMIUIAHAPHEI U ¥ — 00beM NapajiIeenuIie/ia, IoCTpo-
€HHOT'O Ha 3TUX BEKTOpaXx, IPUBEJICHHAIX kK 001eMy Hagairy (puc.31), To

5= +V, ecmm 6,5,6 - IpaBas TPOHKa,
e -V, ecim 6,5 ,C - JIeBas TPOMKa.
3). CmemanHoe TpOU3BEJICHHUE HE MEHAETCS TIPU KPYTOBOM NEPECTaHOBKE MHOXKUTE-
JIeH ¥ MEHSET 3HaK NPU IEPECTAHOBKE COCEIHUX MHOXKUTEIICH:
abé = béa = éab = —bac = —¢ba = —ach.
4). CmenianHoe MpOU3BEJICHUE HE MEHACTCS NPU NIEpECTaHOBKE MECTAMU 3HAKOB BEK-
TOPHOT'O ¥ CKAJIAPHOTO YMHOXEHUS: abé =(d xb)-¢ =a- (b x¢).
5). CBOMCTBO JTMHEHHOCTH:
(Ad+pub)éd = A(acd)+u (béd),
d(Ab+ué)d =A(@bd)+u (aéd),
ab(Ac+ud)=A(@bc)+u(abd).

[IpoBepumM TiepBoe CBOUCTBO. CMENIaHHOE TIPOU3BEJEHUE ab ¢ :(axE )-E, KakK

CKAJIAPHOE TIPOM3BEJICHUE BEKTOPOB d =d xb ¥ ¢, PABHO HYJIIO TOTJ[A U TOJBKO TO-
IJla, KOIJIa BEKTOPHI d U ¢ — NEPIEHIUKYISIPHEL. BekTOp d = d xb NepleHIMKyIIpeH
IJIOCKOCTH BEKTOPOB &, b . Ilostomy Bektop ¢ (puc.30) GyneT mepleHIuKyIspeH
BEKTOPY d TOTJIa U TOJILKO TOTJIa, KOT/Ia OH OyJIeT HaXOJUTECS B IIJIOCKOCTH
BEKTOPOB du b .
IIpoBepuM BTOpOE CBOMCTBO. C OJIHOM CTOPOHHI,
dbﬁ*:(dqu)-éz‘de‘-|E|-cos€, (2.26)

TJie 0 — yroJl MeXJIy BEKTOPOM & xb ¥ BEKTOPOM ¢é .

A7 _ -7
(9] = X
C npyroii ctopoHsl, 00beM napajiieienune/ia ¥, nocTpOeHHOTO Ha d=axb
BEKTOpax a,b,é, PaBcH NPOM3BEJICHUIO ILIOMIAIM OCHOBAaHUSA, paB-
HOM ‘d x b|, Ha BBICOTY, PaBHYyIO | ¢ |-|cos 4| (puc. 31), T.e. w&
~ ~ a b
V= 6><b‘.| ¢l cos9|=‘ dbé‘.
Puc.3

3HaK CMEIIaHHOTO IPOM3BE/CHUA, B CUIy paBeHCTBa (2.26), COB- 5,5

IajiacT co 3HakoM cosd . Ecim @,b,é — mpaBas Tpoiika, TO yroJ

0 — OCTpBIH, cosd >0 H 556:‘556‘:% Ecmu a,b,¢ — neBad

TpOiiKa, TO yroy 0 — TyIoH, cosd <0 U abé = —‘656‘ = V.

IIpoBepum TpeTbe CBOMCTBO. 3aMETUM, YTO IIpH IIEpecTa-
HOBKE B CMEIIIAHHOM IIPOU3BEJICHUN MHOXXUTEIIEH MECTaMU MO-
JTyJId CMEIIaHHBIX IIPOU3BEJICHUN HE MEHSAIOTCS, TaK KaK OHU
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paBHEI 00BEMY [TapaJIeIIEIUIIE/Ia, IOCTPOCHHOTO Ha BEKTOPax 4,b,¢ . IIpu kpyrosoii
[IEpECTaHOBKE BEKTOPOB OPUEHTAINS TPOMKMA HE MEHSETCSA, CIICJOBATEIIEHO, X CME-
IIAHHEIC TIPOU3BE/ICHUS UMEIOT HE TOJBKO OJJMHAKOBBIE MOJIYJIN, HO U OJITHAKOBEIC
3uaku. Takum o6pasoMm, abé=bcéa=cab.

Tpoiiku xKe BEKTOPOB, IIOJyYCHHBIC ITyTEM NIEPECTAHOBKM COCEJIHUX BEKTOPOB,
MMEIOT Pa3HbIE OPUEHTAINH, CIIC/IOBATEIIBHO, MX CMEIIAHHBIE MIPOU3BEJICHUS OTIIM-
9aI0TCA 3HAKAMH, XOTA U PABHEI 110 MOIYH0. [Io3TOMy abé=-baé=-cbd=—ach.

IIpoBepuM deTBepTO€ CBOMCTBO. M3 NpeAnlIylIero CBOMCTBA CIEAYET, UTO
abé=bcd. Torma (@xb)-¢ =(bxé)-d=a-(bxé).

Crenyroliee CBOMCTBO — CBOMCTBO JIMHEMHOCTH CMEIIAHHOTIO NPOU3BEIICHUS
BEITEKAET W3 YECTBEPTOTI'O CBOMCTBA M CBOMCTBA JJMHEWHOCTH CKAJISPHOTO IPOU3BE/IC-
mus: (la+pb)éd =(La+ub)-Exd)=2(G-@xd)+ub-Exd)=A(@éd)+u (béd).
AHJIOTUYHO JOKAa3BIBAIOTCS JPYTHME COOTHOIICHUS JIMTHEIHOCTH CMENIAHHOTO IIPOM3-
BEJICHUSA.

Boiyucnenue cmeuiannozo npou3eedenun
6 ODMOHOPMUPOBAHHOM ba3uce

IIycTs B OPTOHOPMHUPOBAHHOM Oa3uce i, /,k 3aJaHbl BEKTOPEI
d={a,a,,a3}, E:{b1=b2=b3}= ¢ ={c,¢5,6}.
BEIYHCITMM CMEIIAHHOE IPOU3BEJCHUE JTHX BEKTOPOB, BOCIIOIL30BABIINCE (POPMY-
N0 : Gbé =a-(bxé). BcmoMHum, 910

i j ok
) _|b . _|B b
bxazb,b2b3=i2b3—jb‘b3+kb‘2.
C G ¢ C cq G
G C G

Haree, ckaspHOE POM3BEIEHUE BEKTOPA d HA BEKTOP b x¢ PABHO CyMMe TIPOU3BE-
JICHW MX OJTHOMMEHHBIX KOOP/IMHAT:

b, b b b b b | BB
abé=d-bxé)=a| > |- > |+ a3 =B b, bl
C G G G q C
G € G

Wrak, cMelllaHHOE NPOU3BEJICHUE BEKTOPOB  d = {aj,ay,as}, b= {b,by,b5},
¢ ={c;,¢5,¢3), 3aJIaHHBIX B OPTOHOPMUPOBAHHOM Oa3uice, BRIIUCIgeTcs 110 popmyiie:

al a2 a3
abc=|b b b| | (2.27)
G G G

Ilpumep 2.14. BrIguciIuTh CMEIIAHHOE MPOU3BECHUC BEKTOPOB
a=2i+j-3k, b=3i-j, ¢é=i+4k.
Pewenue. 1lo popmyne (2.27) umeem:
2 1 3
ibé=|3 -1 0 :2.‘
1 0 4

10 o
0 4 1 4

3 -1
‘+(—3)-‘1 O‘:z.(4)—1.12—3.1:—23.
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Hpumeueuuﬂ CMEUARRO020 npouseedeuuﬂ

1). 1IpoBepka KOMIUIAaHApPHOCTH TPEX BEKTOPOB

dG,b,¢ — KOMIUIAHApHBI < abcé =0 |. (2.28)

2). IIpoBepka npuHAJICKHOCTH YETHIPEX TOUEK 4, B, C, D ojHOM miockocty 17

(4,B,C,Dye Il < (AB,AC,AD)=0 |. (2.29)

JleicTBUTENEHO, TOUKU 4, B,C, D TPpUHAJICKAT OJHOW IUIOCKOCTU B C

(puc.32) Torja M TONBKO TOIJia, KOTJ[A BEKTOPHl AB,AC,AD KOM- % D

TIAHAPHEI, YTO PABHOCWILHO PABEHCTBY HYIO WX cMemanHoro /4

IIPOM3BEJCHNUS. Puc. 32
3). Brraucnenue 00bEMOB IIMpaMyJIbI U NIapaiielienune/1a, 11o-

CTPOEHHBIX Ha BEKTOPAX d,b,¢ , U WX BBICOTHI A, , ONYIIICHHOMN U3 KOHIIA BEKTOPA ¢

Ql
Ql

abé bé

[N Y

Vnap :‘ Vnup é ‘

Ql
Q“l

- ‘ } . (2.30)

JleicTBUTENIEHO, U3 BTOPOTO CBOWCTBA CMEIIAHHOTO MPOU3BEJICHUS CIICIYET, YTO MO-
JyJb CMEIIaHHOTO MPOU3BEICHUS paBeH 00beMy Napaienenunena v, , IOCTPOCH-

ap >
HOTO Ha BEKTOpax d,b,¢ (UpMBEJCHHBIX K 00meMy Hadary). C Jpyroil CTOpOHEI,
o0BeM mapaieNienune/ia paBeH IIPOU3BEICHUIO TUIOIA OCHOBaHUS S,., Ha BBHICO-

Ty h,.. OCHOBaHUEM SBJISETCS NAPAJUIETIOTPaMM, IIOCTPOCHHEIM Ha BEKTOpaxX d U b .

Ilostomy S,., =S =| dxb |. Takum o06pazom,
OCH

) :Vnap :‘abc‘.

¢ S ‘ axb ‘

Jlna Berquciienus o6bemMa nupamuisl v, , IOCTPOCHHOM Ha

up >
BEKTOpax d,b,¢ (puc.33), BocnonbsyeMcsl dhopmynoii
1 11 1.7
Voup =5 S he=35S e EVMP 6‘ab I
Ipumep 2.15. TIpoBepUTD, YTO BEKTOPHI d =i —2j, b=3i -5j+4k,é=2{+k He-
komIutaHapHel. HaiiTi 06beM napaenienumnesia, IOCTPOSHHOTO Ha 3TUX BEKTOpaXx,
TPUBEJICHHBIX K 00IIeMy Ha9aily, ¥ BRICOTY h , , OYIIEHHYIO W3 KOHIIa BEKTOpA d .

Pewenue. HaiijieM cMelIaHHOE IIPOU3BEICHUE BEKTOPOB d,b,¢ :

1 2 0
. -5 4 3 4 3 -5
abc=|3 -5 4|=1. +2- +0- =-15.
0 1 21 2 0
2 0 1

Tak xak @b ¢é =0, TO BEKTOPHI d,b,¢ - HEKOMIUIAHAPHBI, 2 00BEM NApaJUIEIIETIUIIENA,
IOCTPOCHHOI'0 HA 3TUX BCKTOpAX, paBCH ‘656 ‘ =15. Jlyid BBIYUCIIEHUS BBICOTHI /4, ,

ONYIICHHOH U3 KOHIIA BEKTOpa &, HaliJieM BEKTOPHOE ITPOM3BE/ICHNC:
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P 7ok
~ J ~|-5 4| 4|3 4] |3 -5 . ~
bxc=3 -5 4| =i —J +k =-5i+5j+10k.
0 1 21 2 0
2 0 1
\55 15 15

Brraucim UCKOMYTO BEICOTY: h, =

l\).?‘

J (52 +52 +102 5\/( D122

Ipumep 2.16. Beravcouts np_dxb, ecma a={2,3,-1}, b={1,9,-11}, ¢={,-1,0}.

Pewenue. Bocnonssyemcs popmymnamu (2.17) u (2.25): np, daxb = (axb)-¢ be
c

€|

Brraucim JTiHy BekTopa | ¢ |= J P +(=1)*+0% =./2 ¥ cMelIaHHOe POM3BeICHI e
2 3 -1
ibé=|1 9 -11|=2.
1 -1 O
Torna mpzdxb = 45 _45\/_
J2 2
B MexaHWKe UCTIONb3YETCS TAKKE 0BOUNOE 6eKMOPHOE NPOu3eedenue BEKTO-
poB d x (b x ¢ ). [lpusesiem Ge3 BrIBOIA CreyoNLyI0 hopmyty:

ax(bxc)=b(a-c)-c(a-b).

9 -11 1 -11 1 9
~3. ~1.
-1 0 1 0 1 -1

‘=—45.

3. AHasiuTHYECKasl TeOMETPH S

AHanmuThdeckas TeoOMETpusl U3ydaeT TeoMeTpudeckue OOBEKThl (JIMHUM, IIO-
BEPXHOCTH) aJrebpandeckuMu (aHAIMTUIECKUMU) MeToamu. JlJis 3Toro BBOJIAT IIO-
HATUSA YpaBHEHUS JVUHUU WU [IOBEPXHOCTU. YPaBHEHUEM JIMHUM WU ITIOBEPXHOCTH
Ha3BIBAIOT ypaBHEHUE, KOTOPOMY YIOBJICTBOPAIOT KOOpP/JMHATHI BCEX €€ TOYEK U
TOJIBKO OHHU.

MEI U3y4nM JIMHUU U IIOBEPXHOCTU, KOTOPEIM COOTBETCTBYIOT YPaBHEHUS II€p-
BOW U BTOpPO¥ CTEIICHU.

3.1. IL1ockocTh M €¢ ypaBHEHHE
Ypaeuenue nnockocmu, npoxooauiei uepes oannyro mouxy
REPREHOUKYTIAPHO OAHHOMY 6EKMOPY
IlycTs Ha IIOCKOCTH 3ajiaHa To4dka P, (x,,¥,,z,) ¥ BeKTOp N ={4,B,C}, nep-

NEHMKYJSApHEIA 110ckocTy (puc. 34). Bektop N Ha3eIBaioT
HOpManbHbIM 6eKmopom TINOCKOCTU. IIpousBosibHas Todka

P(x,y,z) IpUHAJJICKUT ILIOCKOCTHU TOIJIa ¥ TOJILKO TOI'Jia, KO- P / P
S - 0
rjja BEKTOpel B P U N NCPICHIUKYISIpHEI, a 3HAYUT, UX CKa-

JSpHOE MPOU3BE/ICHUE PAaBHO HYIMIO: P,P-N =0, U1 B KOOP-

Puc. 34
JIMHATHOM hopme

A(x—x,)+B(y—y,)+C(z—2,)=0|. (3.1)
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Obuwiee ypasnenue niockocmu

Packpoem ckobku B ypaBuenuu (3.1):  Ax + By + Cz + (-4x, — By, — Cz,) =0.
O0603Ha4MB BEIpaXKEHUE B CKOOKax yepe3 D, MOIyduM o0IIee YpaBHEHHE TIIOCKOCTH

Ax+By+Cz+D=0 |. (3.2)

OtmeTuM, 9T0 KOd(pdUIMEeHTH 4,B,C €CTh KOOpJAUHATRI HOPMAJLHOTO BEKTOpA
IUIOCKOCTH.

YpaBHeHHE MIOCKOCTH (3.2) €CTh ypaBHEHUE NIEPBOI CTENEHW OTHOCUTEIIEHO
x,¥,z. ClpaBellMBO U 0OpaTHOE: BCAKOE ypaBHEHUE NEPBOM CTENIEHU ONpEJIENIeT
IUIOCKOCTb.

Henonnvie ypaénenus nnockocmu

Brijienum crieyromme ciayJan:

1). Eciu B ypaBHEHWH IJIOCKOCTH OTCYTCTBYET IEpEMEHHAS x, TO IIOCKOCTH ITia-
pajiensHa ocH Ox .

2). Ecnmu B ypaBHEHMH IUIOCKOCTH OTCYTCTBYET NlepeMeHHas y (Wi z), TO ILJIOC-
KOCTb NapajuiessHa ocu Oy (M Oz).

3). Eciu B ypaBHEHWH IUIOCKOCTH OTCYTCTBYIOT JIBC IICPEMEHHBIC, HAIPUMED, x U
y , TO IJIOCKOCTh MTapauleIbHa INIOCKOCTH xOy.

JelicTBUTENEHO, €Cl ypaBHEHUE IUIOCKOCTH MMeeT BUJI: By+Cz+D =0 (0T-
CYTCTBYET x), TO HOPMAaJIbHBIM BEKTOp IJIOCKOCTA N ={0,B,C} NEpHEHIUKYISAPEH

ocu Ox, a 3Ha4UT, caMa IJIOCKOCTh NapajjiciibHa OCH Ox . Ecmu B YpPaBHCHUU IIIIOC-
KOCTH OTCYTCTBYIOT x ¥ y, TO INIOCKOCThb IIapajljiciibHA OCAM Ox U Oy, a 3HA4UT, U

IIOCKOCTH xOy .

Yzon mesrcoy nnockocmamu. Ycnosue napannensnocmu
U nepneHOUKyIAPHOCMU HII0CKOCm el

YTO0JI MEXITy IIIOCKOCTAMU w, U w, OIpEIENISIeTCS KaK yrojl MeXIy UX HOp-

MaJIbHEIMH BeKTOpaMd N1 u N, (puc. 35). Ilostomy

N1-]T/'2

COSQP = ————
‘NIHNZ‘

II;mockocTy mapajuiesibHBI TOT/AA ¥ TOJBKO TOT/A, KOTJa MUX
HOpPMAallbHBIE BEKTOPHEI Ni={4,B,,C;}, N2=1{4,,B,,C,} XoI-

Puc. 35

JUHEapHHI, T.€.

— 4, B, C;
N|||N, A —=—=—.
4H B G

IImockocTy IEpHEHIMKYIIIPHEI TOTJIa U TOJIBKO TOIJIA, KOTJ[a UX HOPMaJIbHEIE BEKTO-
PHI IEPIICHIUKYIISPHBL, T.€.

'N,-N,=0 wia A4,-A, +B,-B, +C;-C, =0.
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Paccmosanue om mouku 00 naockocmu

Paccmotpum mockocts (puc.36) ¢ ypaBHeHUEM Ax+By+Cz+D=0 ¥ TOUKY
B (x,»1,2) . OllycTUM U3 TOYKM P, Ha INIOCKOCTh NEPIEHJUKY-

nAp P,O U pacCMOTPUM Ha IIIIOCKOCTU TOYKY B (x,,¥,,z,) . BBI-

A
YUCJIIUM UCKOMOC PAaCCTOSHHAC: p
‘PP N 0 ?

d=P0O= ‘ﬁ‘

Tak kak BE ={x — X, ¥~ Y2,z — 2>}, N =1{4,B,C}, TO BHIpaXXeHHUE B

Puc. 36

KOOPIMUHATHOMU (PopMeE IPUMET BUI:
d A0y —x) + B3 —32)+C(z-2,)| |[(Ax+By +Cz)—(4x, + By, +Cz)|

NA? + B? + C? JA?+B* +C?

Touka P, JEXWUT Ha IUIOCKOCTH, II03TOMY €€ KOOPJIMHATHI YIOBJICTBOPSAIOT ypaBHE-

HUIO TUIOCKOCTH, T.€. Ax,+By,+Cz,=—D. YYUTHIBag 3TO, NOJy4YuM (HOpMYJy JJIs
BBIYMCIICHUS pACCTOSHUSA OT TOYKU B (x;,y;,z) JO IIOCKOCTU Ax+By+Cz+D=0:

d:|Ax1+By1+Czl+D| ‘
VA* +B* +C?

Ipumep 3.1. Haittu paccTossiHu€ OT TOYKUA P;(—1,4,5) JI0 IJIOCKOCTH, MPOXOAAIICH

(3.3)

gepe3 TouKy P,(3,-1,0) HepIeHIUKYISPHO BEKTOPY N = {4,-2,1}.
Pewenue. 3atiiiem ypaBHEeHUE IIJIOCKOCTH, TIPOXOAAIIEH Yepe3 TOUKy P, MEpPICH M-
KyJIIPHO BEKTOPY N, ucnons3ys dopmyiy (3.1):
4(x-3)-2(y+1)+1(z—0)=0 WK 4x—2y+z-14=0.
Haiinem paccTosaue ot Touku P;(-1,4,5) Jio 3To# mockocTu o hopmyie (3.3):
|4 (-)-2-4+5-14|
|4+ (27 +1 F -l

IlIpumep 3.2. 11ocTpoUTH ILIOCKOCTY C YPABHEHUAMM 2x +3y+4z =12 U 3x+2y=6.

Haiiti yron Mexay 3TUMU IUIOCKOCTSIMU. 3] %
Pewenue. 1lepBoe ypaBHEHHE — TIOJIHOE, COJACPKUT X, y, Z
Jns mocTpoeHus MIOoCKOCTH yA0OHO HAWTH TOYKM Nepece- 4y
YCHNA IIJIOCKOCTH C OCAMHU KOOPIUHAT: 6
eCi y=z=0, 10 x=6; x
Puc. 37

ecim x=z=0, To y=4;
ecim x=y=0, to z=3. z
IlocTpoum atu Tpu TOuxu M,(6,0,0) , M,(0,4,0), M,(0,0,3) u
TIPOBEJIEM Yepe3 HUX MIOCKOCTh (puc. 37).
Bo BTOpOM ypaBHeHUU 3x+2y =6 OTCYTICTBYET z, 3Ha-
YUT, 3TO YpaBHEHUE OIIPEHEIACT INIOCKOCTh, IIapaJUIEIBHYIO X
ocu OZ W NPOXOJAIIYIO Yepe3 IPAMYIO 3x +2y = 6, J€XKAITyI0 B INIOCKOCTH

2
Puc. 38
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XOY (puc.38).
JIist OTBICKAHUS YIJIa MEXY INIOCKOCTSAMU 3alMIIEM MX HOPMAJILHEIE BEKTOPEI
N, ={2,3,4}, N, ={3,2,0} ¥ HalijieM yroj MeX/Iy STUMHU BEKTOPAMHU:
N -N, 2:3+3-2+4-0

= — e ~ 0.63, = 0.63 = 51°.
e ‘NIHNZ‘ \/22+32+42-\/32+22+0 P

Ilpumep 3.3. CocTaBUTh ypaBHEHME IIJIOCKOCTH, IPOXOJAINEl 4depe3 TpU TOYKU
A(1,2,3), B(0,-2,1), C(-4,-3,2).

Pewenue. Touxa M(x,y,z) TPUHAICKUT UCKOMOH TuIocKocTH (puc. 39) Torma u
TONBKO TOT/A, KOTJA BEKTOPHl AM, AB, AC IlexaT B OJ{HOM B M
IUIOCKOCTH, T.€. KOMIUIAHAPHBI, U, 3HAYUT, X CMEIIAHHOE IIPO- /4 K c /

W3BEJICHUE PABHO HYJIIO :

x-1 y-2 z-3 Puc. 39
(AM,AB,AC): 0-1 —2-2 1-3|=0.
4-1 3-2 2-3

Otrcrona (x—1)-(-6)—(y—2)-(-9)+(z—-3)-(-15) =0 wm 2x -3y +5z=11.

3.2. IIpsimasi HA IJIOCKOCTH U B IIPOCTPAHCTBE

Kanonuueckue u napamempuueckue ypasHeHus npamoi

Ilycts u3BecTHA TOUKA M (x,,¥,,Z,), JIekKamas Ha npsmoii (puc. 40), 1 BekTOp
[ = {m,n, p}, MApAUICILHEIA TPAMOA (OH HA3LIBAETCS HAIPABIISIO- !

MM BEKTOpPOM mpsiMoit). Touxa M(x,y,z) NPUHAIUICKUAT NPAMOI /‘%
TOT'/Ia ¥ TOJIBKO TOT/IA, KOTJ1a BEKTOPEl M M ={x—x,,y — ¥,,z—2,} 1 7

0

[ = {m,n, p} KOJUIMHEAPHEI, @ 3HAYUT UX KOOPIUHATEI IIPOIIOPIHO-
HaJIbHBI:

Puc. 40

X=X Y7V _Z7Z, | (3.4)

m n p

ITonmydyeHHbIe ypaBHEHUS Ha3hIBAlOT KAHOHUYECKUMY YPAGHERUAMU TIPIMOI B IIpO-
CTpaHCTBE.

O603HauuB K03 PUIMEHT IIPOIIOPIIMOHAIIEHOCTUA B cOOTHOIIeHUHM (3.4) gepes ¢,
NIOIIy9UM HapamempuiecKue ypasHeHus NpsSMoil B IIpOCTPaHCTBE:

x=Xx,+mt, y=y,+nt, z=2z,+pt | (3.5)

Ha nitockocty  XOY ypaBHeHus npsamoi OyJyT MMeThb BUJI

X=% _Y= W
m n

WIH |x=x,+mt, y=y,+nt| (3.6)

Ilpumep 3.4. Haiiti yron Mexry liepecekalonMMUCS NpsAMbIMU X 5 1_% _+32 =Z 7 5

U x=3t+7, y=2t+2, z=-2¢+1. 3anmucaTh ypaBHEHHE IJIOCKOCTH, IPOXOJAAICH de-
pe3 npsaMEIC.
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Pewenue. I3 xaHOHUYECKUX ypaBHEHUN IIEpBOM IIPAMON CIEAYET, YTO €€ HallpaBs-
NSOUMA BeKTOp [ ={2,-3,4} u ee Touka M,(1,-2, 5). VI3 mapaMeTpuYeCcKuxX ypaBHe-

HUM BTOPOU [IPAMOIA CIIE/YET, YTO €€ HAPABJISIONINI BEKTOp I, = {3, 2,-2} U €€ TOUYKa
My(7,2,1). YTOI ¢ MeXIy IpSIMBIMU COBIIQJACT C YIIOM MEXIy UX HallpaBJIAIOIIU-
MH BEKTOPaMH, II03TOMY BEIYUCIIMM €OS ¢ , UCTIONIB3YS q)opMyJILI (2.14),(2.11),(2.13):

LI,  23+(-3)-2+4-(-2) -8 8
1| ‘12‘ J4+9+16\[9+4+4 1729 1/49 J493"

Touxa M(x,y,z) TPUHAIJICKUT IJIOCKOCTH, NPOXOJANICH depe3 3aJaHHBIC IIPSMEIC

Cos @ =

@ = 7T —arccos

(puc. 41), Torja ¥ TOJBKO TOTJA, KOTJA BEKTOPH MM, [, [, — KOMIUIaHapHEI, a

3HAYUT UX CMCHIAHHOC ITPOU3BCJICHUC PAaBHO HYJIHO:

M 3

x-1 y+2 z-5 74\2\11{

MM, I, L,)=| 2 -3 4 |=0. 2
1712

3 2 2
PaCKpLIBaSI OLIPpCHCIIMATCIIb, ITIOJTYUUM YPABHCHUC UCKOMOMU IIIIOC-
KocTH (x—1)-(-2)-(y+2)-(-16)+(z=5)-13=0 mwm 2x—16y—13z+31=0.

Puc. 41

Ilpumep 3.5. Haiitu Touky (), CHUMMETpPUYHYIO TOYKE

. X 4 z- P
P(2,-5,7) OTHOCUTEILHO IPIMOH x=5 P 4 3 = 226. IPO . I 1
Pewenue. 1IpoBesiem uepe3 TOUKy P(2,-5,7) TIIIOCKOCTB, IQ

NIEpIICHIUKYJIIPHYIO 3a/IaHHOM npamoii / (puc. 42). Ha-
NIPABJISIONMIA BEKTOP NPAMOM I ={,3,2} OJITHOBPCMCHHO AB-
JSIeTCS. HOPMAJILHEIM BEKTOPOM IIOCKOCTH, I03TOMY €€ ypaBHeHue (3.1) npumer BujL
1-(x-2)+3-(y+5+2-(z—-7)=0.
YpaBHeHUE 33/1aHHOM IIPAMOM 3alMIIEM B IIapaMETPUIECKOM BUJIC:
x=t+5, y=3t+4, z=2t+6. (3.7)
Haiinem TOuYKy niepecedyeHUst P, IpsSMOM M IUIOCKOCTH, NOJICTaBUB x,y,z W3 ypaBHE-

Puc.42

Hus npaMoii (3.7) B ypaBHEeHUE IIOCKOCTH:
(t+5-2)+303t+4+5)+2(2t+6-7)=0.
ITomygum 3HadeHHWe mapameTpa ¢=-2, COOTBETCTBYIOIeE€ TOYKE IiepecedeHus F,

npsiMoii U 1iockoct. M3 ypaBHeHuit npamoii (3.7) 1ipu ¢ = -2 NOJIy9UM KOOP/IMHATEI
ee Touku P,(3,-2,2). Touka P, sBIIIETCSA CEpeIMHON oTpe3ka P, mo3ToMy ee Koop-

JIMHATBl PaBHBI IIOJIyCYMME COOTBETCTBYIONIMX KOOpJIMHAT TO4YCK P(2,-5,7) U

O(x,,2): 3= szz, -2= yT_S, 2= “5—7 CreoBatensHo, uckoMas Touka Q

UMECT KOOPJIUHATEI x =4, y =1, z =-3.

Obwue ypasrnenun npamoil  npocmpancmaee

IIycTs nipsimast [ ABIISICTCA IMHUEH TIEPECEUCHUS JIByX HENapaJUICIBHBIX IIJIO0C-
kocteih w, 1 w, (puc. 43). Torga KoopJAMHATHE BCEX TOYEK NPAMOI YIOBJICTBOPSIOT
YpaBHEHUSM IIEPBOMA U BTOPOM IJIOCKOCTH, T.€. CACTEME YPaBHCHUMN

25



Alx +B1y + CIZ+D1 = O,
Azx +B2y + CzZ +D2 =0.

Cucrema ypaBHeHuii (3.8) HaswpiBacTcs OOIMIMMH ypaBHECHUSAMMU .
IIPSIMOY B IPOCTPAHCTBE.

Ipumep 3.6. 3anicaTh KAHOHWYECKUE YpPAaBHCHUS IIPAMOM, 3a]1aH- l
3x-2y+2z-3=0,

2x+3y-z—-4=0.

Pewenue. Havinem Touxy M,(x,,y,,z,) Ha IpsMou. B cucrteme,

HOM 00IIMMY ypaBHEHUSAMMU: {

. Puc.4
OIIPEEIAIONICH TIPSAMYIO, JIBa YPAaBHEHHUS U TpU HeusBeCTHhIX. [lo- -

3TOMY OJIHO HEM3BECTHOE BBRIOEpEM IPOM3BOJILHO, HAllpUMEp, z =1, TIOJICTABUM B
CUCTEMY W HaljieM JiBa JIpyITMX HEU3BECTHBIX: x =1, y =1. Takum obpa3zoMm, Ha Iips-
MOM HalijileHa Touka M, (1,1,1). IlmockocTu, 3afaromue IpaMyr0, UMEIOT HOPMAaJIEHLIC
BEKTOPHI Ni = {3,-2,2} u N, ={2, 3,-1}. Hanpasistomuii BekTop npsaMoii / meprien-
JIMKYJISPEH 3TUM HOpPMaJIbHBIM BekTopaMm (puc.43). [loaTomy

i j k
I =NyxNy=[3 -2 2|=-4{+7]+13k.
2 3 -1

. ox-1 y-1 z-1
Torma xkaHoHWYECKUE ypaBHEHUS NpsAMOii (3.4) npuMyT BUJL: = =

-4 7 13
Yzon meoncoy npamoii u nnockocmuio
VYroi ¢ Mex1y IpsSMON U IJIOCKOCTBIO €CTh YToJI MEXJTy IIps- ¥
MOI#1 1 ee IpoeKIMeH Ha TIOCKOCTh (puc. 44). Paccmotpum j10- i /
IIOJHUTEIBHBIA YOI o = %— ¢. Torma a f
sing):cosa:cos(ﬁff):%. Prc. 44

31ecs N — HOpMaJIbHBINM BEKTOP INIOCKOCTH, | — HANPABJIAIOIIAIA BEKTOP IPSMOIA.

Paccmosnue om mouku 00 npamoii 6 npocCmpancmee

Tpebyerca HaliTh paccTosHue d OT TOUKUM M, 1o npsamoii [ (puc. 45). llyctes M, —
W3BECTHAA TOYKA Ha NPAMOI, /— HaNpaBIMONMI BekTOp NpsaMoil. PaccMoTpuMm nia-
paJuIeNIorpaMMm, TIOCTPOEHHBIN Ha BekTopax MyM; u [ . C oj-

- M
HOW CTOPOHBI, IJIOIAJb IlapajuiesorpamMma S =d ‘ l ‘ C npy- :

r'Oil CTOpOHEI, S = ‘MOM1 x I ‘ IToaTomy paccTosHus d OT TOUKA

M, Jto IpsAIMO¥# [ , IPOXOJIAIIEH Yepe3 TOUKY M|y, BEITUCIIAETCS M,
1o ¢opmyiie




Ypaenuenue npamoii na nnockocmu c y2noevim ko3 ghgpuvuenmom

PaccMoTpum nipsamyro Ha mockoctu. Ilycte o — yron Ha- Y

KJIOHA IIpsAMOi k ocu OX (puc. 46). TorJia HanpaBIAIONINI BEKTOP
[ eIVHWYHON JYIMHEI UMEET KOOPJMHATHI m =cosa, n=sina. 1o-

9TOMY KAaHOHMYCCKOC YpaBHCHHE HpsMoil (3.6) mpumer Buj 5~ %

X=X _ Y=o
cosa sin o

um (y-y,) =tga(x—x,). Yucmo k =tga ecThb yr- Puc. 46

J0BOM KO3 (UIIMEHT NpSAMON; ypaBHEHHE NIPAMON Ha IJIOCKOCTH C YTJIOBEIM KO3(-

q)HIII/IeHTOM UMCCT BUJI:

V—yo) =k(x—x,)|.

Ecmu Ha miiockocty XOY 3aj1aHbl JIBE IPSMBIE C U3BECTHBIMU
yriIoBEIMU koddduimenTamu k =tgoy 4 k, =tga, (puc. 47),

TO MOXXHO HAaWTH YToJl MCXJTy 9TUMU ITPAMBIMU

tg(pztg(az _al) :M UJINn

t _ kZ_kl
SV vk k|

(3.10)

(3.11)

ITapainensHOCTh NPSAMBIX /;, /, PaBHOCUIIbHA PaBEHCTBY YIJIOB HAaKIIOHA «;, o, H,

CJIE/IOBATENIEHO, PABEHCTBY YTJIOBHIX KOd()UIIMEHTOB £, £, :

Lilhb & K=k

(3.12)

Jns nepreHIUKyISpHBIX TpAMBIX [, U [, (puc.48) umeeM o, = a; + 2

s -1 1
ky=tga, =tg| s+ = |=—ctga, = =——,
2 =18y 8(1 2) gy tga, ks

Taxum obpazom,

IIJ-IZ = k2:_ki‘
1

3.3. Kpusbie BTOPOro nopsiika

Puc. 48

KpuBrie BTOpOTro nopsjiKa — 3TO JJMHUM Ha MIOCKOCTH, KOTOPEIM COOTBETCTBYIOT
ypaBHEHUS BTOPOTO MOpsIKa. YCTaHOBJIEHO, YTO K KPUBBEIM BTOPOTO MOPSAJIKA OTHO-
CATCSA OKPYKHOCTh, DJUTUIIC, Tunepbona, napabona. JIpyrux KpuBBIX BTOPOTO IOPS/I-
Ka HET, €CJIM HE YYUTHIBATh CIIydau BEIPOXKJICHUS KPUBBIX B TOUKY WU NPSMEIC.

KpuBrie BTOporo nopsjika UrparT BaXXHYIO poJib B ecTecTBo3HaHuu. Hanpumep,
TPACKTOPUY JBWKCHHUS IUIAHET €CTh JIUMIICHL. B ¢u3nke MMpOKO WCIONIB3YIOTCS OIl-
TAYECKHAE CBOMCTBA KPUBLIX BTOPOTO NIOpSAJIKA, HAIIPUMEP, Ha HUX OCHOBAHO yCTpOii-

CTBO IIPOXCKTOpaA.
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dnnunc u ezo ypasuenue

DJUIMIICOM HA3BIBAETCS MHOXECTBO TOYEK IUIOCKOCTH, CyMMa PacCTOSHUHA OT
KaXJI0W M3 KOTOPBIX JIO JIBYX JIAHHBIX TOYCK, Ha3hIBaEMEIX (hOKycamu, ITOCTOSHHA U
GoJbIIIe paccTOSHUS MEXKITY Pokycamu .

y
BriBeieM ypaBHEHME JILIHIICA. M

Ilycts F; u F, — doxych amumnca. PaccTosHue MexIy HUMA

00603HauMM depe3 2c, a HOCTOSTHHYIO CYMMY PacCTOSHUIA OT JIo-

6oit Touku M ammmrnca o ¢oxycos o6o3HaumM uepes 2a. Ilo  F ‘ £

OTIpEJIEIICHHUIO DIIIHIICa, | MF, M MF, ‘ =2a ¥ 2a>2c, T.C. a>c.

Puc. 49
BLI6epeM CUCTEMY KOOpJUHAT TaK, qTO0RI OCh OX IIpoXxo-

Jvna depe3 GoKychl, a ock OY — nocepemue Mexry Humu (puc. 49). Torna xoopu-
HaTH PoKycoB F, (—c, O), F,(+c,0). Ecmu M(x,y) — Ipou3BOJIbHAA TOYKA 3JUIUIICA, TO

|MF,| = \/(x+ 0)2 + 32, |MF,| = \/(x —o)* +y?
¥ CyMMa 3TUX PAaCCTOSHUN IIOCTOSTHHA U paBHA 24, T.€.
\/(x+c)2 +y2 +‘/(x—c)2 +y2 =2a.

IIpeobpa3yem 31O ypaBHeHUE K Oojee ynooHomy Buy. Ilepenecem ojiuH U3 pajiuka-
JIOB B IIPaBYIO YaCTh ¥ BO3BEACM 00¢ YaCTH ypaBHCHHUS B KBaJIparT:

2 2
(«/ (x—c)2+y2) :(2a—\/ (x+c)2+y2) ,
(x2—2xc+c2)+y2 =44’ —4a, (x+c)2+y2 +(x2+2xc+c2)+y2.

ITocite yIpOLIEHHs TIOyIuM  a - (X + c)2 + y2 =a’ +cx.
Enie pa3 Bo3BejieM B KBaJIpaT 00€ 9aCTH YpaBHEHUS U CTPYIIIIUPYEM TIOJ00HBIC WICHBL:

(a2 —cz)szrazy2 =a? (a2 —cz).

Tak xak a > ¢, TO pa3HoOCThb a2 —02 TITOJIOKUTCIIEHA, 0003HaUUM ce b2 M pasacimmMm

00€ JacTv [OJTy9EHHOr0 PaBEHCTBA Ha a” b® . B pesyibTare nomyaum:

2 2
+

-1, (3.14)

QN| =
%[

DTO ypaBHEHME Ha3LIBACTCA KAHOHWYECKUM ypaGHenuem 3nnunca. 3Jech
b?>=4*>-c>. B wuactHOM ciyuae Opu b=ga ypaBHenue (3.14) npumer BUJ;
x> +y? =4?, T.e. olpesieNseT OKPYKHOCTh Pajdyca a C HEHTPOM B Hadaje KOOpP/IH-

Hat. Takum 0Opa3oM, OKpYKHOCTE €CTh YaCTHEIH ciTydaii anmumnca.

Hcnone3ys ypaBHEHME 3JUIAIICA, YCTAHOBUM PSJl €TO CBOMUCTB.
1). Innunc cummempuuen omnocumensHo oceli U HaA4anNa KOOPOUHam.
JlelAcTBUTENEHO, €r0 YPaBHEHUE COJCPKUT x U y TOJBKO BO BTOpoil crerneHd. llo-
3TOMY, €CJIM mapa 9ucen (x,y) YHAOBIETBOpsAeT ypaBHeHuto (3.14), To maph (x,-y),
(—x,¥), (—x,— y) TaKXKe yJIOBJICTBOPAIOT 3TOMY YpaBHEHUIO. /[pyrumMu cioBamu, eciu
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TOYKA M(x,y) JEKUT HA DJUIMIICE, TO TOYKU M,(x,-y), M,(-x,y), M;(-x,—y), CUM-

METPUYHEIE TOUYKE M COOTBETCTBEHHO OTHOCHUTENLHO OCH Ox , OCH Oy W Hadaja Ko-

ODPJIVIHAT, TAKXKE JIEXKAT Ha JUIUIICE.

2). BBUly CUMMETpUH 3JUIAIICA JIOCTATOYHO WUCCIIEN0BATh €0 YpaBHEHUE B NEPBOiA
b

9eTBEPTH, TIE x>0, y > 0. W3 ypaBuenus (3.14) nonyaum y = E‘, a* —x*. Dra QyHk-

IV OIIpEJIeNieHa IIpU x <a, paBHa HyIlO IIpU x=a, paBHAa b Ipu x =0 U yORIBacT
C pOCTOM x. YYUTHIBasg 3TO, IOCTPOMM JJIIUIIC B mnepBoii derBepT (puc.50). Uc-
TI0JIE3YSl CAMMETPHIO 3JTUIICA, IOCTPOUM €T0 B OCTAJIBHBIX 9ETBEPTAX (puc.51).

y

J;) B,(0,b)
jis T
G 400 P a0
B,(0,-b)
Prc.50 Puc. 51

Touxy O Ha3BIBAIOT LICHTPOM DJUIUIICA, OTPE3KU 4,4, U BB, — ocsiMu ummrica. Tod-
KM IEpECCUCHUSA IIUTUIICA C €TO OCIMU A, 4,, B, B, Ha3bIBAIOT BEPIIMHAMHU DIUIUIICA.

Ecim neHTp aimarica cMeIieH B TO9Ky M (x,,y,), @ OCH JIIIUIICA TapaJlJIeIbHEI
0CSIM KOOpJIMHAT (puc. 52), To ypaBHEHUE dJUIAIICA IPUMET BUJL:

(x-%)  O0-3) _;| (3.15)

a’ b?

Ilpumep 3.7. YCTaHOBUTD, KaKas JIMHUA ONPEJIEIAETCS ypaBHEHUEM
2x* +3y* —4x+18y+17 =0, ¥ U300pa3UTH €€ HA YEPTEKE.

Pewenue. O6beHUM cllaracMbI€ C  x, U OTJICNIBHO, CJIaraeMbIe C y ¥ BEIHECEM 3a
CkOOKH K0P UIMEHTHI IpH x> ¥ 1A y*:

2(x* -2x)+3(y* +6y)+17 =0.

BripaxxeHne B CKoOKax JIOTIOJTHUM JIO TTOJTHOTO KBaJIpara: Y B
2[(x2—2x+1)—1}+3[(y2+6y+9)—9}r17:0. 0] .
Torga 2(x-1)2-2+3(y+3)>-27+17=0 nim 3 4M, )

&

2(x—1)? +3(y+3)* =12.
Paznemum YpaBHCHHUC HaA 12:
-1’ +3)° _
3 + 4 =1.
[Tonyuunu ypasuenue Buja (3.15), npugem x, =1, y, = -3, a* =6, b*>=4. D710 ypas-

Puc. 53

HEHHUE oNpeIensaeT DIUIUAIIC ¢ IIEHTpOM M (1,-3), OCIMUA CUMMETPHUH, NTapaJIEIbHBIMUA
OCSIM KOODJIMHAT W TIONYOCAMH a =6, b=2 (puc. 53). Haiisem eme mexdokycHoe
paccrosuue FF,. Tak kak a”-c*=b%, TOo ¢*=a’-b*=6-4=2. Taxum 0Opa3zom,
¢ =2, a MexdokycHoe paccrosuue F\F, =2c=2,2.
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T'unepbona u ee ypasnenue

IMinep6oIioii HAa3BEIBAIOT MHOKECTBO TOYEK IUIOCKOCTH, PA3HOCTh PaCCTOSHUN
OT KaXJIOW M3 KOTOPKIX JIO JIBYX JIAaHHBIX TOYEK, HA3bIBAEMEIX (hOKyCaMH, €CTh BEJIH-
YiHA OCTOSHHAs, MECHBINIAasd, YEM PacCTOSHUE MEXKITY (poKycamu.

Ilycte F, u F, — ¢oxycsl runepboisl u Mex(poKycHOE

paccrosHue |FF|=2c. O603Ha4MM IOCTOSHHYIO Pa3HOCTh pac-

CTOSIHUM OT J1I0060# TOUKM M (x,y) TUnepboibl 0 GOKyCOB depe3
2a . 1o onpesienenuto runep6oIsl, |MF,|—|MF,|=+2a 1 2a < 2c.

B npaBoii yacti paBeHcTBa BeibepeM 3Hak "+", eciu ‘MFI‘ > |MF,|,
v 3Hak "-", ecim ‘MFI‘ <|MF,| (puc. 54).
BribepeM npsAMOYTOIBHYIO CUCTEMY KOOpPJIMHAT Tak e, Kak U B CIIydac BEIBO-

Jla ypaBHeHHU djummnca. Toraa ‘MFI‘ =y (x— c)? +y2, | MF2| = (x+c)? +y2.

Pa3HOCTE 9THX PACCTOSHMIA PaBHA +2a, T.e. y(x—c)’ +y° —y (x+c)’ +y* =+2a.

HpOBOI[SI BBIYMCIICHUSA, TAKUC XXC KaK B (JIYyYaC BbIBOJIA YPABHCHUS 3JUJIALIICA, ITOJTYUUM
(2 -a®)x? —a’y? =a*(c* - a?).

2

Tak kak ¢ > a, TO pa3sHOCTb ?-a® — ITOJIOKUTCIIEHA, o603Ha4unM ee b’ u pasaciimm

TI0JIy9EeHHOE YpaBHEHME Ha o’ b%. Tlomydnm

x2 2

1| (3.16)

Q
A

DT0 ypaBHEHWE HA3BIBAIOT KAHOHUHECKUM YPAGHEHUeM 2unepbonnt. 31eck b* = ¢* —a’.

Hccnenyem ypaBHeHUE TUTIEPOOITHI.

1). T'unepbona cuMMeTpUYHA OTHOCUTEIIEHO OCEW KOOpAMHAT U Hadajia KOOp/u-
HaT, TaK KaK ypaBHEHWE TUIepOoJIbl COACPKUT x U y TOJIBKO BO BTOPOM CTEIICHM.
Ocu K0Op/IMHAT HA3bIBAIOTCA OCSMHM CUMMETPUM TUIIEpOOIIE], a X IIepeceueHe — e
I[EHTPOM.

2). BBuay cumMeTpuu rurepOoIIbl JOCTaTOYHO UCCIIEAO0BATh YpaBHEHUE TUiepoo-
JeI B TEpBOM YeTBepTH, TJe x>0, y>0. W3 ypaBHenus (3.16) noiryaum

b
y :E“ x* —a*. Dta QyHKUMs onpeJieieHa IPU x > ¢, PaBHA HYJIO [P x=a U BO3-

pacTtact C poCTOM x. HpI/I HCOT'paHWUCHHOM BO3paCTaHWUU x YHUCIIO a2 MaJIo I10

CpaBHEHMI0O ¢ x° W (yHKIUS yzg x*—a*> Oyger Oimuska x QyHKUUU

y :g\/? :gx, T.€. Tunepbona Oyaer npubimKaThes K NpAMO y = b Vaurssas
a

TIPOBEJICHHOE MCCIIEI0OBaHKUE, [TOCTPOUM Tunepboiry B mepBoi deTBepTH (puc. 55).

Hcnonme3ys CUMMETpHUIO THUIICPOONIBI, MOCTPOMM €€ B OCTaJIbHBIX YETBEPTAX
(puc.56).
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&
5
BN
oy
o

B2
Puc. 55 )
Puc. 56

Puc. 57
b b
IIpsmele y=—x B y =-—x, K KOTOpPEIM NpuOIMKacTca runepboiia ¢ pocToM x, Ha-
a a

3BIBAIOTCA acumnmomamu runepbonsl. Touxu 4, (a,0), 4,(—a,0) Ha3BIBAaIOTCA BEp-

IIMHAMY TUTIEPOOJTHI.

Jlis moctpoenus runepOoIEl yI00HO cHadajga MOCTPOUTH NMPSAMOYTOJIEHUK C
IICHTPOM B HadYajie KOOpJMHAT ¥ CTOpOHAMHU JUIMHON 2a v 2b, TapaJlICIbHEIMU OCSIM
koopauHat (puc. 56); 3aTeM NOCTPOUTH ACUMIITOTEI, POJIOJDKUB JUaroHaId MPsSMO-
YTOJIbHAKA, ¥ YepPE3 BEPIIMHEBI TUIICPOOIIBI IIPOBECTH JIBE €€ BETBH, ITPUOIIVKAOIIC-
CSl K aCUMIITOTaM.

ITomeHsB poJIAIMH x M Yy TNOJIYYUM CONPSDKEHHYIO Tunepboily ¢ ypaBHEHUEM

2 x2

a2

B,(0,b) u B,(0,-b) (puc. 57).
Ecmu nenTp runepbosl HaXoUuTcs B TOUKE M (x,,y,), @ OCH CUMMETPHUH Ta-

=1. Ilpu x=0 momywaeM y=+b, T.c. 3Ta TUNepbOJIa MUMEET BEPIIUHEI

%

PAIICIILHEI OCAM KOOPJIWUHAT, TO YPAaBHCHUC I‘I/IHep6OIILI UMCCT BU]L

_ 2 _ 2
(x a-;CO) _(y b.;}o) -1 i (317)
a ypaBHEHHE €€ aCUMIITOT (y—»,) = J_ré(x —Xy)|-
a

Ilpumep 3.8. YCcTaHOBUTD, KaKas JIMHUA ONPEJIEISAETCS ypaBHEHUEM
1
x=-2 —5,( y* —2y+5, 1 u306pa3uTh €€ Ha YEPTEXKE.

1
Pewenue. 3aniemM ypaBHEHHUE JIMHUM B BUJIE x+2 = ——,/ y2 -2y +35.

OTcroa BUJIHO, 9TO x+2 <0 WM x < —2. Bo3Begem o6e2qacm PaBEHCTBA B KBaJIpar:
(x+2)° :%(y2 ~2y+1+4) wm 4 (x+2)" =(y-1)* +4. , 7
Pasznemum ypaBHeHME Ha 4: (x+12)2 _v ;1)2 =1. V4 ',' |
Ilonyawm ypasuenue saga (3.17),toe =~~~ — - ‘ i\\_;) ______
Xo=—2, y,=1, a=1, b=2. MERN®
JT0 ypaBHEHME OlpejieNiseT runepboiry ¢ IeHTpoM M (-2, 1), )
Puc. 58

OCAMY CUMMETPHH, TTapaJUICTEHBEIMUA OCSIM KoopHaT. IlepBo-
HAYaJILHOMY YPaBHEHUIO COOTBETCTBYET TOJIBKO YaCTh TUIICPOOIIHI,
a UMEHHO — T€ €€ TOUKH, JUI KOTOPHIX x < -2 (puc. 58).
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Ilapabona u ee ypasnenue

ITapabonoii Ha3bpIBacTCA MHOXKECTBO TOYEK IUIOCKOCTH, PABHOYJIAJICHHBIX OT JAHHOM
TOYKU, Ha3EIBa€MOM (POKyCcOM, U OT JaHHOM NpSAMO¥, Ha3RIBAEMOM JIUPEKTPUCOM.

Ilycts F — dokyc, npsmas CB — nupektpuca (puc. 59). Beibepem cuctemy
KOOPJIMHAT CJIeIyIOIUM 00pa3oM: ock OY TipoBejieM depe3 Gokyc F MEepHeHIIUKY-
JSpHO JupexTpuce CB, a ock OX — NocepeIiHe MexX Ty POKycoM U JTUPEKTPUCOIA.

O6o03HaunB paccTosiHuE OT GOKyca JI0 JUPEKTPUCKH Yepes p,
y

P . B} M(x,y)
IIOJTy9UM KOOpJMHATHI PoKyca F(O, 5 j Ilycte M(x,y) — ipous Jo BE—

BOJIbHAS TOYka napabosnl. [To onpesenenuro mapabosl, X

Qe
(o]

2
MF = MB, T.e. x2+(y—§) =y+§.

Bo3Bejis B kBajipat 00€ 9aCTH PaBEHCTBA U YIPOCTHB, [IOIYIUM Puc. 59

x2=2py | (3.18)

HOJIY‘IGHHOC YPaBHCHUC HA3BIBAIOT KAHORUUECKUM YPACHEHUEM ndpd60]lbl.

IlepenimieM 3TO ypaBHEHHE B BUJE y:%xz U J 2 _ g
X =<py

y=kx*, THe k= 21 >0. I'paduk 3Tol QyHKUMM XOpPOIIO W3-
p

BecTeH (puc. 60). Ock OY fBNfETCA OCbI0 CUMMETpPUU Ilapa- / \
Gomsl x2>=2py, a Touka (0,0) — ec BEpUIMHON. YpaBHEHHUE / \x°=-2py

x> =—2py Takxke ompejenser mapabomy (puc. 60) ¢ ockro
CUMMeETpUM OY U BepluuHoi (0,0) .
IlomensB x U y poyisiMu, IIOJIydUM ypaBHEHHUS nlapaboir

Y =2px; y'=-2px | (3.19)

Ocs cummeTpun 3TUX napabon — ock OX (puc. 61), Bepim- y
Ha napaboun B Touke (0,0). -
YpaBHeHue napabojml C BEPUIMHOM, CMEIIECHHON B

TOYKY M,(x,,5,), 1 OCBIO CUMMETPUH, IIapaUICIIbHOU OcU V= 2px d

Z

OY , IpUMET BUJ:

2
(x—x)" =£2p(y - »p)-
YpaBHeHue napabosml ¢ BEpIIMHON, CMEIICHHOW B TOYKY

M ,(x,,¥,), A OCBIO CAMMETPUH, TAPAILICIILHON OCcU OX , NPUMET BUJL

Puc. 61

(¥ -¥0)* = £2p (x—xp).

Ipumep 3.9. TlocTpOUTS JIMHUIO C ypaBHEHHUEM y =322 —x . Haiitu ee dokyc.
Pewenue. 3atiniiieM ypaBHEHHE B BUJIE y—3=-22-x ¥ 3aME€TUM, 9TO0 y -3 <0 WIH
y <3. Bo3Besem 06e yacTu paBeHCTBA B KBaJ[paT:
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(y-3)?=42-x) wmm (y-3)?=—4(x-2).
Ilomyuunu ypaBHeHue BUa (y — y0)2 =-2p(x—xy), THC x,=2, y,=3, 2p=4, p=2.

37O ypaBHEHUeE olpe/ienseT napaboiry ¢ BepIIMHOR M (2,3) U y
0CBIO CHMMETpPUH, TIApAIIeNBHOI ocu OX . [lepBoHagansHomy RN
YPaBHEHUIO COOTBETCTBYET TOJILKO YaCTh apaboJIkl, a UMEHHO F\\\ M,
— T€ €€ TOYKH, JII KOTOPHIX y <3 (puc. 62). Jlns oteickanus 3 /
¢oxyca BCIOMHUM, 9TO paccTOsSTHUE OT (oKyca JIo TUPEKTpH- s 2
p

CHl p =2, a oT dokyca Jio BepumHs — = 1. Tak kak BepmmHa
2 Puc. 62

M,(2,3), To hoxyc F(1,3).

IHpumep 3.10. 3anucath ypaBHEHHUE ITapaboItbl, ecii ee Gpokyc F(-2,3), a ypaBHCHUE

JIAPCKTPUCHI y = —1.
Pewenue. 1loctpoum ¢oxyc u Jupextpucy napabdoiusl. Och

CUMMETpUH NapaboJIel IPOXOUT depe3 GoKyc F IeplneH u-
KyJIIpHO JiupexTpuce BC (puc.63), a BepimHa 4 JIEKUT Ha

X

0CH CUMMETpPUHU TTOCEPEANHE MEXIY (POKYCOM U IUPEKTPUCOM.

2 2
Tak xak ocb cuMMETpuUM Tapabolibl napaieasHa ocu Oy , TO

CrnenoBatenbHO, x,=xp=-2, ¥,

ypaBHEHUE NTapaboIEl UMEET BUIT: (x — X 4 )2 =+2p(y-y,). BerBu napabosnl HanpaBJe-

HBEI B MOJIOXKUTEIBHYIO CTOPOHY OCH OY , IO3TOMY BRIOMpacM B €¢ ypaBHCHHHU 3HAK
«+». IlapameTp p paBeH pacCTOSHMIO MEXTy (GOKYCOM | JUPEKTPUCOH, T.€.

p=3-(-1)=4. OxoHYATEITHLHO ypaBHCHUE IMTapabOIIBI IPUMET BUJT. (x + 2)2 =8(y -1).

3.4. lloBepxHOCTH BTOPOI0 MOPS/IKA

IToBepxHOCTH BTOPOTrO IOPSJIKa ONUCKLIBAIOTCS YPABHEHUSMU BTOPOTO HOPSJ-
Ka OTHOCUTEIBHO IEPEMEHHEBIX x, y, z. K MOBepXHOCTAM 00pamatoTcs npu U3ydeHUu
bU3UKHA, MEXAHUKH, JICTaJleii MallliH, B CUCTEMaxX aBTOMAaTU3UPOBAHHOTO IIPOCKTH-
poBaHus.

Cpeni TOBEpXHOCTE BTOPOTO NOPS/IKA BEIJICIUM YUAUHOPUHECKUE TIOBEPX-
HOCTU. [[MIMHAPUYECKON TTOBEPXHOCTBIO HA3BIBACTCS IIOBEPXHOCTh, COCTOSIAA W3
napaJyIeIbHEIX NpAMEIX (00pa3yronmx), MnepeceKkaronmx HEKOTOpYylo JIMHUI0 (Ha-
TIPABJISIONIYIO). z

PaccMoTpuM 1MIIMHAPUYECKYIO TTOBEPXHOCTh, y KOTO-
poii oOpasyromue napayieasHel Ocl OZ , a HalpaBigomas [
JISKUT B INIOCKOCTHM XOY W uMeeT ypaBHeHHE F(x,y)=0

(puc. 64). PaccMoTpuM NpOU3BOJIEHYIO TOYKY P(x,y,z) Ha IMO- ‘ u Y
BepxHOcTU. Ee npoexuus P, (x,y,0) Ha IJIOCKOCTh XOY JICKUT x/ l P (x,9.0)
0 x:y:

Puc. 64

oP( , ,Z)

Ha kpuBo# /. [Io3TOMy KOOpPAMHATEI TOYKU P, yJIOBICTBOPSIOT

YPaBHEHUIO KpUBOM F(x,y)=0. ITOMy XK€ YPaBHECHUIO y/IOB-
JICTBOPAIOT ¥ KOOPJUHATEI TOYKH P, TaK KaK B YpaBHCHUHU HE COJICPKUTCA z.
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CupaseyiBo u obpaTtHoe: ypaBHeHHE F(x,y)=0 OLpeaenseT IINHIPUIECKYIO
IIOBEPXHOCTh C 00pa3yroluMu, NIapajuIeIbHEIMA OCA OZ , U HaNpaBJIAONIei, KOTo-

pasg B IIIOCKOCTU XOY mMeeT ypaBHeHue F(x,y)=0.

AHQJIOTUYHO, €CJIM B YpPaBHEHUM OTCYTCTBYET y (WJIA x), TO OHO OIPEICIAcT
AJIUHAPAYECKYIO TIOBEPXHOCTh ¢ 00pa3yromuMu, mapauielibHeMIA ocd OY (Ui OX ).

IHpumep 3.11. TlocTpouTs IOBEPXHOCTE C YPABHEHUEM z = y°.

Pewenue. B ypaBHEHUM OTCYTCTBYET x, 3HAUWT, ypaBHCHUE
onpeJienseT NUIMHIPUIECKYIO TTOBEPXHOCTh C 00pa3yrommmu
napajyleIbHBIMU Ocu OX . Hamnpasnsronjasg B IUIOCKOCTU YOZ

0
UMEET yPaBHEHUE z = y*, T.€. SABIIAETCS NapabosIol ¢ BEPIIMHON /

B Hayajle KOOPJAUHAT U OChI0 cuMMeTpun Oz (puc. 65).
2 2

Ilpumep 3.12. IlocTponTh NOBEPXHOCTH :—2+Z— =1.

b
Pewenue. B ypaBHeHUU OTCYTCTBYET y, 3HaYUT, ypaBHEHUE OII-
pelenseT IMIMHAPAYCCKYI0 TOBEPXHOCTh ¢ 00pa3yronumMu, mna-

pajsienIbHBIMU Ocu OY . HatipaBnsironas B IJIOCKOCTH XOZ WMe-
2 2

zZ
€T YpaBHEHUE —-+— =1, TO €CTb ABIIAETCA IIUIICOM (pHUC. 66).
b2

2
a
Crenyrolnye MOBEPXHOCTH TAIOKE SRJISIOTCH IIWITMHIPUYECKIMMU:
a) z>+y*=4; 06) y=x*; B) zZ—x*=1. VX mocTpoeHue pas-
6epute caMocToATENLHO (puc.67):

zﬂt

V4

zf):\y

Puc. 66

X

X Puc.67

/. \ ;
1

v

Kpome nmmHIpidecKkiX MOBEPXHOCTEA €CTh U JIPYTHE TIOBEPXHOCTH BTOPOTO TIOPSI/I-
ka. VIx ypaBHEHUS CO/iepKaT BCE TP IIEpEMEHHEIE x, y, z. Hanbosee BaXXHBIC U3 HUX:

2 2 2
X V4
1) saymmncou;t —2+y—2+—2:1;
a b c
2 2 2
x° y oz
2) KOHMYECKas TOBEPXHOCTh — =
a b ¢
2 2
X
3) mapabomou; z="5+ y_2 ;
a b
2 2 2
” x° y oz
4) OJIHOTIONIOCTHEIN TUIIEPOOIIOUT — + =5 -5 =1 ;
a b c
2 2 2
” x y oz
5) IBYTIOJIOCTHEINW TMIIEPOONIONT 5 +=5——=—1.
a b c
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IlocTpoeHne 3TMX NMOBEPXHOCTEN MO UX ypaBHEHUSM OCHOBAHO Ha METOJE cede-
HUM, T.€. HA IIOCTPOCHUU CEYCHUI JIAaHHON IOBEPXHOCTU KOOPIMHATHBIMU ILIOCKO-
CTSAMU WM NIapaJUICIIbHBIMU UM IUIOCKOCTAMU. [IoscHUM MeTOJ| cedeHmil Ha IlpuMepax.

Ilpumep 3.13. 1locTpouTh TOBEPXHOCTH, OIIPEACISIEMYIO ypaB- z
HEHUEM z2 = x? + 2. h
Pewenue. Tax kak ypaBHEHUE ITIOBEPXHOCTH COJIEPKUT BCE TpU
IIEPEMEHHBIC, TO INIOCTPOMM IIOBEPXHOCTH METOJOM CEYCHUIA.
IIpu x=0 (cedeHue IUIOCKOCTBIO YOZ ) WCXOJHOE YypaBHEHUE
IPUMET BUJ. z> =y° WIM z=+y. DTU ypaBHEHUS OIPEACIIAIOT
napy NpsSMBIX B IIockocTd YOZ (puc. 68). Ilpu z =0 (ceuenue
IUIOCKOCTBIO  XOY ) WCXOJHOE YpaBHEGHHE NIpUMET BUJI:
x* +y* =0. OHO ompeeNseT EIUHCTBEHHYI0 TOUKy 0(0,0). Ilo-
3TOMY PacCMOTPUM JIONIOJHUTEIILHEIE CEUEHUS IIJIOCKOCTAMHU z =+h. DT CeUCHUS
UMEIOT YPAaBHEHUS x° +y* =h’ , T.e. ABISIOTCS OKPYKHOCTSIMH B IUIOCKOCTSX z=h U
z = —h. B utore nomryaum xonyc (puc.68).

—h°

Puc. 68

Z,
Ilpumep 3.14. llocTpouTh IIOBEPXHOCTH, OIIPEACIAEMYIO $
ypaBHEHHEM x” + y* —z% = 1.

Pewenue. YpaBHeHre TOBEPXHOCTU COJEPKUT BCE TPU Iiepe- 1

MEHHEBIE, [I03TOMY IPUMEHUM MeToJi ceueHuit. CeueHue 1mo-
BEPXHOCTH IIIOCKOCTBIO x =0 (IDIOCKOCTBIO YOZ) HMeeT
ypaBHeHue y>—z*=-1. DTO ypaBHEHHE OINPEACIAECT TUIEp- X
60my B 1iockocTy YOZ . Jliia onpejieneHus BepIuuH runepoo-

JIBI TOJIOXKUM y =0 ¥ notyauMm z = +1 (puc. 69). Ceuenue no- Puc. 69

BEPXHOCTH IIOCKOCTEIO z =0 MMEET ypaBHEHHE x°+y” =—1, KOTOPOMY HE YIOBJIE-
TBOpSET HU OJIHa Iapa 9ucel (x,y), Tak Kak Bcerja x> +y* >0. Ilostomy 6epem jio-
TIOJIHUTEBLHEIE CEYEHUS z = +2 U IIOJy9aeM YpaBHEHHE x° +y” =3, KOTOPOE ompejie-
JIIET OKPY>KHOCTH B ILIOCKOCTAX z=2 U z=-2. [lollydeHHas moBepXHOCThL Ha3LIBa-
eTCs JIBYIIOJIOCTHBIM THIIEPOOIIOHIIOM.

HOCTpOGHI/Ie METOJIOM CEYCHUU CICAYHOIINX HOBCpXHOCTGfI pa36epHTe caMo-

2 2 2
crostensHo (puc.70): a) x—2+;—2+z—2=1; 6) z=x*+y*; B ) x*+y*-z*=1.
a C
b) zZ A
3) Az
y dal -y
X =T~~~
X
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4. KoMILIeKCHBIC YHCJIA H MHOTOYJICHBI

4.1. Onpenesienue, n3odpakenue, GopMsbl 3alIHCH KOMILICKCHOT'0 YHCJIA

K 1oHATHIO KOMIIJIEKCHOTO dYHcjia TIPUBEJIO CTPEMIICHWE PEIIUTh YpaBHCHUE
x*+1=0 ¥ U3BJECYb KOpPCHBb U3 OTPpUIIATCILHOI'O YHCIa.

KoMIuiekCHRIM 91CIOM z HA3hIBACTCS BRIPAXKCHWE BUJIAa z=x+iy, TIE x,y — JICH-
CTBUTEIILHEIE YMCHIa, i — TaK Ha3sIBacMas MHMMAs €IUHUIE, i’ =-1.

Yucyna x, y Ha3BIBAIOTCS COOTBETCTBECHHO JICUCTBUTEIIBHOM ¥ MHUMOW 9aCTHIO
KOMILICKCHOI'O YHCJia z U 0003HAYalOTCA x =Rez, y=Imz.
Ecmi x=0, To wicno O+iy=iy Ha3bIBACTCA YHUCTO MHUMBIM, €Clii y =0, TO

x+i-0=x €CThb I[CﬁCTBPITCJIBHOC YUCJIO.
I[Ba KOMIUICKCHBIX YMCJIa CYUTAKOTCA paBHBIMU, CCJIA paBHBI HUX I[CﬁCTBPITCJIBHLIG
YaCcTH U paBHbI UX MHUMBIC YaCTH, T.C.

KomiiexcHple uucna z = x+i y U z=x-iy, OTIMYAIOIIHACCI 3HAKOM MHHMOM dac-
THA, HA3BIBAIOTCA KOMIIJICKCHO-COIIPAXKCHHBIMUA.
KommiekcHoe 9ucio z=x+ iy H306pa>1<aeTcsl TOYKOM M TJIIOCKOCTH C KOOp/IMHa-

TaMU x, y WM ee pajdyc-BeKTopoM OM (puc. 71). JlnmHa Bek- y VM (x,¥)
3

TOpa OM HA3bIBACTCA MOJIyJIEM KOMIIJICKCHOI'O YUCJIa z U 000- ¢

3HAYACTCS |z | WIH 7! |z|:r:‘W‘:,/x2+y2. ol  x X

VTON ¢ MeXIy Pajuyc-BeKTOPOM OM U HOJOXUTEIBHEIM Ha- Puc. 71
IPaBJIEHAEM OCH 0X Ha3BIBAIOT apTyMEHTOM KOMIUIEKCHOTO YHclia z. YTOI ¢ Ompe-
JIENSAETCS HEOMHO3HAYHO, C TOYHOCTEIO JI0 CIAraeMoro 2 r k ; JIOroBOpUMCs GpaTh TO
3HAYEHUE ¢, KOTOPOE 3aKJIFOYECHO MEXIY —7 ¥ 7 ¥ 0003Ha4aTh €ro argz.

Hapsy ¢ anze6pauueckoii popmoii z = x+iy KOMIUIEKCHOIO YHUCIIa PACCMOT-

puM eite ABe GOpMEI 3alIUCH.
Tak xak x=rcosp, y=rsing (puc.71), TO KOMIJIEKCHOE YUCIIO z=x+iy MOX-

HO 3allicaTh B mpuzonomempuueckoi popme: z =r(cosg +isinp). BBens pyHkuuro
®» »

e'?=cos g +isin ¢ , KOMILIEKCHOE YUCIIO MOXKHO 3allicaTh B HOKazamenvhol gopme:

z =r-e'?. VTtak, uMeeM TpH GOPMEI 3aI1MCH KOMILIEKCHOTO 9HCIIa

z=x+iy=r(cosp+ising) =r-e'?.

Hpumep 4.1. 3amicaTs KOMIUIEKCHOE YHCIO z=—1—i\/3 B TPUTOHOMETPUYECKON U
noKazaTesIbHOM (hopmax.

Pewenue. YtoOnI 3anucaTs z B TPUTOHOMETpUYIECKON popMe, HailieM ero MoJlyis 1

apryMCHT: |z|=\/ (—1)2 +(—\/§)2 =2, a g IPaBUILHOTO OTBICKAHUA apryMeEHTa pe-
KOMEHJTyeM u300pa3uTh 4uciIo z Ha MIOCKOCTH (puc. 72). Halijem cHadana oCTphIiA

36




YTOIl ¢, JIOIIOJIHUTENBHBIA K YIUIy ¢: tgoy :T3’ » =%. Tornma

27
p=-T+¢@ = —?; TPUTOHOMETpUYEecKas ¥ IoKa3aTenbHas (OpMEI

3alUCH 9uclla z = —1-iy/3 OyayT clieayromue:

z=2 cos(—z—ﬁjﬂ'sin(—z—ﬂj :2e_ ?l.
3 3

4.2. OcHOBHBIE IeHCTBHS HAJI KOMILIEKCHLIMH YHCJIAMHU

Onepaunn CIIOXKCHUA, BEBIYUTAHUA, YMHOXCHUA KOMIIJICKCHBIX YHUCCII OITPCJIC-
JIIOTCA CIICAYIONIUM CCTCCTBCHHBIM 06pa30M.

1). Ilpu cnosicenuu (6vtuumanuu) JIByX KOMIUIEKCHBEIX YHCEJI CKJIQJIBIBAIOTCA
(COOTBETCTBEHHO BEIYUTAIOTCA) UX JICUCTBUTEIILHEIC 1 MHUMBIC YaCTH, T.C.

z,+2z, = (xl +iy1)+(x2 +iy2) = (xl +x2)+i(y1 +y2) . (41)

C reoMeTprU4eCKON TOUKHU 3PEHUS CIIOKCHUE (BRIYMTAHUC) KOMIUICKCHBIX YHCE PaB-
HOCWJIBHO CJIOXKEHUIO (BRIYUTAHUIO) U300pa)arommx ux
BeKTOpoB (puc.73). OTMETHM, YTO pPacCTOSHAE MEXITY
KOMIUICKCHBIMHA TOYKAMH z, U z, PaBHO ‘21 —22‘. IToaTo-

My OKpPYXHOCTh C IIGHTPOM B TOYKE z, pajuyca R umeer

YPaBHEHHUE |z —zy|=R.

Puc. 73

2). Ymnooicenue 1Byx KOMILUIEKCHBIX YUCEII B alTeO-
paudeckoit hopme omipeieNIseTCs 110 IpaBuIaM YMHOXKEHHUS JBYWICHOB C yIETOM
paBeHCTBa i2 =1, T.€.

Z1°2y = +iy) (X +iy,) = (% — Y1) Hi(xy, +X31) | 4.2)

IIpy yMHOXKEHMH JIByX KOMIUIEKCHBIX YHUCE]I B TPUTOHOMETPUYECKON (opme
WX MOJYJI YMHOXAIOTCS, @ apTyMEHTHI CKJIAJIBIBAIOTCS; JICUCTBUTEIIHHO.

z,-2, =1 (cos gy +ising,) -7, (Cosp, +ising,) =
=np [(cos @, €Os @, —sin g, sin ¢, ) +i(sin ¢, cos ¢, + cos ¢, sin %)J =
=7, -1y [cos(gy + @,) +isin(g +¢,)].
IloaTomy

|21'22|:|21|'|Zz , arg(z -z,)=argz +argz, | (4-3)

OTcroza cieyer, 94To B Iloka3zaTenbHoN hopme

i i i +
Z1°Zp =ne q)l'rze”pz:rlrze (@1 ¢2).

3). /[enenue KOMILUIEKCHEIX 9UCEJl ONIPECIACTCA KakK JICHCTBUE, o6paTHoe YMHO-
Z

JKECHUIO, T.€. z = Zl | eciu z-z, = z; . lIpakTUYECKU, IIpHU JICTICHUU JIBYX KOMIIJIEKCHBIX
)

YUCCII B aﬂre6panqec1<0171 (1)0pMe HY)XHO YUCIUTCIIb W 3HAMCHATCIIb I[pO6I/I
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Z
1 (22 #=0) YMHOXWUTE Ha YHUCIIO, COIPSKCHHOC 3HAMCHATCIIO, TOIJIa JICIIMTCIICM

%)
OyJieT AeHCTBUTEIBHOE YUCIIO:

z, a+ib, (a,+ib)-(a,—ib)

z _a+ib (a+ib) (@ —-ib) (@@, +bb)+ilba, —ab)

% +b;

Hanpuwmep,

24+5i (2+5i)(7-3i) 14-15+35i—6i 29+29i 1 1

7+3i  (7+3i)(7-3i) 4992

9+9 2 2"

IIpu geneHuM JIByX KOMIUIEKCHBIX 9HUCEJI B TPUTOHOMETPUYECKON U NOKA3aTEIbHOM
dbopMax UX MOJTyJIY JIETIATCS, @ apTyMEHTHI BEIUMTAIOTCH, T.€.

2z _ r,(cosp,+ising,) _n

z, r(cos@,+ising,) r,
i

1
% rne 2 n

[COS (91— @,) +isin(p— (Pz)] >

4 _L:ﬁei((m—m)_

4.4)

(4.5)

JleHCTBUTENBHO, €CI L =z, TO z, =z-z,. Tora |z |=|z|-| 2o |, argz =argz+argz,.

)

Orcrona  |z|= @, argz = arg z, —arg z,.

|22

4). Bo3eedenue 6 cmeneHs KOMILIEKCHOTO Yuclia B airebpandeckoil popme ocy-
HIECTBIACTCS 1O MpaBWJiaM BO3BEJICHUS B CTENCHB JIBYWICHA C YIETOM TOTO, YTO

i*=-1, i’=i*i=—i, i*=i%i’

pasHocTH, mojyaum:  (2—i)° =2°-3.2%.+3.2.i% -3 =8-12i—6+i=2-11.

=1 u 1.4. Hanpumep, ucnions3ys hopmyny s kyba

IIpu BO3BEJICHUM KOMILUIEKCHOTO YHClia z B OOJNBIIyIO CTENEHBL YJOOHO WC-
TI0JIL30BaTh €r0 TPUIOHOMETPUIECKYIO QOpPMYy z=r(cosg +ising). YUUTHIBasdA, 4TO

IIp YMHOXCHUU MOJIYJIM YMHOXKAIOTCA, a4 apryMCHTHI CKJIQJIBIBAIOTCA, ITOJIYYUM

dhopmyny Myaspa:

Z" =r" (cosnp +i sinnp) =r"e'"*? |,

Hpumep 4.2. Beraucats z°, eco z =3 +i.

Pewenue. 306pazuM KOMILIEKCHOE YUCIIO Z Ha IJIOCKOCTH (puc. 74),

HaWJIEM €T0 MOJYJIb U apTryMEHT:

|z|:r: (\/§)Z+12:2, tggz):L, Q=

NE]

6 =45 (cos6¢ +isin 6¢) = 26 (cos r +isin 7) = —64.

Torma z

z
iz

(4.6)

Puc. 74

3ameuanue. HeTpyTHO TIPOBEPUTH, YTO €CJIM IIPU CIOKEHWM W BRIYUTAHWM,
YMHOXXCHUY W BO3BEJICHUM B CTENEHb KaXX]I0€ KOMIIEKCHOE YUCIIO 3aMEHUTh Ha €ro
KOMILIEKCHO-COTIPSDKEHHOE, TO W Pe3yJIbTaThl YKa3aHHBIX JICHCTBUIA 3aMEHSIOTCS Ha
KOMILJIEKCHO-COIIpshKEHHBIE yucaa. OTcio/la, B 9aCTHOCTH, CJIEAYET, 9YTO €CIIi B MHO-
TOUWIEH ayz" +a,z" ' +...+a, C ISACTBUTEILHBIMUA KO3)DUITUEHTAMH ay,d;,..., 4,
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OJICTAaBUTEL BMECTO Z YUCIIO « +if3, a 3aTEM KOMIIJICKCHO-COIIPSIZKCHHOC o — if, TON

PE3yJIbTaThl 3TUX IOJICTAHOBOK OyIyT KOMILIEKCHO-COIIPSDKEHHBIMU: P, (Z) = B,(z) .

5). H3eneuenue xopus n-ii cmenenu U3 KOMRJIEKCHO20 YUCIA ONIPEIICTACTCA KaK
JieiicTBIE, 00paTHOE BO3BEJICHHUIO B CTEIICHB, T.C. (1/7 =w, eclid W' =z.

IIpy u3BNIEUEHUM KOpHA W3 KOMILUIEKCHOTO 4YMCia z YAOOHO MCHOJB30BaTh
TPUATOHOMETPUIECKYIO dhopmy 3aIicu KOMIIJIEKCHOTO qucIa. IIycts
z=r(cosp+isinp), w=p(cos@+isind). Tak kak w" =z, TO

p"(cosnO+i sinnd)=r(cosp+i sin ).
Y paBHBIX KOMIUIEKCHRIX YUCEJI MOIYJIM JIOJKHBI OBITH paBHEI, @ ApTYMEHTRI MOTYT
OTJIMYAThCA Ha YMCIIO, KpaTHOE 27, TO €CTh
+ 27k
o=L""2,

n

IlojsicTaBisas 3T 3HaUCHUS B BRIPAKCHUE Wz =w= p(cosd +isinf), TIOTyUUM:

Yz =r cos—¢+2ﬂk+isin—(p+2ﬂkj
n n .
k=0,1,2,..,n—-1.

p"=r, nO0=¢p+27k WM p:\/7,

(4.7)

IlpunaBas k 3HaueHud 0,1,2,..,n-1, IIOIYYUM »n Pa3JIMYHBIX 3HAYCHUN KOpHA n—H
CTEIIEHU U3 KOMILIEKCHOTO 4ducia. lIpu japyrux 3HaueHusX k IIOJIyYUM 3HAYCHUS
KOpHs, COBIIQJIAIOIIME C YXKe HaljeHHRIMU. Hatipumep, 1ipu k=n U IIpu k =0 3Hade-
HUS KOPHEH COBIIAIAIOT:

2 . 2 . .
w, :(1/7 (coswﬂ' sm@):% (cos(£+27rj+i s1n(%+27z]j:(’/; (COS£+i smﬂj:wo.

n n n n

AHajloru4Ho, w,,, =w;, W

wia =Wy ,.... VITAK, i1 106010 z 0

KOpEéHb CIMEnenu n U3 4ucila z umeem n pas3iluiunblx 3HaueHuu.

Ipumep 4.3. Pemuts ypaBHeHue z° +1=0.
Pewenue. VI3 ypasHenus uveeM z=3-1. HalizeM MOmysip ¥ aprymenT uucia —1:
|-1|=1, arg(-1)=r. Torjja KOpHU ypaBHEHHS UMEIOT BUJI:

— T+27xk .. 7+27k
z=3-1=3cosz+isinz = cos———— +isin ————.

3 3
IIpunaBas k& 3HadeHus 0,1,2, HOJIy4UM TPU KOPHS YpaBHECHUS: ¥
. 1 3
zozcos£+is1n£:—+i£, Zo
3 .3 2 2 0
z;=cos+isinz =-1, /60
zZ, N 1 x
z —coss—ﬂ+isin5—ﬂ—l—iﬁ
273 372 727 z,
JTU KOpHM JIEKAT Ha €IMHUYHOMN OKpYKHOCTU U JICJIAT €€ Ha TpU Puc. 75

paBHBIX dacTy (puc. 75).
Ecii HYXHO W3BJIeYh KOPEHH KBAJIPATHEIA, TO MOXHO W HE IOJIE30BATHCA
dbopmynoii (4.7). Hanpumep,
J12i=5 = [12i -9+ 4 = | 12i+(3i)? +2° = (2 +3i)? = +2+3).
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Ecia Bl He JIOTa/IaiIiCh O TAKOM CIIOCO0€, TO MOXKHO 0003HAYUTh | 12i—-5=x+iy H
. . . . \2 2 . 2

BO3BECTH 3TO PaBEHCTBO B KBaJpar: 12i-5=(x+iy) =x"+2ixy—-y".

IIpupaBHUBas JCHCTBUTEIFHEIC 1 MHUMBIC YaCTH, TIOJTydHM:

2 2 2
YOYES 0 8 s o sa?o36=0.
2xy =12 x

JelicTBUTENEHBIC KOPHU NOJYYMBIIETOCS OWKBAJIpaTHOTO ypaBHEHUs x =+2. Torjma
y=13 U z=x+iy=1(2+3i).
4.3. Muorouwiennl. Pazjioxkenue MHOIr0O4JICHOB HA MHOKUTEJIH

PaccmorpuM  panmonansHyro  ¢QyHKIMIO  (MHOTOWIEH CTENIEHU n)
P, (2)=ay2" +a,2" ' +...+a, (a,»0). HezaBucumoe mepeMeHHOE z ¥ KOIPDUIMEHTHI

ay,di,...,a, MOTYT IIDUHUMATH KaK I[GﬁCTBHTCJIBHLIG, TaK 1 KOMIIUJICKCHBIC 3HAYUCHU .

Ecmi P,(z,) =0, TO 9UCIIO z, HA3bIBACTCSA KOPHEM UMY HYleM MHOTOYJICHA.
OTMmeTuM, He JI0Ka3bIBas, psJi yTBEPKICHUMA.

Ecmu z, ects xopeHb MHOTOWJIEHA FP,(z), TO P,(z) ACIUTCA HA (z —z,).

Ilpumep 4.4. 1IpoBepuTs, 9TO z =1 ABNIAETCA KOPHEM MHOTOWICHA
B(z)=2z"+z°+3z—5 W HaWiTU JIpyr¥e KOPHU MHOTOUJIEHA.

Pewenue. Tak xak P,(1)=1+1+3-5=0, TO z =1 gBIsgeTCd KOPpHEM MHOTrO4JIeHa B;(z)

Y MHOTOWIEH Pj(z) Jemutcsa Ha z -1 6e3 ocraTka. /lereHre MHOTOYJIEHOB BEITIONHS-

CTCA aHAJIOTUYIHO JICJIICHUIO YUCCII.

2 +z5+3z-5 |z-1

22—z z2 +2z+5

27% +3z

272 -2z
5z-5

575
0

Jlis OTHICKAHMS JIPyTMX KOPHEW MHOTOYJIeHa PEIMM ypaBHEHHME z° +2z+5=0:

= B)=(z-1)-(z*+2z+5).

z=-1+1-5=-1+2i. Wrax, MHOTOUWIEH P,(z)=2z +z”+3z—-5 UMEET OJUH JIECHCTBU-
TENBHBIA KOPEHb z,=1 ¥ JIBa KOMIUIEKCHO-COIPSKCHHBIX KODHS z, =—1+2i,

Z3 :_1_2i.

Beaxnii MHOTOWIEH #-M CTENIEHU pacKiIaJblBacTCS Ha n JIMHEHHBIX MHOXU-
TEJICH W MHOXUTEJh, paBHEIN kKoadpuimenTy npu z” :

P(2)=a,z"+a,z"' ' +..+a, =a,(z-z,)z-2,)..(z—z
n 0 1 n 0 1 2 n

Yucna z,...,z, SBIAIOTCS KOPHAMHM MHOTOwWieHa P,(z). Cpemy 3TUX 9ucel MOTYT

ORITH PaBHEIC. TOI‘I[a B PaA3JI0OXKCHUA 6YIIYT OJIMHAKOBBIC JIMHCHAHEIC MHOXUTCIIA, KO-
TOPBIC MOXHO 06’LGI[I/IHI/ITB, M PaA3JIOXKCHUC ITPUMCT BUJILT
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P(2)=ay(z-2)" (2-2,)2 ..(z-2)%, tne s +s,+...+5,=n. (4.8)

B sTOM citydae KOpeHb z, Ha3BIBAaCTCA KOPHEM KPAaTHOCTH s;, z, — KOPHEM KpaTHO-
ctd s, u T.J4. OTCIo/1a BEITEKAeT

Bceskuii MHOTOWIEH n-W CTENEHW MMEET POBHO n KOPHEW (JICHCTBUTEIBHBIX WJIU
KOMIIJIEKCHBIX ), €CJTU KaXJIblid KOPEHb CUUTATh CTOJIBKO pa3, KaKoBa €T0 KPaTHOCT.

Ilpumep 4.5. HalitTi kOpHA MHOTOWIEHA P,(z) ¥ MX KPATHOCTH, €CIIN
P,(z) = (2> -1)-(z* —4z +3).
Pewenue. PemvB ypaBHEHHE z° —4z+3 =0 , HAlJIEM €ro KOpHH z, =1, z, =3. IloaToO-
My z —4z+3=(z-1)-(z—3). YuursiBad, 910 z> -1=(z-1)-(z+1), TOIyIUM:
B(2) = (2" -1)(Z* —4z+3) =(z-1)(z+1)(2-3)(z-1) = (z = )*(z + 1)(z - 3).
CrentoBatenibHO, z =1 €CTh KOpEHb KPAaTHOCTU 2 JUJIS MHOTO4YIeHA P,(z), a z=-1 1
z =3 €CTh KOPHU KpaTHOCTH 1 (MX ele Ha3BIBAIOT IPOCTEIMU KOPHSAMMU ).

Ipumep 4.6. Haiitu xopuu MHOTOWIEHa Pi(z)=z°-2z+1 U pa3liOXUTL €ro Ha
MHOXHUTEIIN.
Pewenue. CrHagana yjo0HO pa3jioKUTh MHOTOWICH Ha JIMHEIHBIC 1 KBAJIPATHEIC
MHOXUTEIH: z°-22° +1=(2° -1)* = (z-1)* - (z* + z+1)".
OTcro/ia 0JIVH KOPEHb MHOTOWIEHA z; =1, JIBa JIpyTUX KOPHS HalJIEM U3 ypaBHEHUS
~1+i/3 T
. Torna pa3no)xeHre MHOTOYJICHA

-1+ 1-4
2 2

Oyner uMeTh BURL  PFy(z)=z°-22° +1=(z—z )2 (z—z, )2 (z-2z )2 .

z>+z+1=0. Homyaum z,, =

MHorouneH P,(z) UMeeT TpU KOpHS KpaTHOCTU 2: z=z, z=2z,, z=2z; (T.€. IIECTh

KOpHEH ¢ y4eTOM UX KPaTHOCTH).
B nansHeiimemM npu MHTErpUpoOBaHUY OyIyT UCTIOIE30BaHbI CIIEYIOIIME YTBEPKICHNUS.

Ecim MHOTOWIEH P,(z)=ayz" +az" ' +...+a, TOXKIESCTBEHHO paBEH HY-
n 0 1 n

JIT0, TO BCE €T0 k03¢ (UIIMEHTEI paBHBI HYIIIO.
Eciu j1Ba MHOTO9JICHA TOXKJICCTBEHHO PaBHEI, TO UX KO3 (UITACHTEI
TIPYA OJIMHAKOBEIX CTEICHAX z PaBHBI MEX]Ty COOOM.

JleicTBUTENBEHO, €CIIM MHOTOYJIEH B paBEHCTBE (4.8) TOXKICCTBEHHO paBeH Hy-
JII0, TO OH PaBEH HYJIO U [IPH z , OTIIMYHOM OT Z,2,,...,Z,. HHO TOTJ[a BRIPQXKEHUS B

ckoOKax He paBHBI HYJIIO U, CIEJIOBATENbHO, a, = 0. AHAJIOTUYHO JI0KA3bIBAECTCSA, YTO
a,=0,a,=0,..,a,=0. Eciu 1Ba MHOTOWIEHA P,(z)=ayz" +az" ' +...+a,

Q,(2) =byz" +Bz" " +...+b, TOXKIECTBEHHO PABHEI MEXTy 060, TO P,(2)-Q,(2) =0,

n-1

T.€. (ag—by) 2" +(ay—b) 2"~ +...+(a, —b,)=0. Torma ay—b,=0, a-4=0,...,

a,-b,=0 WM ay,=5y,, a=b, ...,a,=b,.
Ocobr1if MHTEpEC B JalibHElnIeM (HanpuMep, Ipyd UHTETPUPOBaHUM) OyayT
MIPEJICTABIIATE MHOTOWIEHHI C OeticmeumenbHblMU K02 guyuenmamu.
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Ecim wmHorowieH P,(z) ¢ OeiicmeumenbHoimu KodIgguyuenmamu
UMEET KOMIUICKCHBINA KOPEHb z, = a +iff KPaTHOCTH k, TO OH UMECET U KOM-
TIJICKCHO-CONPSKEHHBINA KOPEHb Z, = a —if TOU XKE KPaTHOCTH.

MHnozounen c delicmeumensHolmu Ko3(huyuenmamu packiiaJnBacTCa Ha
JIUHelnble MHOJIcUmenyu BUJa (z—a) U KEAOpAmMHble MHOJICUMENU BUA

(z*> + pz +q) , BCE € OelicmeumensvHviMu KoIghguyuenmamu.

I[eﬁCTBHTCHBHO, KaK OTMCUYaJIOCh B II. 42, 3HAYCHUA MHOTOWICHA B TOUKC z, U

B TOYKE Z, OyJ[yT KOMIUIEKCHO-COIIPSDKEHHBIMU, T.€. P,(a—if)=P,(a+if). Tax xak
a+iff — KOpeHb MHOTrOuWIeHa, TO P,(a+if)=0. Torma v P,(a-if)=P,(a+iff)=0=0,
T.€. a—if — KOpeHb MHOrowicHa. Ilpudem, eciiu B paznoxenue (4.8) MHOXUTEND
(z —z,) BXOJMT HECKOJIBKO pa3, TO U MHOXKUTENE (z —Z,) OyJET BCTpEedaThCS CTOIBKO
ke pa3. B paznoxenuu (4.8) octaBuM JIMHEIHBIC MHOXWUTENW BUJIA (z—z;), TIIE z; —
JICICTBUTEIIEHOE YUCIIO, U 00BEIMHIM MHOXUTEIHN BUA (z -z )(z—Z;), TAE z; — KOM-
miexcHoe aucio. Torma  (z-z)z-7) =22 —z(z;+2)+2-Z. Ho

z+Z = (a+if)+(a—if) =2a, ;-7 = (@ +if)a—if) = a* + B>
SABJIAIOTCA JICHCTBUTEIEHBIMY YK ClIaMU, 0003HaUMM UX p U q. Torma

(z-z)z-7)=2"+pz+q,

TJI€ p, ¢ — JICUCTBUTEIBHBIC YWCIIA, a KBAJIPATHBIM TPEXWIECH UMEET TOJBKO KOM-

IJIEKCHBIE KOPHM UM HE PACKJIQJBIBACTCA HAa JIMHEUHBIC MHOXMWTEIU C JICUCTBUTEIb-
HeIMA Kod(duimentamu. Takum obpazoM, MHOroOwWIeH P,(z) C JIeHCTBUTEIILHBIMU

KOB(I)(I)I/IHI/IGHTaMI/I HUMCCT CIICIAYIOUIICC PA3JIOXKCHHAC!

s s 2 k k;
B (@) =ay(z—2)(z-2,) " ...(z—2,)" (Z* + pz+q) " ..(Z° +pjz+q;) 7, (4.9)
e S +8,+...+8, +2k +...+2k; =n.

Ipumep 4.7. 1IpoBepuTh, 9TO KOMIUIEKCHOE YUCIO z, = —1+i ABIAETCA KOPHEM MHO-
rowieHa Py(z)=z*+4z° +11z> +14z+10. HaiiTu Jpyrue KOpHM MHOTrOWIeHa. Paszio-

KUTh MHOTOYIEH Ha JIMHENHHBIE W KBaJIpaTUUHBIC MHOXXUTEIU C JICHCTBUTEIIEHEIMU
ko3¢ duIeHTaMU.
Pewenue. Cnagana npoBepum, 910 P;(z;) =0, T.€. 9TO z, SABIAECTCA KOPHEM MHOIO-

unieHa P,(z). /g aToro Beraucium
22 =(-1+i)* =1-2i+i>=-2i, z :(212)2 = (-2i)’ =4i% =4,
2 =70z =2i(-1+i)=2i-i* =2i+2,
Py(z)) =z + 4z + 112> + 14z +10 = —4 + 4(2i + 2) + 11(=2i) + 14(~1 +i) +10 = 0.
Hanee, Tax kax JJaHHBI MHOTOWICH P,(z) UMEET JCHCTBUTEIBHBIC KOI(DOUIIUCHTHI,

TO, HapAJly ¢ KOPHEM z, =-1+i, OH UMEET U KOMIUIEKCHO-COIIPSHKCHHEINA KOPEHb
z, =z; =—-1-i. Torma mMHorowien P,(z) nemurcs 6€3 ocTtaTka Ha (z—z) ¥ HA (z-z,),

a 3HAYUT, ¥ HA UX OPOU3BEACHUE (z-z)-(z—-Z)=2"—2(2,+Z)+2Z =2 +22+2.
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IIpousBeem 3TO JIETICHUE:
241423 11122 +142+10 |22 +2z+2

z4+2z3+2z2 z2 +2Z+5
2231 92% 114z

- 7.2 2
273 + 472 + 4z = P(2)=(z"+2z+2)(z" +2z+5).

522 +10z+10

522 +10z+10
0

Taxkum obpazom, P(z)= (22 +22+2)-(z2* +2z+5). DTO U €CTh UCKOMOE pasioxeHue,

Tak kKak 00a KBaJIpaTUYHEIX TpeXWIieHa MMEIOT OTpUIIaTeIbHbIE JUCKPUMUHAHTEHI, a
II03TOMY HE pasJlaratoTcs Ha JIMHEHHBIE MHOXUTEIM C JEHCTBUTEIEHEIMU K03 du-

uueHtamMu. KopHu MHorowsieHa P,(z) HaxoJATCS W3 YpaBHCHUMA 22 +2z+2=0 u
22 +2z+5=0. Kopnu niepBoro ypaBHeHus Mbl 3HaeM: z = —1+i. Kopau BTOpOro ypas-
HEeHUA z=-1+,1-5=-1+2i Takum oOpa3om, 3aJaHHBEIA MHOTOWIEH P,(z) UMEET

crneaytorme 4 KOpHS: z, = —1+i, z, =—1-i, z; =—1+2i, z,=-1-2i.

S. Marpuusb! ¥ onpefeMTe n

5.1. llonsiTe MaTpunbl. /[eHCTBHS ¢ MATPHIIAMHA

IIpsmoyroisHONM MaTpulieil pa3Mepa mx n Ha3bIBAcTCA COBOKYIIHOCTH m-n YHCEN, pac-
TIOJIOXKEHHBIX B BUJIE IPAMOYTOJIEHOM TabJMIIBI, COJIep Kallleil m CTpOK U n CTOJIOIOB.

G G - Oy
a 4d»n ... Gy

Me1 GyjieM 3allMChIBaTh MATPUILy B BUJIE A= . . . ) = (aij) .
. . .. : mxn
A1 A2 - Amn

Yucna a;; Ha3bpIBArOTCA 3JICMCHTAMU MATPHUIIBI, HepBLII‘/'I HWHJICKC 3JICMCHTA MATPUIIbLI

J
i ob03HaYaeT HOMEP CTPOKU, BTOPOM MHACKC j 0O03HawaeT HOMep croyibra. Takum
obpazoM, a,; 0003HaYaET DIIEMEHT, CTOAIIMNIA BO BTOPOI CTPOKE ¥ TPETHEM CTOJIOIIE.

OTmeTuM, 9TO MaTpHUIIa HE UMEET YUCIIOBOH BEJTMIMHEI. DTO TIPOCTO YCIOBHBINA
crnoco0 0003HaueHUS TaOIHUIILI ¢ YUCITAMH.

Bcrpeuatotes u ipyrue 0603HAaUCHUS MATPUIIBL: A = [ a; J-] = Ha,- ;] H :
mxn mxn

Jlrobas maTpuila, UMeroas 0JMHAKOBOE YHCIIO CTPOK U CTOJIONOB (m = n), Ha-
3BIBACTCH K6aopammuoii mampuyeu 1opsyika n. E€ 3lIeMeHTHl a,,ay,,...,d,, COCTaB-

JISIIOT 21A6HYI0 OUA2ONATb, & DIIEMEHTH a,,,d,, 1,...,4,; — H0BOUHYIO Ouazonans. I1pu

m =n =1 MaTpulia COCTOUT U3 OJTHOT'O YKCJIa ¥ OTOXKICCTBIIACTCA C HAM.

Ba)KHYIO POJIb B TCOPUU MATPUIl UTPAOT CICAYIOINIMC YACTHBIC BUJILI MATPUII:
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a1

a
1) maTpumna-cronben (MaTpuna pasmepa mx1) 4, = :21 ,

am

2) matpuua-cTpoKa (MaTpuIa pasmepa 1xn) 4, =(aj ap,...a1,),

3) cryneHuaTas MaTpulia

arp 4t By Ama 0 Ay
O a oo a a oo a
22 2m 2m+1 2n .
A=| . .. ) . . .|, THe a;#0,i=1lm, m<n,
0 0 - a a a

mm mm+1 mn

4) TpeyroiibHasg MaTpHIla — KBa/lpaTHas MaTpulia, B KOTOPOU BCE DJIEMEHTHI BhIIIIE
(HuKe) TIIaBHOM JMaroHalli paBHEI HYJIIO

an 9 ay

0 a, ary
A= ] ,

0 0 . a

nn
5) JAUuaronajibHas MaTpulla — KBaJI[paTHad MaTpuiia, B KOTOpOﬁ OTIIMYHEI OT HYJIA
TOJIBKO 3JICMCHTEI TJIaBHOM JUarodalii

a, 0 0

0 a 0
R :22 ,

0 0 ... a

6) cxansgpHas MaTpulla — JUaroHaJdbHasd MaTpHIla, BCE 3IIEMEHTHI KOTOPOil paBHEI

(a11:a22:"':ann :/1)

A 0 0
0 1 0

A= . s
0 0 ... 24

7) enquHUYHAA MaTpUlla — CKaJIspHas MaTpuua npu A =1

1 0 ... 0
o1 ... 0

E=. . . |
0 0 .. 1

8) HyseBas MaTpulla — MaTpuIla, BCE AJIEMEHTHI KOTOPOI paBHEI HYIIIO.
Heucmeus c mampuyamu

1). /IBe maTpuIisr 4= (a ; j) U B= (b,. j) Ha3BLIBAIOTCS PAGHBIMU, €CITA OHU OJHO-

TO pasMCpa 1 COOTBCTCTBYIOIIUC UX IJICMCHTEI PaBHBI a ij= bij (i =lm, j= l,n) .
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2). Cymma A+ B MaTpul] A U1 B OJHOTO pa3Mepa m xn €CTh MaTpulia C TOTO
XKE pasMepa, TAC ¢, ; =a,+b;;.
W3 omipesiesieHuss CyMMBI MaTpHI] CIIEAYET, 9TO OIepalis CIOKEHUs MaTpull obiaja-
€T TEMH XK€ CBOMCTBAMU, UYTO U OIIepalis CII0XKECHUS JICHCTBUTEIILHEIX YUCE:
a) A+ B = B + A (IepeMeCcTUTEIILHOE CBONCTRO),
6) (4+B)+C = A+ (B +C) (codueTaTeIbHOE CBOMCTRO).
3). Onepayus ymnooicenus mampuybl Ha@ YUCAO0 COCTOUT B YMHOKEHUN KaX-

JIOTO 3JICMCHTA MATPHIIBI Ha 3TO YUCIIO: a A=Aa = (a a; j) .

CaoiictBa omepatn:  «a(fA4)=(af)4, Ya, BeR,
(a+p)Ad=ad+ pA,
a(A+B)=ad+aB.

5 21 2
Ilpumep 5.1. Haiitu matpuily C=24+4B, eciu A:[ ) (2))’ B:(l 01 z)

-4 2 0 8 0 12 4 2 12
Pewenue. Berauiciium: 24 = ( j , 4B :( J, C=24+4B = ( J .
-6 4 4 4 -4 8 -2 0 12

4). Onepayus ymuodicenus mampuysl 4., Ha mampuyy B, , oupeleneHa

TOJIBKO B TOM CIIy4ac, €CIIU YUCI0 CMOI6Y06 MAaTPULILl A PAGHO YUCTIy CMPOK MaT-
punsl B, TO €CThb n=k.

OnpejieuM NEPBOHAYANIBHO YMHOMKEHUE MATPUIBI-CTPOKH A =(ay;aj;...a;,)

by

bar A-B= b b =S a b
. ‘B=ay; by tapby +...tay, nl_zals s1 -
s=1

Ha MaTpuIly-cToyIben B =
bnl
Toria mpousBeicHUEM MaTpUllbl 4 pa3Mepa mxn CO CTpOKaMU A4,,4,,...,4,,

Ha MaTpully B pa3MepoM nxp CO CTOJOLAMu By,B,,...,B, Ha3BIBACTCA MaTpHlia

C = AB pa3Mmepa m x p , BJICMCHTHI KOTOPO# NOJTyJarOTCS CICTYOIIAM 00pazoM:
KaXJ1as CTpOKa A4; MaTpUIIbl 4 TOCIEOBATEIFHO YMHOXKACTCS Ha KaXJIbli cToJIOeI

B; MaTpullel B M 3allUCHIBACTCA B i -0 CTPOKY U j -# cronben matpulis C :
4B, 4B, --- 4B,

n 4,B, AB, - 4B
Cij :AiBj :Zaisbsj U Apyp 'anp :mep = ) . ) P

4B AB, - 4B,

Ilpumep 5.2. 1lepeMHOXUTH MaTpHUIIbI A:((l) ? ij U B=

S W=
—_ AN
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Pewenue. Matputia 4 uMmeet pasMmep 2 x 3, MaTpulla B UMeeT pa3mep 3x2. YcIoBUe
paBeHCTBA YUCla CTOJIOIIOB MaTpullbl 4 YHUCIy CTPOK MaTpUIlsl B BBHINIOIHEHO, ClIE-
JIOBAaTEIbHO YMHOXKEHME MaTpull BO3MOXHO. B pesynerate noimyunm martpuiy C
pazMepa 2x2. llycTs cTpOKU MaTpullsl A €CTh 4,, A,, & CTOJIOIB MaTpUILl B €CTh

B,, B,,. Torna

1
A4,-B;=(1 2 3)|3|=11+2-3+3.0=7=Cy;, 4,-B,=(1 2 3)
0

=1.2+2-4+3:1=13=C),

—_— kN = NN

1
Ay B =(0 5 1)/3]|=0-1+5-3+1.0=15=Cy, 4,-B,=(0 5 1)
0

A,B, AB 1
IloatoMy C=4-B= oA (713
4,B, 4,B,| \15 21

BrrauciuM npoussejieHUe BA :
1 2 1-1+2-0 1-2+2-5 5 1 12 5
B-A=|3 4 ((1) ? ﬂ: 3.1+4-0 3-2+4-5 13|=|13 26 13|
01 0-1+1-0 0-2+1-5 1 0 5 1
OueBusiHO, YTO AB + BA.

Ilpumep 5.3. YMHOXUTH MaTpully 4,,, Ha CKalIpHYyIO MaTpuly B,.,.
Pewenue.

@y G - &, | (b O - 0 bay, bay - bay,
a a a 0b -0 ba ba -+ ba

Ap=| 0B T T T e TR T e, AB=A-b.
A Gma " Qg 00 - b baml bam2 e bamn

Taxum 00pa3om, IIPOU3BEICHAE MAaTPUIIBI 4 Ha CKAJIAPHYIO MaTpUIly B paBHOCHIIb-
HO YMHOXEHUWIO MaTpUIbl 4 HA 9UCIIO b .

Ipumep 5.4. Buyciims 3Ha4EHAE MHOTOWIEHA f(x) = 3x> —2x+5 OTMaTpvIlpl 4 = ((2) _llj .

Pewenue. 3aniem BeipaxeHue f(A4)= 342 -24+5E , TJIe £ — eAHUYHAS MaTpHIIa.

1 1 2 -1
Brraucoum A2 =A4- A= [0 ](0 j =[ ] . Torma
2 —1)l2 -1) (=2 3

2 -1 0 1 10 6 -3 0 2 50 11 -5
f(4)=3 -2 +5 = + + = .
-2 3 2 -1 01 -6 9 -4 2 05 -10 16
Hepe‘II/ICJII/IM, HC TOKa3biBas, HCKOTOPHIC CBOMCTBA O1ICpanm IpON3BCIICHUA MaTPUII:

1. A(B+C)=AB+AC, 2.(A+B)C=AC+BC, 3. A(AB)=A(4B),
4. A(BC) = (4B)C, 5. AE = EA= 4.

(Hpelmonar acM, UTO BCC IIPOUIBCIICHUA UMCIOT CMLICII).

Tpancnonuposanuem MaTpUIbl HAa3bIBACTCS ONEpalis 3aMEHEI CTPOK MaTpH-
B! €€ cTONO1aMu C COXPaHEHUEM UX HOMEPOB.
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1 0
1 2-3 T
Hanpumep, eciiu 4= 015/ TO A" =| 2 1| — TPAHCIIOHUPOBAHHAA MaTpHIla.
-3-5
IlepeuncnuMm, He 10Ka3kIBast, CBOMCTBA OlIEpallii TPAHCIIOHUPOBAHWS:
1. 4+B)" =4" +B"; 2. (aA)" =ad";
3. (4" =4; 4. (4-B)" =B"4".
5.2. OnpeaeanTem U UX CBOICTBA

IlonsTHE OnpeieTnTENs BBOJAUTCS TOJIBKO 014 Kéaopamnuvix mampuy. Ilonstie
onpeJICIUTEN n—T0 TOpsAJIKA IpU n =2, n=3 OwLIO BBesieHO B 1. 1. IlonsTue omnpe-
JISTIATENS n—TO TopsJika (n>3) CBA3aHO C NOHATHEM MHUHOpa U airedpandeckoro
JOTIOJTHEHUS 3JIEMEHTA MAaTPUIIB! 4 . JIs sanieMenTa a; j MaTpuIIE! A paccMOTpUM:

1) munop M ;— oupejeUTeNs MaTPUIB], OJTyIEHHOH U3 JTAHHOH BHYCPKUBAHH-
€M i -0l CTPOKU U j -I'0 CTOJIOIA,
2) anzebpauueckoe dononnenue A, =(-1y"'M ;.

Hanpuwmep, i1 MaTpuiis! 2-ro nopsjaka (a“ alzj MeEeM:

@ axp
Ay =DMy = ay, Ap = ()" My, =—ay,
Ay = (—1)2+1M21 =412 Ay = (—1)2+2M22 =ans
Qi G2

= ayay, — Ay = oMy —apMy, = a4y + a4y, -

a ay

an g9 43
Jns matpuns! 3-ro IOPAAKA | a,; 4,y ay; | IMEEM:

a3 43 di3

4 = Ay a3 A = ay 4y ay A4p a1 92
1n= s Ap=—

9 A13: ,---,A33:

as; ds3

431 a3z 31 A3 ay A
Q1 Gy 43
@G Gy Gy |=a My —apMyy +apMiy = a4+ ap A+ apdgs.
431 43 4z
Onpenenurens n —TO NOPAJIKAa BBOJAUTCA IO UHIYKIIMM aHAJIOTUYHEIM 00pa3oM depes
onpeaenuTend (n—1) —TO HopaaKa:

a, 4 a,
ay 4y ary
Ap1 Ay Aun
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20 0 3
01 0 2
Ilpumep 5.5. BEIauciuTh ONPE/ICIIUTEND MATPULILI 4 = s 71l
1 3 3 4
1 0 2 01 0
1+1 1+4
=2-(-1) |5 =7 1[+0-4,+0-4,+(-1)""3:[2 5 -7|=
3 3 4 1 3 3
-7 1 5 -7 2 7
=21 +0+2. -3.]0-1. +0=-29
-3 4 3 3 1 3

Ceoiicmea onpedenumeneii

1.OnpenenuTent TPaHCHOHWPOBAHHOW MATPUIIEI PAaBEH ONPEIACIUTEII0 MCXOIHOM
MaTpunbl: det 47 =det 4.

2.1Ipu nepecTaHOBKE MECTaMU JIBYX CTPOK (CTOJIOIIOB) ONpEICIUTEIh MEHSIET 3HAK.
3.Onpenenurens ¢ IByMs IPONOPIIMOHAIBHEIMU CTPOKaMU (CTOJIOIaMI) paBEH HYJIIO.
4.0011it MHOXHUTENb CTPOKH (CTOJI011a) MOXKHO BEIHECTH 3a 3HAK OIIPEIICIIUTEIIS.
5.0npenenutens He U3MEHUTCS, €CIIM K HEKOTOPOi cTpoke (cTonbIry) 106aBUTh Jpy-
TYI0 CTpOKY (CTONOE1), yMHOKEHHYIO Ha YUCIIO A .

6.Teopema paznosicenusn: ONPENEIUTENIbL PaBEH CyMME NPOU3BEACHUI 3JIEMEHTOB
mobot ctpoku (J1iro60ro cTob11a) Ha UX anreOpandecKue JOMOTHEHWS.

7.Teopema auuynupoeanus: CyMMa TPOU3BEICHUN DIIEMEHTOB OJIHOW CTPOKH
(cTonbua) Ha anrebpandyeckue JOMOTHEHUS BJIEMEHTOB JIpYyTod CTpoku (CTONOIa)
paBHa HYJTIO.

8.Ompenenurenb TPOU3BEACHUS MAaTPUIl paBEH MPOU3BEICHUIO ONpEACTUTeNeH Tie-
PEMHOXAEMEBIX MaTPHIL: det(4-B) =detA-detB.

JokazarenscTBO CBOMCTB onyctuM. {ns onpeaenureneit 2-ro uinym 3-ro nops;i-
Ka UX MOJKHO JIETKO IIPOBEPUTH HEIIOCPECTBEHHBIM BEIYUCICHUEM.

YacTo onpeenuTenu yJI00HO BEIIUCIIATE, UCIIOJIB3YS UX cBolicTBa. Hampumep,
onpeJIeNTENb yI00HO pa3iarath o CTpoke (CToJOIy), cojiepKaliei HyJIv, UCTIONh-
30BaTh NPONOPIMOHAIBHOCTE CTPOK (CTONOIIOB) U T.JI.

Ipumep 5.6. 1lokazath, 9TO ONpENICTUTENIb TPEYTOJBLHON MaTpullHl (CoJIepKaliuii
HYJIA HUKE WJIA BBINIE TJIABHOM JIMaroHaJIM) paBEH NPOM3BEICHUIO DJIEMEHTOB IJIaB-
HOM JMaroHaJIu.

Pewenue. 1lepBriii cToNOEI COJACPKUT HYIH, IOITOMY yJIOOHO 3alIMCaTh pa3IOKEHUE
OTIpEJISITUTEINA 110 BJIEMEHTaM IIEPBOT0 CTOJIOIA:

a1 G2 O3 Gy
0 Ayp 4y v Gy
Gy Q3 v gy
0 ay - ay
detA: O O a33 te a3n :all' . . . . +O+...+O-
0 0 a
0O 0 0 Ay nn
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HpOI[OIDKaSI pasjiaraTthb 110 3JICMCHTaM IICPBOT'O c1‘on6ua, ITOJIYUHM:

a33 ** G3p
detA:a11a22 E .'. : :...:all'azz'...'ann.
0 . a,,
B gactHOCTH, y €IMHUYHOI MaTpUlbl a;; =a,, =--=a,, =1, 8 OCTAIbHBIC SJICMEHTHI —
Hyu. IloaToMy detE =1.
-3 1 0 0
2 0 0
Ilpumep 5.7. BeAUCIUTE ONIPEJIEITATEI 3 1 ol
-1 5 3 5

Pewenue. Tlocnemumii cronber coJepKUT TP HyJIA, IOATOMY YAOOHO 3amucaTh pas-
JIOXKEHHE OTIPEJICITUTEIIS TI0 BJIEMEHTaM 3TOTO CTOJIOIA:

-3 1 0 0
2 2 0 0 I 31
4+4 343 |~
=5.-D"" ]2 2 0|=5(-1)-CD" =-5.(-6-2) = 40.
13 1 0/ 00D (-)-D7 (-6-2)
1 3 -1
-1 5 3 5
2 -1 1 0
0 1 2 -1
Ilpumep 5.8. BerauciuTs onpeIeIIUTEINb 3 12 3
3 16

Pewenue. BedTeM TpEThIO CTPOKY U3 YETBEPTOM, 3aTEM U3 TIOCIICHEN CTPOKU BhIHE-
ceM o0 MHOXKUTENH Y TIOJTyIUM JIBE PaBHBIC CTPOKU (BTOPYIO U YETBEPTYIO):

2 .11 0] |2 -11 o0 2 .11 0
0 12 -1] |0 1 2 -1 01 2 -1
3 12 3|73 a2 3/°%3 a2 37"
3 16 1|0 2 4 =2 01 2 -1

5.3. O0paTHas MmaTpuna

1
B apudmertuke u airebpe s moboro yucia a =0 CyIIECTBYET YHCIO — Takoe,
a

1 1
9TO a-—=1; — ecTb 4ucio, obpaTHoe JlanHOMY. B Teopun maTpull Taxoke BBOJIUTCS
a a

IIOHATHUC 06paTHOI7I MaTpUIIbI.

Matpuria B= A" Ha3kIBacTCA 06pamnoil K K6adpamnoii mampuye A , €Clu

A-A'=4" 4=-E .

He p1g BCaxoil MaTpulIbl CYILIECTBYET 06paTHa51. Hanpumep, nycts
A= 10 , 4= a1 9 . Torma 4.4 = 10 (% 92 _ a, 9 .
00 4y Gy 0 0)\ay ay 0 0
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Marpuna A He UMeeT 06PaTHOM, Tak Kak A- A~ = E.

Ecimu i Matpuiibl 4 CymecTByeT obpaTHas Afl, TO MaTpulia A Ha3bIBACTCA
00paTMo# (T HEBBIPOKIICHHOM, MIM HEOCOOCHHOM ).

Hepe‘II/ICJII/IM CBOMCTBA oncpanun 06paTI/IMOCTI/I MaTpulbl.

1. (4B)' =B'4™", Taxxax (4B)-(B'47')=4-(BB"')- 4" =AEA" =447 =E .
2. (A*I)_1 —A, TaKKak 4 ' -A=E .
3. (AT)A:(A‘I)T , TaK KaK E:ETz(A-A‘l)T:(A‘I)T-AT.

4. Eci Jijis MaTpMIBl 4 CyIIECTBYET oOpaTHas 4 ', TO OHA €JMHCTBEHHA.

PaCCMOTpI/IM YCIIOBUA CyIIICCTBOBaHUA 06paTHOI71 MaTpulhbl A CITOCOOBI €€ OTHICKAHMSL.

Teopema 5.1. Ecnv onipeJIeTATENs MaTpULIBl A PaBEH HYIIIO,
TO MaTpuIla 4 HE UMEeT 0OpaTHOM.

Jloxazamenbcmeo TIPOBEIEM METOOM OT HPOTUBHOTO. JIOIyCTHM, YTO CYIIECTBYET
obparnas matpuna 4. Tora 4-4 ' =E u det(A~A‘1)=detE:1.

C npyroii cTopoHsl, det4=0 1 det(A-A‘l) —det4-det 4™ =0. ITony4miia poTUBOpE-

q1¢; CJICJOBATCIILHO, UCXO/IHAA MaTpuIla 4 HE UMECT 06paTHOI71.

Teopema 5.2. Eciiu onipeJieTuTENs MaTPUIIbl A OTJIMYEH OT HYJIS, TO oOpaTHas
Marpuna A CyIIECTBYET M BEMUCIISETCS IO PopMyIie

T

Al Bl o Ll

L | Ay Ay
detd | ooorreeemreeeeeeees 2

g Lt andlp

THaC 4,,45,,...,4,, — aTeOpaideckue TOMOJTHEHUS JIEMEHTOB a,,,d,,,...,q,, MATPUIIL] 4 .

Jloxazamenvcmeo. O603HauMM depe3 B MaTpUIly U3 anreOpandeckux JIONOJHEHWH 1
HalJIEM IIPOU3BEJCHUE MAaTPULILI A U MaTpUIIbl, TPAHCIIOHUPOBAHHOM K B:

4y 4z - Aip Ay Agpe Apy
ABT _ 021 a22 aee a2n . A12 Azz aee An2
n1 Ap2--Aup Ain Ay App

IlepemHOXast i—yI0 CTPOKY MaTpWIlbl A Ha k-# cToimber MaTpulsl B', MOIyIAM
CyMMY TPOU3BEICHUMN DJIEMEHTOB i-ii CTPOKM MaTpUllbl 4 Ha ainrebpaudeckue Jio-
TIOJTHEHUS k - CTPOKHM 3TOM ke MaTpuIlsl. DTa CyMMa IIpH i = k paBHa det4 (110 TEo-

peMe pa3lioKeHus), a IpH i # k paBHa HyIIO (TI0 TEOPEME aHHYJIMPOBaHM).
IloaTomy

det 4 0 -0 10---0
A.BT=| O detd 0 ) Gera 010 _geta B
0 0 det 4 00--1




T

Tak xak det4 =0, TO 4- = E W, CJICJIOBATEIILHO, MaTpHIIa ﬁ-BT ABJIAETCA 00-
€

det 4
paTHOM K MaTpule 4.
Ilo aToit popmyne yo6HO BEIYUCHATE OOpaTHYI0 MaTpUIly B OCHOBHOM JiJIs-
MaTpul] 2-T0 Uiy 3-Tro NOPSKa.

IHpumep 5.9. Briscuuth, cCymecTByeT au oOpaTHas Marpulia JUJIS MaTpHUIlHI

2 -5 o _
A=[1 3].Ecnn na, To HaTH A~ .

-5

2
Pewenue. Beraucium det A =‘ L3

‘ =2.(-3)-(-5)-1=-1%0. CrieoBaTensHO, 0OpaTHAsA

maTpulia 4~ cymectByer. Haiijiem anrebpaudeckue JIONOTHEHHS 3I€MEHTOB MarT-
punst 4: Ay =(-1)"(-3)=-3, 4, =(-1)"1=1,

Ay =(-17"(=5)=5, Ay =(-1)""72=2.

T
Torma 4~ - An A (3 ) (35) (3 s
detd | 4, Ay -1(5 2 -1 2) (1 -2)

Jlns ipoBepku ybeuTech, 9T0 A - AT'=E.

2+1

C nomompro 0OpaTHOI MaTpUIIEI MOXHO PEUIUTh MAMPUYHOE YPAGHEHUE
AX =B (wm X4 = B). Eciu maTpunia 4 HeBBIpoXJieHHas (det4 = 0), TO JUIs HEe Cy-
niecTByeT obpaTHas 47", Tornma, YMHOXWB YpaBHCHUC AX =B CJIcBa Ha a7 (a ypas-
HeHue XA =B crupaBaHa 4 '), noinyduM X =4'B (X=BA™").

Ipumep 5.10. Penuts MaTpuaHoe ypaBHeHue AXB=C, rie
A:(3 —1}5 B:(S 6)’ C:(l 1}
5 2 7 8 9 1
Pewenue. Beraucimm onpeenutes Matpul A u B:

det 4= 3
5

-1 56
=—6+5=-120, detB= =40-42=-2+0.
-2 7 8

CrieJIoBaTeNbHO, CYIIECTBYIOT 0OpaTHBIE MaTPUIIEI A U B~'. YMHOXUB ypaBHEHHUE
AXB=C Ha A7 cneBa, Ha B™' cnpaBa; OIy9IuM

(A‘IA) X (BB‘I) —A'CB'wm X=4"CB.

T
1 Ay Ap
Brrauciium o6patayio matpuny 4 'no dopmyne: A= )
paTHyto MaTpHIly hopmy Geid| 4, 4,
1 (-2 -5 T 4
Tak kak A,,=-2, Ay, =-5, A, =1, A,, =3, T0 4, =— | . | =|7 |
11 12 21 22 -1 _1 ( 1 3j [5 _3j
T _
1 1 (Bu Bn 1( 8 -7 d 43
AHaJIOTUYHO BEIYUCIUM B~ = =— =17 5/
2 2
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w

(207 355
Tl 2) | L 2T
2 2 95 71

Boituucnenue oopamnoii mampuyot
Memooom 31eMeHmapHsvlX npeodpa3oeanuii

4
Torma X=4'CB'= 2 Lty 7
5 3)19 1 5 —

N |,

PaCCMOTpI/IM CIICAYHOUIMC 3JICMCHTAPHBIC Hpeo6pa303aHn51 MaTpulbIl:

1) nepecmanoexy cmpok (cmonbyos);
2) ymuooicenue cmpoxu (cmonbya) Ha 4UC10, OMAUYHOE OM HYIA;

3) npubaenenue K Inemenmam cmpoku (Cmonbya) coomeemcmeyloujux I1emen-

moe opyzoii cmpoku (cmonobya), yMHOIICEHHBIX HA HEKOMOPOE YUCTIO.

Eciu matpunia B noydeHa U3 MaTpuilsl A ¢ IOMOIIBIO AJIEMEHTApHBIX IIpeodpa-
30BaHui, TO MaTpullkl 4 U B Ha3KIBAIOT SKBUBAJICHTHBIMU U 3aIIUCHIBAIOT A ~ B .

IToxaxkeM, 4TO BCAKOE IIEMEHTApHOE Npeobpa3zoBaHue KBAJIpaTHON MaTpUIILl A
SKBUBAJICHTHO YMHOXXECHUIO MATpHUIHl 4 Ha MaTpHUIly, NIPEIACTABISIONIYI0 pe3yIbTaT
MIPUMEHEHUS COOTBETCTBYIOIIETO AJIEMEHTAPHOTO NpeoOpa3oBaHus K CIUHAYHON
MaTpulle E TOTO e pa3Mepa, 9yTo u MaTtpunia 4. Ilpu stom, ecr npeobpazoBanuie
IIPOU3BOJUTCA HAO cmonbyamu MaTpulsl A, TO €€ CIeJyeT YMHOXaTh cnpaea Ha
MaTpHIly CIIEIMAIBHOTO BUJIa, €CIU XKe IIpeoOpa3oBaHue NPOU3BOJUTCA HAO CMPO-

Kamu, TO Clleaaq.
IIpoBepum 3TH yTBEPK/ICHUS Ha IpUMEPE MaTpull 4 U E BTOPOTO NOpPSAIKa:

4 a, ap E- 10
a4y ay ) 0 1)

~ (@ )| £ (01
1. TlepecTaBUM CTPOKU MaTpull A = N E=| | ¥ BeMHCIMM NpousBe-
1 2

= ~ 1) (a a a a ~
nenue E-A: E-A:(O )[ 11 llj:[ 21 sz:A-
10)\ay ay Qi 92
2. YMHOXWM, HallpUMEP, BTOPYIO CTpOoKy Matpull 4 U E Ha « = 0. [lomyaum

~ a a ~ (1 0
A= 11 12 ; B )
a-aﬂ a‘azz O [04

~ ~ 1 0)(a; a a a ~
Brrauciim nipoussejieHUe E - 4: E-A= N =4,
0 a)lay ay -Gy O-Gy

3. YMHOXUM, HanlpuMep, NIEPBYIO CTPOKY MaTpull 4 U E Ha « =0 u JoOaBUM KO
. ~ a a ~ (1 0
BTOpO#l. llonmyuum A= ( 1 12 ] , E= ( j .

Brruucium npousseieHae E - A:

- 1 0 a a a a -
Fod [ Ga|_ 11 12 -1
a 1) ay ay A-aq1+tay a-aptay
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OTCI0/ia CIIEIYET, YTO ECIHM C IIOMOIIKIO PAJIA TOCIIEA0BATENBHEIX IEMEHTAPHAIX
1peo6pa3oBaHmii CTPOK MATPUIIEI A MBI TIOJIyYMM MATpHIly A, a C IIOMOIIBIO TEX KE
DJIEMEHTAPHEIX NPeoOPA30OBAHMA U3 €IMHMYHON MaTpHILl E NonyduMm maTpuny £,
T0 E-A=A. Ilpu oToM, ecim Matpuna A OyjleT paBHa eIUHHYHON Matpule E, TO
E-A=E.CuenpoBarensHo, £ =A4".

Taxum 06pa3oM, JUIs OTBICKAHUS 00pATHON MaTpUlbl A~ CIEIyeT:

1) HOCTPOMTE PACIIMPEHHYIO MaTpuUIly (4 |E), IPUITMCHIBAs K MaTpUIe A cIpaBa

CIIMHUYIHYIO MaTPUILY,

2) ucnonb3ys dJIEMEHTApHBIE NpeoOpa30oBaHUs CTPOK PACHIMPEHHON MaTpuIbI,
TIOJTyIUTh HAa MECTE MaTpPUIIBI A eIMHUIHYIO MaTpully E; Toria Ha MecTe eIMHIIHON
MaTpuIlkl Oy/ieT oOpaTHas MaTpuna 4.

Cxema atoro mponecca: (4 |E)~---~ (E ‘ A‘l).
3 4 5
Ipumep 5.11. Haiitu 06paTHyI0 MATPUIy A ' JIJIs MaTPUIBl A=|2 -3 1
3 5 -1

Pewenue. Haiiiem o6paTHyi0 MaTpuily 4 ' METOJIOM JJIEMEHTAPHBIX TPeoOpa3oBa-
Hu#. [l 3TOro MOCTPOMM PACUIMPEHHYIO MaTpHily (4 | E) ¥ BBIYTEM W3 TIEPBOH ee
CTPOKY BTOPYIO JUIS TIOydEHUS €MHUIILI B BEpXHEM JIEBOM YTITy; YTOOHI CIIE/IUTH 3a
XOJIOM 3JIEMEHTAapHAEIX Npeobpa3zoBaHuii 0003HAYUM CTPOKW NOJIYIUBIICHCS MaTpu-
el A, A4,, 45 .

3 4 50100) (1 -1 4|1 -1 0) (4
(A|E)=|2 -3 1|0 1 0|~2 -3 1[0 1 0|=|4,]|.
3 5 -1/00 1) (3 -5 -1/0 0 1) (45

Ilytem anemeHTapHBIX NpeoOpa3oBaHMil CTPOK NONYUUM HYAU HuUdice 21a6HoU Oua-
2OnRAJitu CHavalia B REPBOM cmoﬂ6ue C ROMOU{bIO nepsoﬁ CmMpOKu:

4, " 1 -1 4|1 -1 0) (1 -1 4|1 -1 0) (5

(A|E)~| 4y |~|4p24,|=|0 -1 -7 |2 3 0|~|0 1 7| 2 -3 0|=|B5,

A3) (4334, (0 -2 -13|-3 3 1) (0 -2 -13|-3 3 1) (B
Teniepp NOMYYUM Hylu HUJICE U Gbluie 2/IAGHOU OUAZOHAIU 60 6MOPOM CMONOYe C
ROMOULBIO 6mopoﬁ CMPOKU N 3aTCM 6 mpembem cmoﬂ6ue C nomMouibio mpembeﬁ
CMPpOKuU:

B B +B, 1 0 113 4 0 C, C 116G 1 0 0|-8 29 -11
(A|E)~|B, |~| B, |=|0 1 7[2 3 0(=|c, |~|c-7¢,|=|0 1 0|5 18 -7
By | (B,+2B,) 0 0 1|1 -3 1) (¢ ¢ 0011 3 1
-8 29 -11
[Momyunym 4 ' =| -5 18 -7 |. IIpoBepum, 9T0 4-4 ' =E:
1 -3 1
3 4 5)\(-8 29 -11 -24+20+5 87-72-15 -33+28+5 1 0 0
A-A'=12 3 1||-5 18 -7 |=|-16+15+1 58-54-3 -22+21+1|=(0 1 O|=E
3 -5 -1 1 -3 1 -24+25-1 87-90+3 -33+35-1 0 01
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5.4. llonssiTHE paHra MaTpHIbI

@Gy Gy - Qp
PaccMOTpUM MaTpuIly 4 pasmepa mxn: A=|%1 %2 -~ 9n

Am19m2-%mn

Haubonvwiuit uz nopaokoé MuHopo8 JaHHOU MaTpULLl, OMIUYHBIX OmM HYJA,
Ha3bIBACTCS PAH20M MATPUIIBI.
MuHOp, TOPSAAOK KOTOPOT'O OIIPEJISNISET paHT MaTPUIIb], HA3KIBACTCS HAZUCHBIM.

O6o03HavaeTCs paHT MaTpUIILl A WU 7, WUIA 7(4) , WU rang(4).

Job6aBuM Kk aeMEHTapHBEIM NpeoOpa30oBaHUSAM MAaTpHIIbI, TIEPEUYUCIICHHBIM B
11.5.3, BRIYEPKMBAHUE HYJICBOW CTPOKM (CTOJIOIA) WM OJHOM M3 JIBYX NpOIOPIMO-
HaJIBHBIX CTPOK (CTOJIOIOB). MOXHO MTOKa3aTh, YTO dJIEMEHTApHBIC IIpeoOpa3oBaHUs
HE MEHSIOT paHT Marpuilbl. IloaToMy JijIs BRIYMCIICHMS paHTra yjI00HO NPUBOIUTH
MaTpUIly 4 K CTYIEHYaTOMY BHLy C IIOMOIIBIO 3JIEMEHTAPHBIX ITpeoOpa3oBaHMiA.

1 3 5-1
~1-3 4
1-1 7|

w1 N

Ilpumep 5.12. Haiitu rang(4), ecnu A=
7 7 91

Pewenue. Ytob6nl cieuTh 3a XOJIOM 3JIEMEHTAapHBIX Npeobpa3oBaHuii, 0603HaYUM
CTPOKY MATpUIBl 4, 4y, 43, A,. IlyTeM aneMenTapHBIX npeobpa3zoBaHuii CTPOK NOITY-

YUM HYJlU Husice 271a6HOI OUAzoHanu cCHavajla B nepeom cmoﬂﬁue C ROMOUuLbIO neEp-
6ol CMpPOKuU, 3aTCM 60 6mopom cmoﬂﬁue C nomouibio 6m0p011 CMPOKU:

3 5-1 41 4 1 3 5-1) (B B 1 3 5-1
1-3 4| _|4| |427241] |0 -7 -13 6| _|B2| | B2 | [0 -7 -13 6
1-1 7| | 43| |4354,| [0-14-26 7| |8 B32By| |0 0 0 O
7 9 1 Ay) |dg74;) \0-14 -26 8) |g,] |By28,) \O0 0 0-4

w N

BrraepkHeM 13 MaTpullsl HyJIEBYIO CTPOKY. IIpu 3ToM Ha ri1laBHOM JiMaroHaiy II0JIy-
9UM HOJIb, I03TOMY [IOMEHSIEM MECTaMHU TPETUi 1 YeTBepThIi cTonOuk!. [Tomyanm

1 3 -1, 5 1 3 -1
A~10 -7 6 }13} . BeljiesIeHHEI MUHOp TpEeThETO NOpsAAKa |0 -7  6|=1-(-7)-(-4)
"0 0 —4! 0 0 0 -4

OTJIMYEH OT HyJId M ABIIfeTCA Oa3ucHBIM. Panr mMaTtpuilel 4 paBeH €ro NOpsJIKy, TO
ecTb TpeM. Utak, rang4=3.

CucreMbl JIMHEHHBIX YPABHCHUH
PaCCMOTpI/IM CUCTCMY m JIMHEHHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMMU.
=b 15

a21x1 + a22x2 + ... +a2nxn :bz,

WIN AX =B, (6.1)

am1x1+am2x2+...+amnxn= mo

rie A — marpuria u3 ko3¢hdUIMESHTOB NpH HEU3BECTHBIX, Ha3bIBacMas MaTpHUIICH CHC-
TEeMBI, X — MaTpHIa-CTOJIOEN] U3 HEU3BECTHRIX, B — marpuia-ctonber] cBOOOHEIX
YJICHOB CUCTEMEI:
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Ay Gy - Qp X b,
A: 021 a22 “ee a2n X: x2 B: b2

An1 Am2 - Amn Xn by
Cucrema IUHEHHBIX ypaBHeHI/Iﬁ MOXCET HC UMCTb peHIeHHi'I, TOr'Jla OHAa HAa3bIBa-
eTcsa HecoBMecTHO. Ecii cuctema umMeeT X0Tsa OBl 0/IHO PCHICHUC, OHA HA3bIBACTCA
coBMmecTHoi. COBMeCTHas CUCTEMa MOXKET UMETh CIMHCTBCHHOC PCUICHUC, TOT'/Ia OHA
Ha3bIBACTCA OHpeIleJIeHHOfI; MOXCET UMCTh MHOXCCTBO peHIeHHi'I, TOrJaa OHa HA3bIBa-
CTCA HCOHpeI[eJIeHHOﬁ.

6.1. Pemenne cucreM ¢ KBa/IpATHON HEBBIPOXK/ICHHOM MaTpUei
PaccMoTpuM cucteMy » JIMHEWHBIX ypaBHEHWI C n HEM3BECTHBIMU
X +apXy +.. +ax, =by,
Ay X +AyXy +...+AopXy, =b,y,

(6.2)

Ap X +ApaXy +...+A g Xy = by

Marpunia cucteMbl — KBajipatHad. byJjieM npeanoiarate €€ HEBBIPOXKJICHHOM, T.C.
det4=0.

Pewenue cucmemul cpeoCcmeamu MampudHOZ0 UCYUCTICHUA
3anuieM cucteMy B MaTpudHO# ¢opMe 4 X =B . Tak kax det 4 =0, TO cymiecT-
ByeT oOpaTHas MaTpulia A7, YMHOXUB PaBEHCTBO AX =B clieBa Ha A7, OJIy4YUM:
A'(AX)=4"B, (A‘IA)X ~EX=X u X=A4'B.
Pewenue cucmemot no popmynam Kpamepa

Bexrop-pemenue X 3anumeM B popme X = A'Bu BOCIIOJIB3yeMcs (hOpMyJIOif
JUISL OTRICKaHUS 0OpaTHOM MaTpPHIIGL:

xl bl All A21-.. Anl bl
Xy A—l, b2 :L A12 A22"' An2 ' b2

e detA ..................... e
.)Cn bn Aln A2n ___Ann bn

IlepeMHOXHUM MaTpuIllbl B IPaBOil YaCTU U BOCHOJIB3yEMCS OIIPEJICIICHUEM PaBEHCTBA
Matpull. ITomyaum

.................................................. (6.3)
" detA
O603HauMM Yepe3 A ONpeAeNUTeNh MaTpPUIIEL, a Yepe3 A; — ONpEACTHUTElNb, MOy~

(Aln-bI +...+4,,b )

nn-n

YeHHEI W3 A 3aMEHOM ero i-ro crTojiola cToJ0IOM CBOOOJHEIX UYIIEHOB
(i=1,2,...,n):
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Paznoxum A, 10 3y1leMeHTaM NepBOTO CTOJIOA; yIUTHIBasd, 9TO anrebpaudeckue Jio-
IIOJTHEHUS 3JIEMEHTOB IIEPBEIX CTOJIOIIOB ONpeiesuTeNIel A U A, COBIIQJIAIOT:
Ay =biA) +by Ay +...+b Ay, .
Ay A, A

1
Torpa u3 popmyn (6.3) noayuum x, :XAI = AHQJIOTUYHO, X, = =

Cucrema (6.2) ¢ keadpammnoii HeavIPOICOeHH 0N mampuyeil A UMEET CIMHCTBEHHOE
pelIeHne, KOTOpoe MOXKET OBITh HaiijieHo 1o ¢popmynam Kpamepa:

A, A, A,

X = X, :T,...,xn =

rIe A=detd, A ; CTh OIIPCHICIIMTCIIb, HOIIY‘IGHHLIﬁ U3 A 3aMEHOH €Io i-TO CTOII6IIa

2

CTOJIOIIOM CBOOOHBIX WIEHOB (i =1,2,...,n).

X + Xy — X3 =36,
Ilpumep 6.1. Be1sICHUTB, UMEET JIA CUCTEMA YPaBHEHUMN < x; —x, +x; =13,
=X+ Xy +x3="1.
€AVHCTBEHHOE pelieHue. Ecii fta, HailTh ero.

Pewenue. CoctaBum OIIPCACIUTCIIL A CUCTCMbI U BRIYUCIIUM €TO:
1 1 -1

-1 1
A=l1 -1 1]|=1

11

11
-1 1

1 -1
-1 -1 =2-2=-4

-1 1

Tak xak A =0, TO cHCTEMa WUMEET EIMHCTBEHHOE pEIIeHWE, KOTOpOe HaijieM 1o
¢dopmyrnam Kpamepa. Jljis TOr0 BEIMUCIM ONPEACTUTEIN A, A,, As:

36 1-1| (49 00 11 1 36 -1 043 0 L1
Ay =[13 -1 1]{=|13-1 1 :49‘ ) 1‘:—98, Ay=| 113 1|=[ 1 131 =—43‘_1 1‘=—86;
7 11 7 11 -1 7 1| |-1 71
1136 [11 36 L1
Ay=| 1-1 13 |=|1-1 13 :20‘1_1‘?40.
-11 7 0 020
Ay 98 4 A, 86 43 Az 40
TOI‘Ila x1:_12ﬂ2_9, x2:—2:_:_, x3:_3:_:10_
A -4 2 A 4 2 A -4

6.2. Pemenne npou3BoJILHOM cucTeMbl MeToioM 'aycca

PaccMOTpUM IIpOU3BOJIBHYIO CUCTEMY JIMHEHHBIX ypaBHEHW A4X =B U ee
PaCcIIMpCHHYIO MaTpUIly (A | B), T.C. MaTpully, COCTaBJICHHYHO W3 MaTpMlbl 4 H
CTOJIOIAa CBOOOHEIX WIECHOB B :

an - a4y, | by

n

(4] B)=

ml mn
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Ecnu ypaBHEeHME CUCTEMBI YMHOXXWUTH Ha YUCIIO, CJIIOXKUTH C JIPYyTUM YpaBHECHHU-
€M, BEIYEPKHYTH OJ[HO W3 IPOIIOPIIMOHANLHEIX YPaBHEHUMN, IOMEHATh MECTAMY ypaB-
HEHUS WM HEU3BECTHRIE, TO MOJyYUM CHUCTEMY, PABHOCUIILHYIO MCXOHON. Y 100Hee
IIPOM3BOJIUTE 3TU ONIEpallii HE C CaMUMM ypaBHEHUSAMHU, a ¢ UX koad¢unueHTamu,
TO €CTh C 3JIEMEHTAaMHU PacCIIMPEHHON MaTpUIIBL.

Memoo I'aycca cOCTOUT B TIPUBEJACHUM PACHIMPEHHOW MaTpPHUIIBI CUCTEMBI K
MaTpUIIE ¢ HYJIIMUA HUXKE TJIABHOM JIMaroHayd (MpsAMOM XOJ) , C HyJIAMH BRIIIE TJ1aB-
HO jaroHanm ( 0OpaTHBIA X0/) U ¢ €IMHUIIAMHU Ha TJIABHOM JIMarOHAIA C TTOMOIIIBIO
CJICIYIONIMX AJIEMEHTAapPHBIX peoOpa3zoBaHmii:

1) yMHOXEHUS CTPOKM Ha YUCIIO, OTIIMIHOE OT HYJIA;

2) npubaBieHUS K CTPOKE JIPYTOil CTPOKH;

3) BBEIUEPKMBAHUA OJIHON U3 IPONIOPIMOHAIBHEIX CTPOK;
4) nepecTaHOBKU CTPOK MIIM CTOJIOIIOB MECTaMH.

Omnumem nojipo6Hee nipsMoii 1 o6paTHrIN X0 MeTo1a ["aycca.

Ilpsamoii xo0. C TOMOIIBIO AJIEMEHTApHRIX NIpeoOpa3oBaHuii CTPOK MOIydUM Hy-
U HudIce 21A6HOT OUAZOHANU CHAYANIa 8 NEPEOM CMONbUe C ROMOWBIO nepeoll
cmpoxu (3T0 PaBHOCUIIBHO MCKITIOUCHUIO X, M3 BCEX YpaBHEHWH, KpOME IIEPBOTO);

3aTeM TIOIYIUM HYAU HuUdice 21A6HOU OUAZOHAIU 60 8MOPOM CMONOYUE C ROMOUWBIO
6Mopoit cmpoKu U T.J1.

O6pammubwtii x00. 1lonyduM Hynu eviuie 21a6HOU OUA2OHANU CHAYAJA 6 ROCE0-
HeM cmonbye ¢ ROMOWbIO nOcieonel cmpoKu, IOTOM B HPEeOnocieonem cmonbye
C NOMOWBIO NPEOnOCeonell CmpoKu Vi T.JI..

PaccmoTpuM paznuuHbIe CUTyalldd, KOTOPEIE MOTYT BO3HUKHYThH IIPU IIpUMEHE-
Huu Metojia 'ayccea.

Ecimu B mporiecce alieMEHTapHBIX NpeoOpa3oBaHuii MBI TIOJIy9UM CTPOKY M3 HY-
neid, a cBoOomHBIA WieH bh#0, TO  COOTBETCTBYIOIEE YypaBHCHUE
0-x,+0-x, +...+0-x, =b He uMmeeT peureHue. CucteMa HeCOBMECTHA. 3aMETHUM, 9TO 3a

CUET ONMCAHHOU CTPOKM PAHT PACIIMPEHHONU MATPUITEI (4 | B) GOMEILE paHra MaTpyIlb! 4.

Eciu B nporiecce a1eMeHTapHBIX IIpeoOpa3oBaHUii MBI IIOJy9UM CTPOKY pacIlu-
PEHHOM MaTpHIIbI, BCIO COCTOSIIIYIO M3 HyJIEH, TO 3Ty CTPOKY BRIYEpPKHEM (COOTBET-
CTByIOIIlee ypaBHEHUE 0-x,+0-x, +...+0-x, =0 BBHIIOJTHAETCS TOXJIECTBEHHO) U IIpPO-

JIOJDKUAM METOJT DJIEMEHTApHBIX IIpeoOpa3oBaHUi.

Ecim noiryguM HEHyJEBYIO CTpPOKY, HO Ha IJIaBHOW JuaroHaiy OyAeT HyJIeBOi
3JIEMEHT, TO IOMEHSAEM CTOJIOIBI B MaTpuIle (a 3HAUUT, HEW3BECTHHIC B YPaBHEHUAX)
MecTaM| TakK, YTOORI Ha TJIaBHOM J[aroHajii oka3ajcs HEHYJIEBOM 3IIEMEHT.

B utore noxy4um B pacIIMpeHHON MaTpUlle CUCTEMEI HYJIA HUXKE U BEINIC IJIaB-
HOM jiuaroHayu. IIpu 3ToM MaTpulia CUCTEMEI IIPUBEIETCS

10 ... 0|d,
01 ... 04

60 K TPEYTrOJILHOMY BUJTY (4B)~|. . 7 %P,
00 .. 1]dn
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1 0 ... 0 Clr+1 Cln dl

1 ..
1100 K CTYyNICHYAaTOMY BUY (A|B)~ ? o ? 02f+1 . c%n dg

00 ... 1 ¢oppy - Crplds

B nepBoM cirydae B pe3yJsibTaTe 3JE€MEHTApHBIX NpeoOpa3oBaHU MOIydIUM
PaBHOCUJILHYIO CUCTEMY:

1‘X1+O'X2+...+O‘xn:d1, x1:d1,
O‘x1+1'x2+...+0‘xn=d2, x2:d2,

0% +0-xy+...+1-x, =d,,

Cucrtema UMeET €IMHCTBEHHOE PEIIICHUE, A rang (A|B) =rangA=n.

Bo BTOpOM Citydae rang 4 = 7 <n U B pe3yJIbTaTe dJIEMEHTapHAIX IIpeoOpa3oBa-
HUN UMEEM PaBHOCWIBHYIO CUCTEMY:

1'X1+O')C2 +...+O'xr+Clr+1xr+1+...+clnxn :dl, X1 :dl—clr+1xr+1_..._clnxn,
O'xl+1'xZ+...+O'xr+Czr+1xr+1+...+02nxn:dz, WIn xZ:d2_02r+1xr+1_..._02nxn,
0. +0-x+...+1-x, +¢, , 11X g +...+C. ,%, =d,, X, =d, —Cpp X1 = —Cp X

ITomyunan obmiee peleHUE CUCTEMBI YpaBHCHWIA; HEM3BECTHBIE Xi,X,,...,X, Ha3bI-
BAIOTCA OA3UCHbIMU Heussecmublmu (IUCcio 0A3UCHBIX HCU3BECTHRIX 7, 7 =rangA ),
a HEU3BECTHBIC X,,,...,X, HA3BIBAIOTCH C6000OHLIMU HeuzgecmHbIMU (UX YUCIIO

PaBHO n—* ) HpI/II[aBaSI CBO6OI[HLIM HCU3BCCTHBIM YUCIIOBLIC 3HAYCHWA, IIOJTYIUM U3
06HI6I‘0 PCUICHNUA YaCTHLIC PCUICHUSA CUCTCMEIL. CucreMa coBMeCTHaA ¥ MMeET OecKo-
HECYHOC MHOXKCCTBO pemeHHﬁ. I/ITaK, MBI MOXXEM CJICJIaTh BBIBOJI:

1). Ecu panr pacumpeHHO# MaTpullbl OOJIbIIE paHTra MaTpyUIlsl CUCTEMEI, TO CUCTE-
Ma HECOBMECTHA.
2). Eci paHr pacivMpeHHO MaTpHUIIBl paBE€H paHTy MaTpHIlkl CUCTEMEBI, TO CUCTEMa
COBMECTHA, [IPU 3TOM
a) ecJIi paHT paBEeH YMCITy HEM3BECTHBIX, TO CCTEMa UMEET €/IMHCTBEHHOE PEILICHNS;
0) ecii paHT MEHBIIIE YHCIla HEU3BECTHRIX, TO CUCTEMAa UMeeT OECKOHEYHO MHOTO
pelIeHUA.

X +2x, +x3 =7,
3%, —5x, +3x;, =10
IHpumep 6.2. Periits cucteMy 17oR T =

4x; +11x, +x3 =22.
Pewenue. CoctaBUM pacIIMPEHHYIO MaTPUIly CUCTEMEI (4| B) ¥ 0003HaYUM €€ CTPO-
KA Ay,A4,,A5,4,. C IOMOIIBIO JIEMEHTapHEIX IPeoOpa30BaHMid CTPOK MOITy9IUM HYJTU
HIDKE TTIaBHOM JIMaroHalli CHa4dalla B nepeom cmoibye C TIOMOIIBIO nEPEoti CMpoKU
(3TO paBHOCWIIEHO MCKIIIOUEHHUIO x; W3 BCEX YPaBHEHUIA, KpOME NIEPBOTO):
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7\ (4 4 ) 1 o2 1|7

2 1
-5 3110 4, A4y =34, 0 -11 0 |-11
7

—

(418)- NG -

BN W=
W

Bo BTOpO# CTPOKE 3NEMEHTH UMEIOT OOIIMiIi MHOXKUTENH (—11), HA HETO MOXHO CO-
KpaTUTh 3Ty CTPOKY. TpeThs U deTBepTas CTPOKM PaBHBHI, CIICJIOBATEIBHO, OJIHY U3
HUX MOXHO BEIYEPKHYTbh, HAIPUMEDP, YETBEPTYI0. TPETHIO CTPOKY MOXKHO COKPATUTh
Ha 3. 3aTeM C NIOMOIIBIO 6MOPOU CMpOoKyY TIOIYIUM HyJIb HVXKE TJIABHOU JIMaroHaiImn
80 6mopom cmonbye:

12 1|7) (B B, 1 1|7
(A|B)~|0 1 0|1 |=|B,|~ B |=|0 0|1
01 -1|-=2 B, B,—B, 0 -1|-3

2

1

0
2
1
0

1 1
YMHOXHUM TPETBIO CTPOKY Ha (—1), moxydum (A|B)~|0 0
0 1

W =

Cl
= C2
C3

3axoH4eH npsamou x00 Metoja I'aycca, T. €. HUKe TJIaBHOM JIMaroHalld BCE JIEMEHTHI
PaBHEI HYJIIO, DJIEMEHTHI TJIaBHOM JIMaroHaid paBHH exqunule . Ilepeiinem x oopam-
Homy xody MeToJia I'aycca — niorydeHuo HyJiel BhIIIe TJIaBHOM JIMaroHai cHadasa B
mpemvem cmoabye C IOMOIIBI0 mpembell Cmpoku, TIOTOM BO 8MOopoMm cmoabye C
TIOMOIIBIO 8MOPOU CIMPOKU:

G) (G-C) (1 2 0]4 D) (Dy=2D,) (1 0 02
(A|B)~|Cy |~| ¢ |=|0 1 0|1|=|Dy|~| D, |[=|0 1 0]1
o G, 0 0 1|3 Dy Dy 00 1|3

Ob6pathriii X011 MeTosia I"'aycca 3aKOHUEH — HWDKE U BHIIIE TJIABHOM JMaroHalii Bce
3JIEMEHTHI paBHEI HyIIt0. B pe3ylbTaTe 3jIeMEHTapHBIX NpeoOpa3oBaHUil MaTpPHUIIEI
(4 | B), a 3HAYUT ¥ CHCTEMEI YPaBHEHHIA, IOJIYYHII PABHOCWIBHYIO CUCTEMY:
Lo +0-x, +0-x5 =2, x =2,
0-x+1-x,+0-x3 =1, &€& x, =1,
0-x+0-xy +1-x;3 =3, x; =3.
Wtak, B pe3yibpTaTe JIEMEHTApHBIX Ipeobpa3oBaHuii HA MeCTe MaTpUIIBI A MHEI II0-
Jy49WIA €IMHUYIHYI0 MaTpUIly, @ Ha MecTe cToji01a cBOOOJHEIX WIEHOB — CTOJIOEI-
pelienwue.
x;+3x, —13x; +22x, =1
Ipumep 6.3. Permts cuctemy {2 3 A
3% +5xy +x3—2x4 =5,
2x; +3x, +4x; —Tx, = 4.
Pewenue. CoctaBUM pacIIMPEeHHYIO MaTpHIly CHUCTEMBI U 0003Ha4MM €€ CTPOKH
Ay, 4y, A3, 4,. C TIOMOIIBIO 3JIEMEHTapHBIX NpeoOpa3oBaHMil MOIYyIUM HYJIU HUXKE

TJIABHOW JIMaroOHAJIA B HEep8OM CmoJibye C TIOMOIIBIO NMepBoi cTpoku. C moMouisio
6Mopotl cmpoky TOITyIUM HYJIb HVDKE TJIaBHOH JIMAaroHaIId BO 6/MOPOM cmoadye:
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12 3 5|1) [4 4,

1 3 =13 22|-1| |4 A, -4
(AlB)= _ 2 - 2 1 _

23 4 7|4 A, A, —24,

1 2 3 5|1 B B 1 2 3 5]1
jo 1 -10 17 |-2| |B B, | |01 -10 172
o -1 10 -17|2| |B,| |B+B,| |00 0 0|0

0 -1 10 -17] 2 B, B,+B, 00 0 01/0

3aMeTuM, 9TO rang(A | B) =rang A = 2; 3HAYUT, CUCTEMAa COBMECTHA. BrluepkHeM JiBe
HYJICBBIC CTPOKH U MIOJTy9UM HYJIb BRIIIE TJIABHOM JIMaroHaji BO BTOPOM CTOJIOIIE:

(A|B)~[1 2 3 5 ‘ 5 ]:(Clj~(01—202]:(1 0 17 -29 ‘ 5 ]
01 -10 17|-2) (G C, 01 -10 17 |-2
B pe3ynsTaTe 3JIeMEHTapHEIX peoOpa3oBanmii MaTpuIls! (4| B) (WM, 94TO TO XKe ca-
MO€, CUCTEMBI ypaBHEHUI ) MOTYYUIIN PABHOCUIIEHYIO CUCTEMY
12 +0-x +17 -3, =29 -x4 =5,
{o-x1 1) =100 x5 +17 - x4 = 2.
3nech x,,x, —0a3uCHBIC HEU3BECTHRIE, x,, X, — CBOOO/IHEIC Hens3BecTHRIE. Ob1iee pe-
{xl = 5-17x; +29x,,
IICHUAE UMEET BUJL;
Xy =—2+10x; —17x,.
IIpunaBas cBOOO/IHEIM HEW3BECTHBIM x,,X, YMCIIOBRIC 3HAYEHWUS, U3 OOIIETO pele-
HUS MOYKHO TIOJTy9UTh YaCTHRIC PEIICHUS CUCTEMEI.
2x — X, +3x3 =9,
Ilpumep 6.4. Pemmts cucTeMy 3%, —5x, + x3 =4,
4x; —Txy +x3 =35.
Pewenue. 1Ipumenum metop I'aycca:

2 -1 3] 9) (4,) [4,-4;) (1 -4 —2|-13) (B,
(4|B)=|3 -5 1|-4|=|4,|~| 4, |=[3 -5 1|-4|=|B,|~

4 -7 1]5) |4 4, 4 -7 1| 5) (B,

B, 1 -4 -2[-13) (¢ q 1 -4 2]-13

~|B,-3B, |=|0 7 7| 35|=|¢ |~ C/1 |=[0 1 1| 5§

B,-48, ) \0 9 9| 57) (G) (G-9G/7) (0 0 o] 12

ITocnemuet cTpoke COOTBETCTBYET ypaBHEHHE 0 - x; +0-x, +0-x; =12, KOTOpPOE HE
umeet pemenus. CleIoBaTeNbHO, U CUCTEMa HE UMEET PEIICHHUS.

6.3. PemcHue 0fHOPOHOI CHCTEMBI

Cucrema ypaBHeHI/Iﬁ 0JIHOPO/IHA, CCIIA BCC €C CBO6OI[HLIC YJICHEI paBHBI HYIITO,
T.C. CUCTCMa UMCCT BUJI:
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apx+...+a,x, =0,

OdeBujiHO, 4YTO OJHOPOJHAA CHUCTEMa BCETJa WMEET HYJIEBOS PCIICHUC
x; =0, x, =0,..., x ,=0. VI3 npeApIyIIei TEOPUHA MOXKHO CJIEIaTh CJICAYIOUINIA BEIBO/I.

1). Ecii rang(4) = n , TO OTHOPOTHAS CUCTEMA UMEET eOUHCHBEHHOE HYTle60€e Peuienue.
2). Eciv rang(4) < n, TO OTHOPOJIHAS CUCTEMA UMEET MHOICECME0 PEULEHUIL.
3). IlycTh B OJTHOPOIHOM CUCTEME YUCIIO YPaBHEHUI paBHO YMCITy HEM3BECTHRIX (T.C.
MaTpulla CUCTEMBI — KBaJipaTHas). Torja

a) €ClIA OIIPEJIETMTENh CUCTEMHEI A %0, TO OJHOPOJIHAs CHCTEMa UMEET eOuHcm-
6EHHOe HY1e60€ peuleHue;

6) eciu oNpeJeIUTENh CUCTEMBI A =0, TO OJTHOPOJIHASA CUCTEMA
VMEET MHOIICECM 80 PEULEHUN.

IIpu pemenun oHOPOIHON cuUCTEMBI MeToJIoM I'aycca cronber; cBOOOIHBIX
9JICHOB U3 HyJIel HE IIUIIYT, TaK KaK B pe3yJbTaTe JIIOOBIX 3JIEMEHTapHEIX IIpeobpa-
30BaHUA OH OCTAETCA HYJIEBEIM.

3x, +2x, +x; +3x, +5x5 =0,

Ilpumep 6.5. Pemuts cuctemy 0% + 40, +3%, % 5%y 7% =0,
9x, +6x, +5x; +7x, +9x5 =0,
3%, +2x, + 4x, +8x5 =0.

Pewenue. 3atmem u npeobpasyemM MaTpUILy CUCTEMBI:

32135 [h 4 321 3 5
A_64357_A2 4,24, o 0 1 -1 3|
19 6 57 9| |4,| |4,-34,| |00 2 2 —6|

320 48) |y A,-4,) 00 -1 1 3

B, B, -B, 320 4 8

2 4/ 8

B | B _001—1—3~1AOAA‘

(=

B, B,+B, 0 0 0 O

Panr mMaTpuIsl paBeH JIByM T.€. MEHBIIIE YKCIIa HEM3BECTHRIX (7 = 5), CIIEI0OBATEIBHO,
cucTeMa UMeeT MHOXecTBO petnenuii. Koaddumuents: npu x, u x, obpasyror eau-
HUYHYIO MaTpUIly, IO3TOMY x, U x, — Oa3ucHBIC HEM3BECTHEIE, x,, X,, X; — CBOOOJ-
HEle Hen3BecTHRIe. OblIee peleHrue UMeeT BUJL

_ 2, A, 8,
X 32T 3T
Xy =X, +3X;.

IlonoxuMm x, =¢,, x,=c,, x; =c;. 3aIMIIEM pElICHUE B BUJIE:
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2 4 8
h="34073%273% %1 ~% -% -%
. —c X, 1 0 0
256
X% = ¢, 43¢, A | %, |=¢| 0 [+cy| 1 |+¢| 3
v —c X4 0 1 0
4=C
Y —c Xs 0 0 1
5=6C

ITonyuennoe permenue — obuiee. llpunasas c,c,,c; KOHKPETHRIE 3HAYCHHUS, TTOTYINUM
MHOXECTBO YaCTHBIX PCIIICHUIA.
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