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Tmasa [

JIMHEMHAS AJITEBPA

1. JImHelitHOEe MPOCTPAHCTBO

JInHeliHbim (BEKTOPHBIM) MPOCTPAHCTBOM L Ha3bIBAETCS MHOXKECTBO /IEMEHTOB
NPON3BOILHON NPUpPoAb! (6eKMOPo6 NPOCTPAHCTBA), HA KOTOPOM BBEAEHbI:
I. Onepauns cymM™bll MMEeTCs NPaBuIo, NOCPEACTBOM KOTOPOTrO JtoObIM
nByM BekTopam & € L u y € L cTaButcs B COOTBETCTBNE TPeTUil BekTOop 2 € L,
Ha3blBaeMblli CYMMOT SNEMEHTOB & 1 Y 1 0DO3HAYAEMbI KaK 2 = & + Y,
II. Onepaymns yMHOXEHMS HAa 4YWCAO MMEETCS MPaBAIO, NMOCPeS-
CTBOM KOTOpOro ntobomy BekTopy € L 1 noboMy Bel,eCTBEHHOMY '
YNCAY A CTaBUTCS B COOTBETCTBUE BEKTOP Ax € L, HasbiBaeMblii npouseedenuem
BEKIMOPA T HA YUCAO .

Heorbemmemoit cocTaBHO# 9acTbIO OMPEIEICHIST SIBISIOTCS CICYIOIHE BO-
CeMb aKCHOM, KOTOPBIM JIOJZKHBI YIOBICTBOPSATH BBEJIEHHBIEC OMEPATINH:
1. x + y = y + « (nepemecTutensHoe CBOACTBO CyMMbI);
2. (x+vy)+z=ax+ (y+ 2z) (coueratensHoe CBOICTBO CyMMbl);
3. cywectByeT Hy.aecot anemeHT 0 Takoii, 4To ® + 0 = @ ana nwoboro x;
4. [N KKAOTO 3MIEMEHTA & CYLECTBYET NPOMUBONOA0NHCHYIT dneMeHT (—x)
Takoii, 4to « + (—x) = 0;
5.1-x = x gna noboro snemenTa &;
6. \(pux) = (Ap)x (coueTaTenbHOCTL OTHOCUTENBHO YNCOBOrO MHOXKUTENS);
7. (A4 p)xr = A + px (pacnpegennTensHOCTs OTHOCUTENBHO CYMMbl YNCTIOBBIX
MHOXUTENER);
8. Mz +1y) = Az + \y (pacnpesennTenbHOCTb OTHOCUTENBHO CYMMbI S/IEMEHTOB
MPOCTPaHCTBA).

31ech A U (1 — MPOU3BOJILHBIE TNCIA.

Hexoropnbie ciecTBrst 13 aKCUOM:

ICnyan‘/’I BEI[eCTBEHHOT O JUHEHHOrO IPOCTPAHCTBA. Beps ducia A u3 MHOXKECTBA KOMILIEKCHBIX

qucesT, MPUAEM K TOHATHIO KOM I J €K CHOT O JTUHEHHOrO MPOCTPAHCTBA.
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4 I. IMHEIHAST AJITEBPA

1) HyneBoit sjeMeHT €JHHCTBEHE H.
B camowm Jiesie, eciint JIOMYCTUTh, UTO CYIIECTBYIOT JIBA P & 3 JI M 9 H bl X HYJIEBBIX
snemenTa 0, u 0,, To 0, = 0, +0, = 0, +0, = 0, = 0, = 0,; nosyyen-
HOE MPOTUBOPEYNE MCXOJIHOMY MPEIIOJOKEHNAIO MOKA3bIBACT €JIUHCTBEHHOCTD
HYJIEBOT'O 3JIEMEHTA.

2) 0-2 =0 (ormernm, 4TO cieBa B HbOPMyJIe — 41 CJI O HYJ b, a ClipaBa
— HYJEeBON BJ€eMeHT MPOCTPAHCTBA).

aKc.b akc.7

st jokazaresbcTBa paccMoTpuM Bhipaxkenne € +0-x = 1-x+0-x =
aKc.b
=(140)-x=1-x = =x. CpaBHuBas pe3yJbTaT ¢ UCXOJHBIM BbIPDAKECHUEM,
PUXOJINM K BBIBOJY, 4TO ciaraemoe 0 - x = 0 no 3-it akcnome.
3) —x=(-1)- .
akc.b akc.7 ciiencT.2
Heiicteurensro, (—1)-z4+x = (1) z+1- ¢ = (-1+1)-z=0- =

=0=(-1)-z=—=.

OTMeTnM, 9TO MIPU BBEJICHUN MOHSTHS JIHHEHHOTO MTPOCTPAHCTBA MBI a0CTPa-
TUPYEMCsT He TOJBLKO OT TP U P OJ bl M3YIaeMbIX O0BEKTOB, HO M OT KO H -
KPEeTHOIO BWla NpaBui 0OPAa3oBaHKs CyMMbl JIEMEHTOB W IPOU3BE/[e-
HUsT DJIEMEeHTa Ha 9UCI0 (Tpedyercst JIMIb, YT00bI 9TH MPABHUJIA YIOBICTBOPUIIN
BOCHMH aKCHOMAM ).

[IpuBeéM TpuMephl TUHEHHBIX TPOCTPAHCTB.

[Tpumep 1. MuoXkecTBO KBaApaTHLIX MaTPUIL OJIMHAKOBON Pa3MEPHOCTH.

B camowm JdeJie, BBOIAd B KadeCTBE€ HYJIEBOI'O 3JIEMEHTa IIPOCTPaHCTBa MaTpPUILY
0 .. 0

: +.. 1 ], CILUIONIb COCTOSIYIO U3 HyJIei, M eCTeCTBEHHbIC TIpaBU/Ia MATPUIHON
aﬂ?‘e'ép?ﬂ, JIETKO yOeJUThCs B TOM, 9TO CJOXKEHHUE JIBYX MATPUI] U YMHOMKCHUE
MaTPUILI Ha YMCIO HE BBIBO AT PE3yabTaT 3a IPEJCJbl MHOMKECTBA, Ma-
TPHIL JAHHON PAa3MEPHOCTH, U BCE BOCEMb AKCHOM TOXKE BBLITTOJHEHDI,
[Ipumep 2. Muoxkecrso Cla, b] Bcex dyukiwmit © = x(t), onpeeséHHbIX
¥ HeIpepbIBHBIX Ha orpeske a < t < b. Onepanuy CIoKeHust Takux (PyHKIHi
¥ YMHOXKCHUST MX Ha BEHICCTBEHHDIC YMCJIa, OMPEIeIAIOTCA OOBIMHBIMA MPaBUIIA-

MU MaTeMaTH4IeCKOI'O aHaJIn3a. CHpaBeILJII/IBOCTb aKCHUOM Oo4deBUHa; MHOXKECTBO

Cla, b] sBysieTcst TUHEHHBIM TPOCTPAHCTBOM.



2. BA3IIC U PABMEPHOCTB IIPOCTPAHCTBA 5

[Ipuwmep 3. Muoxecrso {P,(t)} Bcex ajrebpandecknx mMoJuHOMOB CTere-
HI HE BBIIIE N C ONEPAIMAME, ONPEJCAEHHBIME TaK YK, KAK B TIPEBIIYIIEM MTPH-
Mepe, sIBJISIeTCsT JIMHEHHBIM MPOCTPAHCTBOM. 3aMeTuM, 9T0 MHOKecTBO { P, (1)},

ecJi paccMaTpuBaTh ero npu t € [a, b], ABIgETCS MOJIMHOXKECTBOM TPOCTPAH-

cra Cla, b).

2. bazuc u pa3dMepHOCTb JIMHEMHOTO MPOCTPAHCTBA

1. JIunmeiimas 3aBuCUMOCTh. PaccMOTpUM 1POU3BOJILHOE BEIECTBEHHOE

JIMHENHOE TTPOCTPAHCTBO L, KOTOPOMY NMPUHAJJIEKAT BEKTOPHI T, &, , ..., LTk
JTunetinoti Komburayuetd SNeEMeHTOB &, X, . .., T HA3bIBAETCS CYMMa BUAA
A+ e, .+ e = Xk:/\zazZ roe A, A,,... — MPOM3BOJIbHbIE Bellje-
CTBEHHbIE Yncna. -
JNeMeHTbl &, T,, ..., 2, € L Ha3bIBAOTCA AUHETHO 346UCUMDLMIU, ECIN HAN-
AYTCS BeleCTBEHHble yucna A, A,,..., Ay, He BCe paBHble HYJIIO, — Ta-

Kne, 4TO NMHenHas KOM6I/IHaLI|I/I$I S3TNX NIEMEHTOB C AAHHbIMW HNCNaMW ABAAETCA

k
HYNEeBbIM 31EMEHTOM NpocTpaHcTBa: » A\ @; = 0.
i=1

JNeMeHTbl &, &,,..., &L, € L Ha3bIBAOTCA AUHETHO HE3ABUCUMBLMU, ECIU

k
paBeHCTBO Y A;j@; = 0 BO3MOXHO N1 W b npuycnoBun A, =\, = ... = X\, = 0.

i=1
CripaBeIJINBBI CJIEYIONMINE dJIeMEHTAPHbIE YTBEPIK ICHUSI:

1. Ecim cpenm BekTOpOB xr, o, ...,T; UMEETCs HYyJEeBOI BEKTOD, TO 9THU
BEKTOPDI JUHENHO 3aBUCUMDBI.
k
JeficTBuTesibHO, ecu, Hanpumep, €, = 0, T0 paBeHCTBO Y \;&; = 0 cupaBeIuBO Ipu
i=1
A=L A, =A=...= =0

2. Ecam k jmHeitHo 3aBUCHMMOII crcTeMe BEKTOPOB J100aBUTH JIFODOE UKCJIO
BEKTOPOB, TO CUCTEMa OCTAHETCA JIMHEHHO 3aBUCUMOIA.
[Iycts cuctema x,, @,, ..., T JUHEHHO 3aBUCHMa. DTO O3HAYAET, YTO cpean Kodhdunu-
eHToB \; B opmyJie zs:)\i x; = 0 ectb menysesnsl e [lonogaum cucremy 10 k BEKTO-
i=1 )
POB 1 0GpasyeM JIMHEHHYI0 KOMOUHATIMIO » | A; &; + g1 Lsiy + ...+ A\p®g, C HYJTEe BB MU
i=1
Asi1y- -+ Ap. PABEHCTBO HOBOII JIMHEIWHON KOMOUMHAIUU HYyJIeBOMY BeKTOpy O He HapyIlmmTcs,
IIPU 3TOM Cpejii \; He BCe HYJIe B bl e. [lomonenHast cucreMa ocTaéTCs JUHE I HO
3aBUCHUMO .

3. Eciu cucrema BEeKTOPOB JIMHEHHO HE3aBUCHMA, TO 1 JIF0DasI €€ MOJICUCTeMa,

TOXKe OyJIeT JIMHEITHO He3aBUCHUMOIA.
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B camowm jeste, ecsim Ob1 TiozicucTeMa OblIa TMHE T HO 3aB W C UM O if, TO HHKAKUM €€
HOTIOJTHEHIEM HEeBO3MOXKHO OBLIO ObI, IO CBOUCTBY 2, MOJYINTh THHEeHHO HEe3aBUCH -
MY I0 CHCTEMY.

Teopema (0 JiMHEHO 3aBUCHMBIX BeKTOpax). Jas mozo wmobvi cucmema
6EKMOPOG OVING NUNETHO 346UCUMOT, HEOOTOIUMO U AOCTNATOYHO, YMOODL 00UN
U3 BEKMOPOB AGAANCA NUNETHOT KOMOUHAUUET 0CTANDHDIT.

Hoxkazateancro. 1) Heob6xodumocmo.

Jlano: BEKTOPHI T, T,, . . ., T, JUHEHHO 3aBUCUMBL. JloKa3amy: OJUH U3 BEK-
TOPOB €CTh JINHEWHAasT KOMOMHAIIUS OCTAJIbHbIX.

B cumiy nmHeiiHON 3aBHCHMOCTH BEKTODOB JIMHEHHasd KOMOMHaIus A\, &, +
+A,z,+. . .+, x, = 0, 1pu TOM, UTO CYIIECTBYIOT OTJIMYHBIE OT HyJis A;. [TycTs
nMeHHO A\, # 0 2. Vequusist epBoe CaraeMoe JIMHEHO# KOMOWHAIINN, JeJist

A2

MOy YeHHOE BBIPAXKEHWE Ha A, W BBOJIA 00O3HAUEHWA — =

MOJIYIUM: &, = o,&, + ...+ Q,&y, T.€. IePBLII BEKTOD sBJISAETCI JTUHENHOI

29 )\1 390

KOMOMHAIMEN OCTaJbHBIX, YTO U TPEOOBAJIOCH JIOKA3aTh.

2) Joemamouwnocmn.

Jlaro: onuH U3 BEKTOPOB &, T, . .., Ty ABIACTCA JUHEHHON KOMOMHAITEN
OCTaJIbHBIX. /loka3amb: TaHHas CUCTEMa BEKTOPOB JIMHEHHO 3aBUCHMA.

IlycTs @, nmHeliHO BhIpaXKaeTcs depe3 JIPyrue BeKTOPhl: &, = a, T, + ...+
+onx, = —x, +a,x, + ...+ oz, = 0. Urtak, auneitnas komOnHaims obpa-
THJIACH B HYJIb TIPM TOM, 9TO, IO MEHbIIEH Mepe, O u H Kodhdurnuent (mpu
x, ) HeHyJeBo il [lokasana JnHeliHAs 32aBUCHMOCTH BEKTOPOB CHCTEMBI.

Teopema jJoka3aHa.

2. PasmepHocTth um 06a3uc. JluneliHoe npocTpaHcTBO L Ha3bIBAeTCA Nn-
M€ pHbl M, ECIN B HEM CYLLLIECTBYIOT 1 JIMHENHO HE3aBUCKMbIX BEKTOPOB, a tobas
cuctema u3 (n+ 1) BeKTOPOB yxe SIBASIETCS ANHERHO 3aBUCUMON. Hucno n Hasbl-
BaeTcs pasmeprocmuio npoctpaHctea L (obosnauenne: dim L = n).

Jliobasi cuctemMa n3m AMHEWHO HE3ABWUCU M bl X BEKTOPOB 1-MEPHOrO
JMHEHOrO NPOCTPAHCTBA HAa3bIBAETCS €ro Ha3UCOM.

Ecam BekTOpHI €, €,,.. ., €, 00pa3yloT 6a3uc n-MepHOro JUHEHHOTO IPOo-
cTpancTBa L, TO 1000 BEKTOp & € L MOXKHO O JTH O3 H a4 H O NPEJICTABUTH B

BHJIe JINHEHHON KOMOUHAINY OA3UCHBIX BEKTOPOB: & = o, e, +a,e,+. .. +aye,.

2Hepeo603HaquHeM 9JIEMEHTOB CHUCTEMbI 3TOr'oO BCerja MOXKHO JOCTHYb.
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Jannas 3armch Ha3bIBAETCS PA3A0AHCEHUEM BEKMOPAL T NO OA3UCY €, €, .. ., €y,
a KO3(DMOUTMEHTHI PA3TOKEHAT ), (O, . . ., O — KOOPIUHAMAMU T 6 JAHHOM

baszuce. Takum oOpa3oM, BEKTOp € MOXKHO IIPEJICTABUTHL B MATPUUHOM BHUJIE
a,
a;

crosbrom X ero koopauHat: X =

Qn

Tak »Ke MOXKHO TIOCTYIUTL C IPOM3BOJLHBIM BEKTOpOM Y € L: y =
gl
= pe +p,e,+...+ 0, = Y = :2 . Torma cymma 3TUX BEKTOPOB:
B
r+y= (o, +p6)e, +...+ (o, + Bn) €, a IpousBejieHne BEKTOpa Ha TUC-
a0 A Ax = (Aay)e, + ... + (Aay,)e,. Tlpu srom B MarpuuHOii 3amicu Mbl
a,+06,
IPUXOJINM K CTAHJIAPTHO ONPEAEIsieMOil CyMMe BEKTOPOB-CTOJIONOR :
an+PBn
Yo
1 [IPOM3BEJIEHUIO CTOJIONA Ha UHUCJIO: . |. Urak, nocne Beejenus Oasuca
Ao,

MOXKHO OIIEpHUPOBAThb y2K€ HE CaMHMM BEKTOPaMMt, a UX KOOpAWMHATAMMN.

3. Ilpuznak JauHeiiHOI HE3aBUCHUMOCTH BeKTOpPOB. llycth B n-

MEepHOM TIpOCcTpaHcTBe L BBIOpaH Oasnuc e,,...,e, N KaxXJblii U3 BEKTOPOB
T, x,,..., T STOTO MPOCTPAHCTBA PA3JIOXKeH 10 0asncy: €; = a;e; + ...+
gli
21 -
+ap;e,. B MmaTpuunoii 3anucu: X; = . |. Beeném mampuuy cucmemn ser-
i
Mopoes:
all a12 R alk
a21 a22 R azk
A= . o .
anl anz R ank

B [ cemecrpe 6bl10 BBejeHo momstie panra® Rang A marpurpbl A Kak
HaMOOJIbINEN PA3MEPHOCTH OTJIMIHOTO OT HYJIsT MUHODPA MATPHUIHI WU IUCTA
HEeHYJ€eBBbl X CTPOK B CTYMEHIATOH MaTpHUIEe. DTO ONpejeeHne HaCTOJIHKO
«MEXaHUIECKOe», ITO MOXKET ObITH MPeoCTaBIeHO KoMIboTepy. Harra mesn —
JIATh MOHATHIO PAHTA ONPEJICJICHIE CKOPee MaTeMaTHIeCKoe, YeM BhIUUCTUTE b
HOE.

Teopema (npusHaK JUHEHHON HE3ABUCUMOCTH BEKTOPOB). a4 mo2o 4moboy
cucmema u3 k 6eKmMOpPos n-mepro2o NPocmparncmen bviaG AUHETHO He3G6UCU-
MOTl, HeobTodumo u docmamouno, 4mobv. parnz MAMpPuUYbE CUCEMb, BEKIMOPOS
Rang A 6wi.n pasen k.

3910 ofosnatenne me sBsETCH obmmenpuaarbiM. [ummyr takwxke rang A, rank A, npuuém nepsbie 1Ba

BapuaHTa BOCXOIAT K HemenkoMy opurunainy (Rang — maunbosiee To4HO), a nocieanuii — K aHLIUACKOMY.
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Hokaszareabcrso. 1) Heo6xodumocmo.

Jlano: BEKTOPHI &, . .., Tk JuHeiHo nezapucumbie. Jokaszamv: Rang A = k.

Homycrum, uto Rang A < k % Torma B MaTpHIle CHCTEMBI BEKTOPOB €CTh
Oa3UCHBI MUHOD U, 110 MeHbIIeil Mepe, OMH HeDA3UCHBINH CTOJIOEI], KOTOPLI,
KaK M3BECTHO, Oyjer JimHeiHoi komOuHanmein 0asucHbix c¢TosbmoB. Craemnoba-
TEJILHO, BEKTOPhl &,,..., &L JuHeiino 3asBucumble! [Iporusopeune c
MCXOJHBIM YCIOBHEM MOKa3biBaeT, uro Rang A = k.

2) Jocmamownocmo.

Jano: Rang A = k. Jlokazamb: BeKTOPBI T, . . ., T} JUHEHHO HE3ABUCHMBI.

[Tockonbky Rang A = k, marpuiia cucrembl BEKTOPOB UMeeT 0a3uCHBII MU-
HOD HopsiKa k, KOTOPBIH BKJIOUAET B cebsl B ¢ € CTOJOILI MAaTPHUIILI; CJIeI0Ba-
TeJILHO, OHU JINHEHHO HEe3aBUCHMBI. TaKOBBIMU OYIYT U BEKTOPBI, UM COOTBET-
CTBYIOIINE.

Teopema goKa3aHa.

3. JIuneiiHble TOAIIPOCTPAHCTBA

[MycTb L — nuHeliHoe npocTpaHcTBO. Ero sunetinvim nodnpocmparcmeom Ha-
3bIBAETCS BCSAKOE HenyCcToe MHoxecTBo M BekTOopoB U3 L co cneaytowmumn

CBONCTBAMW:

()ecm xe M nye M, ton x+y € M,

(2) ecnn @ € M n A — npoun3BoOJbHOE BELYECTBEHHOE YNCIO, TO U Ax € M.

(e. M camo siBasiercsi TUHEHHBIM MPOCTPAHCTBOM).

Ouesnyno, aro dim M < dim L.

[Mycte @, ..., T} — NMHEAHO He3aBMCUMble BEKTOPBI NpocTpaHcTea L. JTuned-
1ol 000404K0T, HAaTAHYTOW Ha 3TU BEKTOPbI, Ha3blBaeTC! COBOKYMHOCTb
BCEX NMWHENHBIX KOMDMUHALULNA 3TUX BEKTOPOB, T.. MHOXXECTBO 3/e-
MEHTOB BUAa A, @, + ...+ gk, rae A, ..., \x — NpPOU3BO/bHbIE BELLECTBEHHbIE
yncna.

Obo3HavaTh JUHEHHYIO 000JIOUKY k BEKTOPOB OyjieM CUMBOJIOM Lj win

<£B1,...,£Bk>.

4B it Gombme k OH, PAa3yMeeTCs, He MOKET.
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[Tokaxkem, uTo JsnuHeiiHasds 0O6OJIOUYKA sABJSAETCS MOJJIPO-
CTpaHCcTBO M. s 5TOro HaJI0 TPOBEPUTH BBIIOJHEHNUE JIBYX aKCHOM IIPO-
CTpaHCTBA.

1. Ilycts @ € L u y € Ly. Ilokaxxewm, aro @ + y € Lj. B camom jene, @
SIBJISIETCs JIMHEHHO KOoMOMHAIMeil BEKTOPOB, HA KOTOPbIE HATsSIHYTa 000J0YKA:
T =, +...+aTy; anagornyuno, Yy = B,x, + ...+ Brxy. Torma ¢ +y =
=(o, +6)x, +...+ (o + Br) xr = =+ 1y € L. llepsas akcnoma BbITIOJ-
HEHA.

2. Ilycrs ® € Lj. Tpebyercst jokazarh, 4TO JiJIsi TPOU3BOJILHOTO BeIle-
CTBEHHOTO YHCJIa A clipaBe/yinBo: Ax € Lj. IIpenocraBiseM BBIMTOJTHUTH 9TO

HECJIOXKHOE YITPaXKHEeHUe YUTaATeIO.

OrmeTuMm, 9TO JUHEHAsA 0DOJOUKA, HATAHYTAs Ha JIAHHBIE BEKTOPHI, €CTh
HaWMEeHbBIIee MOJIPOCTPAHCTBO MPOCTPAHCTBA, UX COJEp:KaIlee — B TOM
CMBICJIE, 9TO, KPOME STUX BEKTOPOB 1 UX "MOTOMKOB', HUKAKWX JAPYTUX BEKTO-

POB JinHelHast 000JI0YKa, He COJIEPAKMUT.

Cymma n nepecedenue rmognpocTpaHcTs. [lycrs B inneitnom mpocTpan-
crBe L BuIOpanb! n1Ba moanpocrpancTsa — M, n M,.

Cymmotis M, w M, (obosHauenne: M, + M,) Ha3bIBaeTCS MHOXKECTBO BEKTOPOB
T Takux, yTox =, +x,, raex, € M,, ax, € M,.

Cymma moapnpocrpanctB M +M, =M sasasercs 1moJ-
NIPOCTPAHCTBOM.

[Tokazxxewm ato. Ilycts BekTop *« € M n y € M. Ybequmesa B TOM, 9TO
)z+y e M un 2) ax € M npu Ipou3BOILHOM Q.

B camowm jiene,

reM=M+M, & =z, +x,, tne ¢, c M, ¢, € M,;
yeM=M+M, & y=y +y, tne y € M, y €M,.

Torpa x+y = ¢ +x,+y +y,. Ho M, — npocrpancrso, nosromy @, +y, € M ;

amajorudno, ¢, +y, € M, Urax, © +y = (€I31 + yl) + (332 + yQ) =
Gﬁl E‘J\r/fg

= xt+yeM.
BrimosrHeHnE BTOPO# aKCHOMBI TPOBEPSETCS aHAJOTUIHO.
Ilepecevenuem nognpoctpancts M, N M, = M HasbiBaeTCa MHOXeCTBO Bek-

TOpoB & Takux, 4To ¢ € M, n © € M,.



10 I. JUHEVHAS AJITEBPA

A1 T

Puc. I.1. WNumocrpanus dopmyasl ['paccmana.

I[Tepecegvenne moagnpocrpanctB M NM,=M asagercsa
HOAIPOCTPAaHCTBOM.
[Tokaxxem s70. [lycts Bekrop & € M uy € M. Ilposepum, uto 1) ¢ +y € M
n 2) ax € M, Va.

HeiicTBruTe/bHO,

rceM=MNM, & xcM n xeclM,;
yeM=MnNM, & yeM, n yecM,.

Torna, nockosnbky M, u M, — npocrpancrBa, € +y € M, n € +y € M, =
=x+ycM
Bropast akcnoma mpoBepsieTcst aHaJIOTHTHO.

Dopmysa Ipacemana’: Pazmepnocmo cymms nodnpocmpancmes pasHa

CYMME UT PASMEPHOCTNET 30 GLIMEMOM PASMEPHOCTIU NEPECEYCHUL:
dim(M, + M,) = dim M, 4+ dim M, — dim(M, N M,).

Ecnun nepecedenne nopgnpoctpancts M, n M, sBnseTcs HynesbiM BEKTOPOM:
M, N M, = 0, To cymMa NOANPOCTPAHCTB Ha3blBAETCA WX NPAMOU CYMMOT N
obosHavaetca cumeonom M, & M, .

B ciydae npsimoii cymmbl popmyiia ['paccmana ypoIaercs:
dim(M, + M,) = dim M, + dim M,

B obocuoBauue gpopmysnl ['paccMana MOXKHO cocyiaThest Ha, puc. 1.1, uzo-
Opakarouii KaxXkj0e 13 MOJAIPOCTPAHCTB B BUJIe 00JIaKa TOYEK, IJIONAb KO-
TOPOT'O TTOKA3BIBACT PA3MEPHOCTH COOTBETCTBYIOIIETO IMOAIPOCTPAHCTBA. 10raa
Pa3MEpPHOCTh CYMMbI MOJAIIPOCTPAHCTB €CTh ILJIO0MIA b (DUTYPbI, OIPAHUIECHHOI

5X.F.FpaCCMaH (H.G.Grassmann, 1809-1877), mem. MaTeMaTuK, OJUH U3 CO3JATE/ICH BEKTOPHOIO UCIUC-

sterusi. [lepBbiM BBES mpejcraBienne 06 eBKINIOBBIX IPOCTPAHCTBAX, KOTOPOE, OHAKO, C TPYAOM IPUBUBA-

JIOCh B CHJTY TAXKETOBECHOH MaHEepbl M3JI0KeHNsI, CBOHCTBEeHHOIT ['paccmany.
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BHEIITHUM KOHTYPOM JIBYX OOJIAKOB, C TIONPABKOM Ha IJIOMA b 00JAaCTH X Ha-
goxkenus (9o u Oymer M, N M,). B ciaydae mpsmoit cyMMBbl HAJIOKEHUS HET.
Pazymeercs, nokaszaTesbCTBOM TaKoe DacCyXkJieHUe CJIy»KUTb He MO-

2KeT.

4. TIpeobpa3oBaHme KOOpPAMHAT BEKTOPA

I[IycTh B n-MepHOM JIMHEHHOM NpOCTpaHcTBe L, BLIOpAHDI JBa Da31MCa: «CTa-
poiiiy € ={e,, e,,...,e,} u «HOBbBIl» & = {e;, e,..., e;l}.
Kaxx1blit BEKTOP HOBOrO 6a31ca MOYKHO Pa3JI0KUThL 110 CTapoMy Da3ucy:
e; =tn.e +ine,+ ...+ tnlen;
€ = tines + tones + ...+ tanen.

KoadhdpurmenTsl pas3aoykeHust paciogoyKUM 10 CTOJIOIAM MaTPUIIbI

ti1 b1z -.. Tin
7 [ta tea ... ton
tnr the -+ Tan

Mer nonyunnu (npamyio) mampuyy nepexoda oT cTaporo basnca € K HoBoMy ba-
sncy €. C e€ MOMOIIBIO MOXKHO 3allUCATh CBSA3L MEXKY Da3MCaMU B MATPUIHOM
BUJIC:

g =¢T.

O6paTHBLil Iepexos] — OT HOBOIO 6a3Uca K CTAPOMY — HOJIydHM, obparmast ®

sto coornommenue: €T =TT ! = ¢. Urax,
e=¢T L.

Hrak, rojyuena cBsi3b MeXKIy Oa3ucamu.
Teneps paccMoTpuM Ipeobpa3oBaHie KOOPJAUHAT BEKTOpa, IPU MEePexoje OT
oJiHOro Oasuca K Apyromy. Pazyioxenne mpon3BOJILHOTO BEKTOPA @& IO CTAPOMY

n
basucy €: © = Y q;€; MOXKHO INpPEJCTAaBUTh B MaTPUYHOM Buje & = X —
i=1
a,
s

cTpoOKa € 0a3uCHBIX BEKTOPOB yMHOXKaeTcs Ha cTogbern X =
an
KOODJINHAT BEKTOPA B CTApOM Das3mnce.

6ManHua, obparHas Mo OTHOIMEHu0 K 1, cymecTByer, T.K. 1 HeBBIpOXKIeHA. Byap 3T0 He Tak, T.e.

= (), HOBBIE BEKTODBI €; OKA3aJ/UCh Obl JINHEHHO 3aBUCUMBIMUA U H Baau Obl uc.
det T = 0, HOBbLIE BEKTOPBI € OKA3AIHUCD O eiiHo 3aBuUC e obpaszoBa 6br 6azuc
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y
Ry
* 1
N \
! ]_) X'
| 1.
Y .
1 AN I P !
FAAN I %
_____ ) 7 1

Puc. 1.2. K BbIBO/ly MaTpHIIbI TOBOPOTA.

n
ToT 3Ke BEKTOD & PazJIosKUM 1o HoBoMY Oazucy € x = > ol e’ = &' X', rne
k €k )
k=1

!
1

X'=1| : | — koopmuHATHI BEKTOpa B HOBOM bHasuce.

!
n

[TockonbKy pedb HAET 00 OJHOM M TOM K€ BEKTOpe @, IpUpaBHIEM JIBa

«a

(07

paznoxkenud: €X = &’ X' Ho ¢ = €T, rorna eX = T'X’'. Obe wactu 3TOrO
paBeHCTBa MMEIT OjinHaKoBoe (1MouépKHyTOe) Hadako, nosromy X = TX'.
Obpainas 370 COOTHONICHUE, TTOJYINM BLIPA’KEHUE HOBLIX KOODJMHAT BEKTODA,

gyepel3 ero crapble KOOpJUHATHI:
X' =771X.

[Tpuwmep. Bregém wa miockoctu jekapros 6a3uc {¢, J} u moBepuéM ero
Ha YTOJI (¢ TIPOTUB YaCOBON CTPEJIKM BOKPYT HadaJa KoopanHatr (cMm. puc. [.2).
Kak BbIpassiTcst HOBbIE KOOPJMHATHI MTPOU3BOJILHOIO BEKTODA, &, JIEXKAIIErO B
ILJIOCKOCTH, Uepe3 ero cTapble KOOPIUHATHI!

BrIpasnM HOBbIe GA3NUCHBIC BEKTOPHI 2, ' Uepes crapble:

./
(4
./

tcosp + Jsing,
= —tsinp + Jcosyp.

Mampuuya nosopoma

7 — (cosyp —sin @
“ \sinp cosp )

obpaTHas K Hei

71 — cos( sinp
— \—sinp cosp )

Tora HOBBIE KOODP/IMHATHI BEKTOPA

R A N B cosp sinp T\ |
X_(y’>_T X_(—singo cosgo)(y)’
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HNCKOMOe TIpeobpa3oBanne KOOPJMHAT BEKTOPA:

/

x rcosy + ysing,
/

y = —xsing + ycosp.

5. JIuneitabie omrepaTopbI

1. Onpenenenune smHeitHOTO omieparopa. Ilycrts X u Y — juneiinbie
IPOCTPAHCTBA.

Onepamopom A, peiicteyowum n3 X B Y, HasbizaeTcsi oToBpaXkeHme, cono-
CTaBNSAIOLLIEE KAXKIOMY 3/1eMeHTy & € X HeKOTOpblil aneMeHT Yy € Y.

Byjiem ncnoib3oBaTh 0003HAUECHUS & A, Yy uy= Ax. Bexrop y Oyyiem
HA3bIBATH 00pa30M BEKTOpA &, & & — NPoodpa3om BEKTOPa Y.

B rowm ciyudae, koryia X u' Y — 9T0 MOAIPOCTPAHCTBA, € JL U H O T' O JINHEHHOI'O
npocrpancTBa L, OyjeM roBOpUThH, ITO oleparop JAeiicTByeT B mpocTpaHcTie L.

Onepatop A, pelicTBytownii B npocTpaHcTse L, HasbIBaeTCs AunedinbiM, ECNN
AN5 NtODbIX 31€MEHTOB &, U &, 3TOr0 MPOCTPAHCTBA U NOOOro HMcaa A BbINOIHS-
OTCS COOTHOLLEHUS:

1. A(x, +x,) = Az, + Az, (cBOIACTBO affUTUBHOCTH ONEpaTopa);

2. A(\x) = MAx (cBOIiCTBO OfHOPOJHOCTY ONEpaTopa).

CriesicTBUST W3 ONPE/IEIEHNUST JIMHEHHOTO OMepaTopa:
1) Iycrs A = 0, Torma A0 =0;
2) A (i i azz> = zn:)\i Azx;.

i=1 i=1

2. IIpumepsnl JauHeitHbIX omepaTtopoB. 1. HymeBoit omepaTtop 0,
CTABSIIIAN B COOTBETCTBIE KAXKJ/IOMY BEKTODY & HyJIeBOi Bektop: 0a = 0.

2. ToxjgecTBeHHBI omepaTop E , TIepeBOJIsIIN J11I000#t BEeKTOp @
cam B cebs: Ex = .

3. Oneparop IT mpoenupoBaHms BEKTOPOB TPEXMEPHOTO IPOCTPAH-
¢TBa Ha MI0CKOCTh: Ll & = y, npuuém ¢ € R3, a y € R2.

4. Onepatop ®¢ MO BOPOTa BEKTOPOB 11ockocTr £y Ha yTOJI  TTPOTHB

YaCOBO# CTpeJIKM BOKPYT HavdaJia KOOPJUHAT.

3. Marpuiia omneparopa. KaxgoMy JHHEHOMY oneparopy, JIeiHCTBYIO-
IMeMy B KOHEUYHOMEPHOM JIMHEHHOM IIPOCTPAHCTBE, B (DUKCUPOBAHHOM Oasuce

COOTBETCTBYET KBa/IpaTHasd MaTpPHUILa.
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-~

[lycts numeiinoiit omeparop A jneiicTByer B m-MEpPHOM MPOCTPAHCTBE L.
Bribepem B uém Oazuc {e,, e,,...,e,} u nojeiicreyeM Ha Kaxiplii Oa3uCHbIIT

BEKTOP OIIEPATOPOM, a 00pa3bl PA3JIOKUM 10 UCXOJHOMY Da3uCy:
Ae;, =a,.e, + a5+ ...+ a,.e,, Ss=1n.

Pacrioniarast koa@uIMeHThl pas3joykeHuss 1Mo CTOJ O I a M, MOJyIuM Ma-

mpuyy onepamopa B JaHHOM Dasuce

(11 1 (112 P (Iln
A — (121 (122 o . (l2n
a/nl an2 o s . ann

SHast MaTpUILy OlepaTopa, MOYKHO HaWTH KOOPAMHATHI oOpasa y = Ax. Ecm
a,

B JIAHHOM 0Oa3uce BEKTOPY & COOTBETCTBYET cTojiber koopaunar X = | : |, a
an
Ba
BeKTOpY ¥ — crojbery Y = [ : |, TO
B
Y = AX.

B zakjodyeHre OTMETHM, 9TO HE TOJBKO KaxXJOMY OIEepaTopy B JIAHHOM Oa-
31Ce KOHEYHOMEPHOr'0 MPOCTPAHCTBA COOTBETCTBYET KBaJpaTHas MaTpPUIla, HO
1, HA00OPOT, JIJIs KayKJIOM KBaJpaTHOW MaTpPUIlhl HAKJAETCS JIMHEWHBIH orepa-
TOP, Ubsl MATPHUIIA B JIAHHOM Oa3nce TakoBa. TakuM 0O6pa3oM, Cy e CcTBY e T
B3aKUMHO OJJHO3HAYHOE COOTBETCTBHUE MEXJY OIepaTo-

PpPaMn M MaTpHWIaMH.

A

4. Tlpumepsr matpuil orrepaTopoB. 1. Hymnesowmy oneparopy 0 B

0 -0
JII000M Dasnce COOTBETCTBYET H Y J € B a sl MaTPUIA ( L )

0.0
2. ToxgecrBenunowmy oneparopy E B jr000M 6a3zuce coOTBETCTBYET
10 -0
eafuHUIHasa marpuna B = | 010
001

A~

3. Omeparopy II ., mpoenmmpoBaHMWA BEKTOPOB TPEXMEPHOTO MPO-

Oy

crpaHcTBa Ha 1iI0ckocTh xOy coorsercrByer B Oasuce {t, J, k} marpuna

A

H:(égg).ﬂeﬁCTBHTeﬂbHO, Im,t=1=1-1+0-3+0-k,
1,j=j=04+1-j+0-k, I k=0=0-i+0-5+0 k.

Oy

4. Oneparopy fAD@ IIOBOPOTa BEKTOPOB II0CKOCTH £y Ha yIroJi o Ipo-

THB 9aCOBOI CTPEJIKKM BOKPYT HauaJla KOOpMHAT cooTBeTcTRyer B Oasuce {2, j}

Cos ¢ —singo)

marpua nosopora Dy, = ( sing  Ccos
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B 6osiee 0b11ieM ciryuae oreparopa oBopoTa BeKTopos R? Ha yrost ¢ BOKpyT

ocu Oz TPOTHB YACOBOW CTpEJKU (Mpu HAOJIOJEHUN ¢ KOHIA OCH) B Oasuce
cosp —siny 0
{2, 7, k} monywaercsa marpuna nosopora D, = | singp  cose 0
0 1

6. IIpeobpa3oBaHme MaTpuIibl ollepaTopa Ipu cMeHe ba3mca

-~

ITycts B n-mMeproM npoctpanctse L, neiicrByer omeparop A, m emy B cTa-
pom Gazuce € = {e,, e,, ..., e,} coorsercryer marpuna A, a B HoBoM Daszuce
g = {ei e, ..., e;L} (cBst3aHHOM €O cTapbiM MaTpurieii mepexoja 1') — MaTpu-
na A’. MbI XOTUM yCTAHOBUTH CBSA3L MEXKJLYy STUMHU MATPUIAMH.

TIycTh BEKTOp Y €CTh 06pa3 BeKTOpa & 10j1 JAeiicTBrem oneparopa A: y =
= Az. Or s10ii 3alMCH, HEe TTPUBA3aHHON K KaKOMYy-Jinbo Oasucy, rnmepeiaém K

MaTPUIHOWM:

Y = AX (B 6asuce €) (1)

Y'= A'X" (B 6asuce £). (2)

Ho BbIpazkeHns cTapbIx KOOPAMHAT BEKTOpa depe3 HOBLIe n3pecTHnl: X = TX
Y =TY'. Honpcraum wux B (1) TY' = ATX', BwIpazuMm orcoja
Y' = T7YAT X' n cpasuum ¢ (2). Urak, marpuna oneparopa 1mpeobpasyercst

1pU TIepexojie K HOBOMY 0a3uCy 10 3aKOHY

A =T TAT. (3)

A~

Cnengcrsue. Ecmu omeparopy A B HEKOTOPOM 0a3mce COOTBETCTBYET
HEeBBI PO /JICHHas Marpuiia, ToO 1 B JIIOOOM JIpyrom Hasuce ero MaTpuia
OyJieT HeBBIPOXKieHHON. [Iis J0Ka3aTe/ibCTBA BHIYUCUM OIPEJIE/INTEbh 00erX
wacreit (3): |A'| = |T7Y |A| |T| = |T|_1|A| T| = | A|. Urax, onpesenurenn
COBII & JH.

Onpejgesuresb MAaTPUIB ONepaTopa HE 3aBUCUT OT

Oa3uca.

7. AareOpa JIMHEHBIX OIIEPATOPOB

Ilycth Auv B — nuHeil Hble ONeparophl, JeHCTBYONINAE B IPOCTPAHCTRE

L, x — npousBoJibHBII BeKTOp 13 L.
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A~ A~

1. PaBencTBo omeparopoB. Oneparopel A u B cunraiorcs pasHv.mu,

eciim Ax = Bax st 1r060r0 BekTOpa, « € L.

A A

2. CymmMa omeparopoB. Cymmot oneparopos A n B Ha3bBaeTcs ome-

paTop C=A + B , JICUCTBYIOIIWI IO MpaBUIy

Czx = (A—FB)m:Am—FBm
[IpoBepum, uTO omepaTop C = A + B roxe anneer. [ToneiicrByem nm Ha
numeitnyio kombunammo sekropos: C (A x, + A\,x,) = ANz, +\,z,)+
+B(\x, + \,z,) = \Ax, +)\, Az, +)\ Bz, +)\,Bx, = )\ (Aml + Bml) +
+A, (A:B2 + B£B2) = Alé':vl + Azéwz, 9TO ¥ TPEOOBAJIOCH MOKA3ATh.

I[Tpu cinoxeHuum JUHEHHBIX ONEPATOPOB UX MaTPHILbI

CKJdaJblBaloTCd-d.

3. IIpousBeaeHme omepaTopa Ha YUCIIO. [Ipoussedenuem JTUHEHAHOIO
ormeparopa A na wucio A HazbiBaeTcs oneparop B = AA, neiicTByromuii mo
IPaBUILY

Bx = (/\A) x = \Azx.

Omneparop AA ToXxKe JIMHEeH.

[Ipny ymMHOXEeHUUM JTHUHEWNHOTO omDepaTopa Ha UYUCTO

MaTpHUuIla OIE€EpPpaTOpa TOXKE YMHOXKaeTCd Ha 935TO YHUCIJO.

4. TIpousBenenue oreparopoB. [Ipoussederuem TUHEHHBIX ONEPATOPOB

AB = C nazbiBaercs oreparop, JeHCTBYIONINi Ha BEKTOP 110 TTPABHILY:
Ce=A (Bzc) ,

T.e. IPUMEHEHNe K BEKTOPY & Mpou3Bejenus oneparopoB AB o3mauaer, uTo
cHauaJa Ha & JjelicTByer oneparop B, 3areMm K nojiydeHHOMY 00pa3y puMe-

A

Hsiercst onepatop A.

[IponsBeenne JTMHEHHBIX OIEPATOPOB CHOBA, ABJIACTCS JTUHEHHBIM OIIEPATO-

~

pom, k. C (\x, + \,z,) = A [B Az, + )\2332)] =A [)\13:131 +\,Bzx,| =
= Alfi (Bwl) —l—)\QA (Bzc2) = Alé’wl + AQC’wQ.
[Ipy mepeMHOXEHHUU JHUHEHHBIX OMEPaAaTOPOB MHMepe-

MHOXalTCAd MX MaTpHWIbl, OTKYyIda CJIEAyET HEKOMMYTAaTUBHOCTDL

IIPOU3BEJICHNs OIIePATOPOB: BOODIIE IOBOPSI, AB =+ BA.
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8. OOparHbIii ortepaTop

-~ A~

[Iycts A m B — 51Ba JIuHEHHBIX onepaTopa B npoctpancrse L. Ecan

AB=BA-=E,
To roBOpAT, 9T0 A ecth 06pamuui oneparop Kk B (1 HAObOPOT).
O6partHomMy omeparTopy cooTBeTcTBYyeT obOpaTHasd
MaTpHII a.
OGpaTHbIil omepaTop cymecTsyer He Beera. Tak, ecam omepatop B nepeso-
JINT HEKOTOPBIN HEeHYJIeBOi BeKTOp & € L B HyJIeBOit BEKTOD, TO Jijist 110 6010

JIMHEHOTO omeparopa A Moy anm

A

(AB)z = A(Bx) =0,

T.€. PAaBCHCTBO AB = E HeBo3MOXKHO HE JIJIT KaKOT'O oIlepaTopa A. CrentoBa-
TEJILHO, TAKOIl omepaTop B e nveer obpaTHoOTO.

Jlunelinbii onepaTop A AeiCTBYOWNA B NUHEHOM npocTpaHcTBe L, Ha3bl-
BAETCS HEGHIPOIHCACHNDIM, ECNN PABEHCTBO Az = 0 BO3MOXHO TONbKO ans
HY/1€BOrO 3/1IeMEeHTa NMPOCTpaHCTBa. B mpoTuBHOM citydae, T.e. KOrJia Mpoodpa3oM
HYJIEBOTO BEKTOPa MOXKET OBITH HEHYJIEBOI, ONepaTop HA3BIBACTCS 6bipoIACIeH -
HOIM.

HeBbipoxjjeHHOMY OIepaTopy COOTBETCTBYET HEBHI-
poOXJeHHad MaTpHUIla.

U3 nipejibljiyiiero ciejyer, 9To onmepaTop uMeeT oOpaTHBI | TO -

rira m TOJAbBKO TOI'Ta, KOT'Jla OIIE€epPpaTODP HE€BbLIDPOXKJEH.

9. CobcTBeHHBIE BEKTOPHI OIIEpaTopa

A~

[Tycts A — nuHeitHbIi omepaTop, AEACTBYIONUI B THHEHHOM IPOCTPAHCTBE
L. O6pas AZ Npou3BOJNBHOIO BEKTOpa & HE MMEET, BOOOIIE TOBODS,
HUYero ODIEero ¢ caMuM & HU 110 JIIMHE, HI 110 HanpaBaeanio. Ocobwrit cyqai
IPEJICTABJISAIOT TaK HA3bIBAEMbIE COOCMBEHHDIE BEKMOPL, ONEPATOPA, KOTOPLIE
MOT'YT JIAIIb COKPAIATHCA WK PACTATUBATHCA T10/1 JICHCTBUEM OllepaTopa, C O -

XpaHgs MPHU 3TOM CBOE HaTN paBJeHHe.
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1. CobGcTBeHHBIE BEKTOPHI 1 COOCTBEHHBIE 3HAYEeHUdA. HeHynegoii

BeKTOp « € L Ha3biBaeTca cobcmeennvm eexmopom onepatopa A, cCOOTBETCTBY-

LM COOCMBENHOMY 3NAUEHUIO X, ECAN CNPABEAJINBO PaBEHCTBO
Ax = \z. (4)

COBOKYITHOCTh BCEX COOCTBEHHBIX 3HATEHWI OMEpaTopa HA3bIBAETCS €ro Cnek-
MPOM.

OrmeTnM, 9TO COOCTBEHHDLI BEKTODP JMHEHHOTO OIeparopa BCErja OThIC-
KUBAETCsT ¢ TOTHOCTHIO JI0 MPOM3BOJLHOTO HEHyJIeBOro MHOXKuUTE s, JleiicTBu-
TeJIBHO, MYCTh BEKTOP & — COOCTBEHHBII BEKTOp Oneparopa A, cooTBeTCTBY-
ot coocrBennoMy 3HadeHuio A. IlopgeiictByem omneparopom Ha BekTop C'z,
rie C' # 0 — npoussonbuas koucranta: A(Cx) = CAzx = Chx = \(Cz). Mol
BugnM, aro Cx — ToxKe COOCTBEHHBI BEKTOP, M OH COOTBETCTBYET TOMY XK€
COOCTBEHHOMY 3HAUYEHUIO .

CobcTBeHHBIE BEKTOPHI U COOCTBEHHbIE 3HAUEHMS JUHEHHOTO olleparopa B

KOHEUHOMEPHOM IPOCTPAHCTBE L,, OTBICKUBAIOTCS CJIEIYIONUM 00pPa30M.

Bribpas B L HekoTopbiii 6asuc, nepeiiiemM or oreparopHoro ypasaenus (4)
a

k matpuanomy: AX = AX, e X = : |.IIpeobpasyem ypasuenwue:
(A= AE)X =0 nm n

(all - A) O[l —I_ alzaz _|_ . e —I_ alnan — 0’
(5)

Ay + Apots + ..o+ (apy — A) oy, = 0,
DTa OAHOpPOHAS CACTEMa JIMHEHHLIX YPABHEHMH JIJIsT TIONCKA, KOMIIOHEHT
cODOCTBEHHOTO BEKTOPA (v MMEET HEeTPUBHAJbHbBIE DEIeHnst (KOTOPbIe TOJBHKO

HAC ¥ MHTEPECYIOT, ITOCKOJILKY COOCTBEHHBIN BEKTOP, 110 OIPEJIC/ICHNI0, HEeHYJIe-

BOi1), €CJIN OMPEJIJIUTEh CUCTEMbl DABEH HYITIO:
|A— \E| = 0.

Mpbr nostyunsin asrebpandeckoe ypaBHEHUE M-l CTEEHU OTHOCUTEIHHO A,
HA3BIBAEMOE TAPAKMEPUCNUYECKUM YPAGHEHUEM MATPHUIIH ortepaTopa A.

KopHu XapakTepucTHIecKoro ypaBHEHUS A, A, . . . (COMIACHO OCHOBHOI Te-
opeMe aareOpbl KOJUYECTBO WX HE ITPEBOCXOJUT 1 — PAa3MEPHOCTU MPOCTPAH-

crBa) GyyT cobCTBEHHBIMU 3HAUeHUsIMU orepaTopa. [lojgcrapisisa Kaxjoe w3
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cobCTBEeHHBIX 3HaYeHnil A; B cucremy (D), HaljéM KOMIIOHEHTHI i-10 COOCTBEH-

HOT'O BEKTOPa @®; KaK PEIieHuns 3TOi CUCTeMBbI.

2. XapaKTepucTU4IeCcKuii MoJIMHOM. JleBast yacTh XapaKTepucTUIeCKO-
'O ypaBHEHUsI Ha3bIBACTCH TaAPAKMEPUCTNULECKUM NOAUHOMOM OTIEPATOPA.
[Tokaxkem, 4TO XapaKTepUCTUICCKUN TTOJUHOM UHGAPUAGHMEN, T.e. HE 3aBU-

cut ot 6asuca. [lycth B HEKOTOpOM Dazuce £ oneparopy A coOTBETCTBYeT Ma-

tpuna A, a B jpyrom basuce ¢ — marpuna A’. Hama nenns — jokasars, 4ro
det(A — A\E) = det(A" — \E).

Casp matpun, A n A’ mssectna: A’ = T7YAT, rie T — marpuia repexojia ot

e x €. Torna

|A' = XE| = |[T'AT — XE| = |T~'AT — XT™'T| =
= |THMA-AE)T| = |T7'| |A-XE||T| = |A-\E

Y

YTO ¥ TPeOOBAJIOCH JTOKA3ATh.
3amnuiieM XapakKTepucTHIecKuil oJMHOM B SIBHOM BH/IE:
Ay — Ao Q1p
|A—AE|:.......-..:

anl P ann_A

=(=1)"\"+ (=1)""A"'P +...+ P,

rie P =a, +a,, +...4+ ay, = SpA — 1H. caed (wnyp) marpuns A win
CyMMa eé JMaroHaJbHbIX 3J1eMeHToB ; P, = det A.

[TockoMbKy XapaKTepuCcTUUecKuii TMOJUHOM HHBapuaHTeH, €T 0 K03 ¢ -
bunmentno, B Tom ancae SpA nwdetA, Toxe OygyT mHBA-

PUAHTH BI.

3. HaxoxkaeHne cOOCTBEHHBIX 3HAYEHU 1 COOCTBEHHBIX BEKTOPOB.

Cdopmynupyem aJropuTM pacaéTon:

A

(1) Bamucars st oneparopa A XapaKTepUCTHUECKOE YDaBHEHUE
‘A — /\E| = 0 n HaliTH ero KOpHU A, A,, ..., \,; OHU 0DPA3YIOT CHEKTP
COOCTBEHHBIX 3HAYCHMIT OlIepaTopa;

T0603HaueH1e npoucxoaut ot Hem. Spur (caen); caen marpunpl A obo3nadaercs Takzxke trA, or dppamni.

(unu anriL.) trace ¢ TeM ke 3HAYEHUEM.
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(2) Ecan mpocTpaHCTBO, B KOTOPOM JIEHCTBYET ONEPATOp, BEIIECTBEHHOE,
OCTaBUTL B CIEKTPE JJIs JlajibHeilTeil paboThl TOJIHKO BEIleCTBeHHBIE
A

(3) dmst xkaxxoro \; HaiiTi HeHyseBble perenus cucrembl (A— N E)X = 0,

A

OHM W OyJIyT COOCTBEHHBIMU BEKTOpaMu oreparopa A.

ITpwuwmep. Halitu cobcTBerHble BEKTOPHI U COOCTBEHHBIE 3HAUYCHUST Ollepa-

Topa A, KOTOPOMY B HEKOTOPOM 0a3mce COOTBETCTBYET MaTPHUILA

2 -1 1
A=(0 1 2
0 0 2

(1) Xapakrepucruueckoe ypaBHeHMe: |A — )\E‘ =0=(1-X)(2=-))?%=0;
ero xopan A, = 1 (nesvipooicdenoe cobCTBenHOE 3HAUCHEE) B A, , = 2
(deyxpammo ewpoosrcdenmoe cOBCTBEHHOE 3HAUCHUE);

(2) Bee coberBennblie 3HAMEHMsT BEIECTBEHHbBI; JII KayKJIOr0 U3 HUX HAJIO0

HaiT COOCTBEHHBIN BEKTOD;

B3) A, =1
1 —1 1\ /=,

A-NE)X=0=(0 0 2 T> | = 0. [lepemuiem cucremy
0 01 T3

x =0 .
B BHUJIE { /. — ;obree perenyre CucTeMbl — NepBbIi c00-
1

cTBeHHDbIT BeKTOp — nMmeer Bu: &, = C | 1 |, npuyuém 1pounsBosIbHYIO

KoHCTaHTY C' MOYXKHO OTOPOCHTH.

Ay, =2
0 —1 1\ /
7 0 00 L3
1
= {:22 i 2£3 8’ ; BTOPOil COOCTBEHHBII BEKTOP X, = 8

OrmernMm, 9TO ABYKPAaATHO BBHIPOXKJEHHOMY COOCTBEH-

HOMY 3HA4YeHHIO A,, = 2 B 3TOH 3ajJade COOTBETCTBYET T OJbKO

OJlM H COOCTBEHHBI! BEKTOP.

4. Jlpyroii cnocobd HaX0XKJAeHWdA COODCTBEHHBIX BEKTOPOB. Kpowme
PACCMOTPEHHOIO BBIIITE CITOCODA HAXOXKJIEHNsT COOCTBEHHBIX BEKTOPOB, OCHOBAH-
HOTO Ha UX ofpejesennn u perterun cucreMbr (A — A\ E) X = 0, cymecrsyer
JIpyToii crocod, MHOIJA OKA3BIBAIOIIMICA TeXHIUIecKn OoJiee yino0bHbIM. OH 3a-

KJIIO9AETCs B CJIEJIYIOIIEM.
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[Tox marpureii (A — A\ E) NOANNCHIBAIOT €MHITHYIO MATPHILY, TaK 4TO 00-

" " 14'_'Ail; D o)
pasyercst "BbICOKasi"! MaTpHUIlA BUIA, B . DJIEMEHTapPHBIMU 1TPE0OPA30-
BaHUSIMKU C T OJI 0110 B 9TOI MAaTPHUILI HAJIO MOJIYIUTh B €€ BepxXHeil MoJ0BUHe
HYyJeBOIil crober (BO3MOXKHO, HECKOJIBKO HYJIEBBIX CTOJIOIOB, €CJIU A; BHIPO-

XKJIEHO); TOT/[a O/ HUM B HUXKHE#T TTOJIOBUHE MATPHILI 00pa3yeTcs: COOCTBEHHbI
0

A—NE -\

BEKTOD, CBSI3AHHBIN C JIAHHBIM A; : E ~

COOCTB.
BEKTOP

[IpousmocTpupyeM 3TOT ciocob Ha MPeJIbIIYIIEM IIpUMepe.
A, =1

A-F
P =

corRoOoOR
o—OoOoOR
R OO N
e
ORMOOO

Jlist oJtydeHusi HyJIeBOrO 1epBOro CTOJIOIA B BEPXHEH 1MOJIOBUHE PE3YJIbTHU-
pytomieit MaTpuilbl Mbl IpUOABUIIM B MCXOJHOW MaTpuiie K 1-my crosony 2-ii.

OcTasibHbIe CTONOIBI HAC YKE He MHTEPECYIOT (OHM 0003HAUEHBI MHOTOTOTHEM ),
1

T.K. COOCTBeHHBIN BekTOp @, = | 1) Haiijgen. Ormernm, 9TO B 3TOM Crocode
0

IMPOU3BOJIbHBIE MHOXKUTEJIN TIPU CcOOCTBEHHBIX BEKTOpax BOO6LL[€ HE BO3HUKAIOT.

A, =2

A—-2F
E =

CO=ROOO
O OO
—_OOoOON -

1
Bropoit coOcTBEeHHBIN BEKTOD &, = 8 nostyaaercst cpazy! OueBngHo, ITO

JIOTIOJIHUTEJILHO HUKAKOI cTOoJIOCl] B BepXHEil 1MOJIOBUHE MATPHUIlbI 00PaTUThH B

HYJIb Y2K€ He yJIacTCH.

5. CpoiictBa coOcTBeHHBIX BeKTOpoB. 1. Ecm z, x,,..., ¢, —
COOCTBEHHBIE BEKTOPLI omeparopa A, COOTBETCTBYIONME P a3Ji U dHbBIM
COOCTBEHHBIM 3HAMEHUAM A, A,, ..., Ay (Aj # Aj IpU ¢ # j), TO 5TH BEKTOPHI

JUHENHO HE3aBUCUM bI.
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[Tokarkem 310 B 1pocreiinem ciyydae JBYX COOCTBEHHBIX BEKTOPOB &, U &,
KOTOPBIM ~ COOTBETCTBYIOT ~pa3Hble COOCTBEHHbIE 3HA4YeHud A, A,, T.e.
Ar, =\ z, Az, = \,x,.

[Tpenmnonoknm, 9TO BEKTOPHI &, W &, JUHEHHO 3aBUCUMBI, T.e. T, = kT,

k = const. Torna AwQ = A(k:cl) = )\Q(kzcl), OTKYyJa, COKpallas Ha k, 10-

ayqaeMm: Az, = A\, x,. Ho Az, = A\ x ; BelunTasg n3 OJHOTO COOTHOIIECHU
apyroe, umeem: 0 = (A, —\,) = @, = x, = 0, HO 5TO HEBOBMOXKHO, T.K.
——
#0

COOCTBEHHBI BEKTOP 10 ONPEJICJICHUI0O H e H Y JI e B O .

2. Jluneitnas KOMOMHAISA COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIIX OJTHO-
My U TOMY K€ COOCTBEHHOMY 3HAUYEHHIO A, TaK»Ke OyjeT cOOCTBEHHBIM BEKTO-
POM, COOTBETCTBYIOIINM TOMY K€ .

B camom jieie, ycTh BEKTOPBI &, &, , . . . , Ty ABISIOTCH COOCTBEHHBIMU JJIsT
oneparopa A, 1 BceM UM COOTBETCTBYeT coGCTBeHHOE 3HateHne \. [logeiicTByem
OMEPATOPOM HA UX JHHEeHHYI0 KoMOuHammo: A (¢, + ¢,@, + ... + cptm) =

= clé:f.lx+c2ézf%+ . -+cmé%: Aoz, +c,x,+ ...+ cpxy,). Juneitnas
=Amy BV =Xwm
KOMOUHAINS MefiCTBUTEILHO SBISAETCS COOCTBEHHBIM BEKTOPOM C TEM XKe A .

3. B KoMIIeKCHOM JIMHEHHOM MPOCTPAHCTBE KaXKJIblii JUHEUHBIH omepaTop
MMeeT MO MEeHbIIel Mepe O uH coOCTBeHHBI BeKTOp. B BemecrBen-
HOM JIMHEITHOM TIPOCTPAHCTBE 3TO yTBEPXKJIEHNE H € B e P H 0.

4. Ecnn nuHERHBIH omepaTop A, JEeACTBYIONNAN B N-MEPpHOM MIPOCTPAHCTBE
L,,uveerTn TuHEe##HO He3aBKWCUM bl X COOCTBEHHBIX BEKTOPOB, TO B Da-
3MCe U3 HUX MaTPHIA OIIePaTOPa CTAHOBUTCS JI W a T O H & JI b H O i, IPUIEM 110
TJIABHOM JIMaroHaJ i PACIO/IAaTral0TCsl COOTBETCTBYIONNE COOCTBEHHBIE 3HAUCHUSI.

HeficTBUTENBHO, IYCTH T, &,, ..., Ty — COOCTBEHHBIE BEKTOPHI OTIEPATODA,
A, COOTBETCTBYIOIIME COOCTBEHHBIM 3HAYEHUIM A, A,,..., A\, (coOCTBeHHbIE
3HAYEHHsT MOI'YT OBbITh BHIPOXKICHHBIMUY ). [ljist HAXOXKJIEHNST MATPHIIBI OlIEpPaTO-

pa B 6a3uce U3 ITUX BEKTOPOB IOJIEHCTBYEM OIEPATOPOM Ha KayKJIblii U3 HUX, a

8MuoskecTBO TAKUX JHHEHHBIX KOMOUHAIMI 00pa3yeT JInHEHHOe TOAIMPOCTPAHCTBO MPOCTPAHCTBA, B KO-

TOpOM JieficTByer omneparop A.
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00pa3bl PA3JIOYKIM 110 MCXOJHBIM BEKTOPAM:

Az, = Az, = Az, + 0.2, + ... + 0-xy,
Az, = Mz, = 0-2, + A\,x, + + 0-x,,
Amn — Anmn — 0 * ml —I_ 0 ° $2 _|_ .« .. _|_ Anmn-
SanuceiBast KOAMMUIMEHTHI PA3JIOKEHHS 110 CTOJOIAM, IOy IUM MATPHUILY Olle-
paropa:
A, 0 ... 0
A= 0 A, 0
0 0 ... A\,
['oBopsiT, uTO MaTpwuila orepaTopa JUaTOHAJU30BaJgachb. Jnaronann-
3aIlsI UTPAET UCKJIIOUUTEILHO BayKHYIO POJIb B TEOPETHIECKOi (pusnke.
JlmaroHaJibHbII BUJI MaTPUIILI OIIEPATOPA OIIpPEJIeNIAeTCs HeoIHO3HAUHO. Ec-
JIX TIO-JIPYTOMY TTPOHYMEPOBATH COOCTBEHHBIE BEKTOPHI, TO W COOTBETCTBYIOIIIE
UM COOCTBEHHBIE 3HAUEHWsT WHAUYE PACIIOIOXKATCS Ha TJIABHON JWaroHasn Ma-

TPUIIHI.

6. Oneparop mpocToii cTpyKTypbl. Onepatop, ASACTBYIOWUA B Mpo-
cTpaHcTBe L, Ha3blBaeTCa OnepaTopoM Npocmoti cmpyxmypoi, €Cln OH NMeeT
N JIMHENHO HE3aBNCUMbIX CODCTBEHHbBIX BEKTOPOB.

ITyers A — omepaTop MpoCTO# CTPYKTYPBI, TOTIA €0 1 JHHEHHO He3ABUCH-
MbBIX CO6CTB€HHBIX BEKTOPOB MO>KHO B34TbHb B Ka9€CTBE 6 a3 U1 Ca IMPOCTPaHCTBaA
L,, B XoTopoMm omepatop jeiictByer. B atom Gasuce marpuia omeparopa Oymer
JuaroHaJbHo i Takum o6pa3om, BOIIPOC O TOM, OYJIET JiU JTaHHBII omepa-
TOP UMETDH TPOCTYIO CTPYKTYPY, PENiaeTcd B 3aBUCUMOCTHU OT TOT'O, JAAroHaJIu-

3y€Ma JIn €TI0 MaTpHlla.

HpI/I 9TOM BO3MOXKHBI CJICAYIOIINE CJIydaM:

(1) Ecsin oneparop umeer m pa3Jiu 9 H bl X (T.e. HEBBIPOKJECHHBIX) COO-
CTBEHHBIX 3HAYEHUIl, TO OH, 3aBEJOMO, OyJeT OHNepaTOpOM IMPOCTOIl
CTPYKTYPBI, T.K. €r0 N JIMHEHHO HEe3aBUCUMBIX CODCTBEHHBIX BEKTOPOB
XBATUT JJIsi 00pa3oBaHus HOBOro Oasuca L,, B KOTOPOM MaTpHIla Ole-
paToOpa JMArOHAIN3YETCH;

(2) Tlpu HaJMUUKE B BI P O XK Jl € H H bl X COOCTBEHHBIX 3HAUEHUH B CIIEKTPE

ornepaTopa 3aJlavda OCJIOXKHACTCA:
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(a) Eciin KpaTHOCTH BBIPOXKIEHUS KaXKJOTO COOCTBEHHOTO 3HAYCHMUsT
COBIAaeT CKOJANICCTBOM JTMHEHHO HE3aBUCHMBIX COOCTBEHHDBIX
BEKTOPOB, €My COOTBETCTBYIOIINX, TO MATPHUIA OIEPATOPa JIHAroHa-
Jau3yeMa, U OH OyIeT OImepaTopoM MPOCTON CTPYKTYPDI;

(b) Ecim KoJIM4ecTBO JIMHEHHO HE3aBUCHMBIX COOCTBEHHBIX BEKTOPORB
M€ H b Il e KPATHOCTH BHIPOXKJIEHUST COOTBETCTBYIOIIEr0 COOCTBEH-
HOI'O 3HAYEHUsI, TO JUATOHAJN30BATHL MATPHUILY OIIEPATOPa, HE YIACT-
cs1 HA B KaKOM 0asmce; omeparop He OyIeT UMeTh MPOCTYIO CTPYK-
Typy .

CymecrByeT Tak Ha3bIBaeMasi HOPMAALHAA 2HCOpIanosa Gopma MaTPUIIHI
orepaTopa — bOoJiee 00K Ccaydail 110 CcpaBHEHUIO C JIMArOHAJIbLHONI (DOPMOii.
B xopnamoBoit (hbopMe MOXKHO IIPEJICTaABATL MATPUILy JI0 00T 0 omepaTopa.
2Koppanosa Marpuiia — 9TO KJIETOTHO-IMArOHAILHAS MATPHUIA, [0 TJIABHOI

JINArOHAJIN KOTOPO# CTOSIT Kaemku AKopdana Buaa

A10...00
0OxXx1...00
00X ...00
000 1 0
0 0O Al
000 0 A

(ommHAKOBOE A TIO JIMArOHAIM — OJ[HO M3 COOCTBEHHBIX 3HAYEHWI, OTHOCATINXCS
K TOJIBKO UTO PacCMOTPEHHOMY CJIydario 2b; Bce 5JIeMEHTBI OJIHOTO psijia BbIIIEe

JnaroHaJin paBHbI e,IH/IHI/IHe). DTOT BOIIPOC BBIXOJUT 3a paMKM HallleT'o KypcCa.

I1pwumep. Marpuna oneparopa A B Gasuce {4, j, k} nveer Bus;

7 —12 6
A= 10 =19 10
12 =24 13

-~

dApagercsa mu A omepaTopoM MpoCTOi CTPYKTYPbI!

Kopnu xapakrepucriieckoro ypapuenus [A — AE| =0: A, =1; A\, = —1.
JABYyKpaTHO BBIDOXK/J€EeHHOe 3HadeHWe A, , TpedyeT 0ocobOro BHMMA-
rust. [TOCKOJIbKY eMy COOTBETCTBYIOT JiBa JIMHEHHO HEe3aBUCUMbBIX CODCTBEH-

2 1 -
HBIX BEKTOpa €, = ( (1)), e, = ( _01) , A Oyzer omepaTopoM MPOCTOH CTPYKTY-

2
10
OHM 0DOPa3yIOT

pbl (BKyIe ¢ COOCTBEHHBIM BEKTOPOM ', COOTBETCTBYIOIIAM A

39

basnc, B KOTOPOM MATPHUIIA ONEPATOPa JINATOHAJIN3YETCs ).

9o 3aMeTHUM, 4TO TepMHUHA "Oneparop CJI0XKHON crpykTypbl” Her! :—)

10El“0 Jlazke HeT HyXK/Ibl UCKATh JIjIs OTBETA Ha [IOCTaBJIEHHbIHA BOIpoc!
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10. EBKJIMI0OBO ITPOCTPAHCTBO

JInHeHbIe TPOCTPaHCTBA, PACCMOTPEHHBIE BBIIIE, CYIIECTBEHHO OejiHee TOro
MIPOCTPAHCTBA, KOTOPOE U3YYACTCSA B aHAJUTUYCCKON T€OMETPUU: Y BEKTOPOB
9TUX MPOCTPAHCTB HET JUIMHBI U HET yTJia MEXKJy BEKTOPpaMU. ITU Mempue-
CKU€e CBOMCTBA MPOCTO HE OIpPEJIeJIeHbI.

BBomg mongTne cKaJgpHOTO NMPOU3BEJECHUA M, C €ro IMOMOIIbIO, M €T P U -
K ¥, MBI IIOJIVUUM €6KA1J060 IPOCTPAHCTBO, KOTOPOE ropas io boraue 1mo CBOUM

CBOMCTBaM, 9€M <«IIPOCTO» JIMHEHNHOE TTPOCTPAHCTBO.

1. BemjecTrBeHHOE €BKJIMJIOBO IIPOCTPAHCTBO. BewectseHHoe n-
MepHOe JIMHEeliHOe MPOCTPAHCTBO HA3blBAeTCs (BELYECTBEHHbLIM) €6KAUIOGHILM
npoctpatcTeom E,, ecnn nobbiM ABYM €ro 3n1eMeHTaM & U Y CTaBATCS B COOT-
BETCTBNE BeLWECTBEeHHOE YUCNO (&, y), HAa3bIBAEMOE WX CKAAAPHOIM
npouseedenuem, Co CefyOLNMN CBORCTBAMM:

1) (2, 4) = (3, @)

2) (Ax, y) = A(x, y), rae A — BELECTBEHHOE YUCIIO;

3) (®+ 2z, 9) = (=, 9) + (2, 9);

4) (x, ) > 0, npuuém (x, ) = 0 Torma u Tonbko Torga, korga & = 0.

[Ipumep bl
Qy b1
1. Jlnst n-MepHBIX BeKTOpoB & = | : |,y = | : | manbosee ecrecTBe-
Qn Bn
HbIM (HO He eguHCTBeHHBIM — cM. C.29) crocoboM BBEJEHUST CKAISIPHOIO MPO-
W3BEJICHUST sABJsieTCs caeayomuii: (x, y) = «, 5, + a5, + ... + a,Fh.
2. PaccmorpuM 6GeCKOHEUYHOMEPHOE JIMHEHHOE MPOCTPAHCTBO
Cla, b] dyukuuii z(t), onpejeséHubix 1 HENpepbIBHbIX Ha orpeske a < ¢ < b.
CkaJgisipHoe mpousBejienne JByx Takux dyukuuii z(t) u y(t) onpegensnm Kak

UHTerpaJl

b
[ et (6)
a
Muorma paccMaTpuBaeTCs CKAAAPHOE NPOU3BEIEHUE ¢ BECOM
b
[ ptotera
a

rie eecosan pynxyua (eec) p(t) > 0 na orpeske [a, b].
Bo Bcex pacCMOTPEHHBIX CJIydasxX JEMEHTAPHO MPOBEPSETCS BBITOJHEHUE

aKCNOM CKaJIAPHOT'O IMMPOU3BEACHMSA.
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2. KoMmIuiekcHoe €BKJIMJI0OBO IIPOCTPAHCTBO. KoMniekcHoe n-MepHoe
NIMHENHOE NPOCTPAHCTBO HA3bIBAETCS KOMNACKCHbM €6KAU0GbM (YHUMapHbim)
npoctpaHcteom F,, ecan nwobbim ¢ € E, n y € FE, conoctaBnsietcs Ko M -

NnNeKCcHOe Yucno (&, y), Ha3bIBAEMOE NX CKAAAPHLIM NPOU3EEICHUEM, CO

I. JUHEVHAS AJITEBPA

cliefyowmmMm CBOCTBaAMMN:

3. CormocTaBiieHrEe CBOMCTB CKaJIPHOTO MNPOW3BEIEHUS B JBYX

x, x) >0, npuiém (x, &) =0 Torga n Tonsbko Toraa, korga * = 0.

2) (Ax, y) = A(x, y), rae A — KOMNIEKCHOE YMCIIO;
3) (+ 2, 9) = (=, y) + (2, ¥);

4) (z, z)

CIIydasx.

1. Jdsmua BekTopa. [ljmua BekTopa |@| onpejessiercsi yepes CKaJsipHoe

BemecrBeHnHOE €BKJIUIOBO
TPOCTPAHCTBO

KoMmiekcHOe eBKINIOBO
IIPOCTPAHCTBO

1. Koncranra y BTOporo COMHOXKHUTEJIsI CKAJISIPDHOI'O TTPOU3BE/ICHHUS:

(z, \y) = (\y, ) = A (y, x)
= Az, y).
Nrak, (x, \y) = \(x, y).

CkaJisip. Mpon3BeieHne JBYX JI

(iB,_)\y) - ()‘y_a CC) = A (y7 iB) -

=AMy, z) = A(z, y).
Nrak, (x, \y) = A\ (x, y).

MHEHHBIX KOMOMHAIMIT BEKTOPOB:
k n
(Z NTi, ) ujyj)
i=1 j=1
k n
=22 Nif (i, y)) -

i=1 j=1

11. OcHoOBHBIE CBOICTBa €BKJINI0BA ITPOCTPAHCTBA

IIPOM3BEJICHNE BEKTOPa, CAMOI0 Ha ceds:

x| =/ (2, z).

3aMeruM, UTO MOHSITHE JIIMHBI BEKTOPA UCIOJIL3YETCsS B CAy9ae KO H e 9 H O -
M e P H bl X eBKJMJIOBBIX IIPOCTPaHCTB. e npocTpancTBO 6 e CKOHEe I HO -

M € D H 0, TOBOPST 0 Hopme BekTopa ||x||. Tak, B hyHKIMOHATLHOM MPOCTPAH-

CTBE BBOJWUTCs MOHsTHE HOPMBI byHKIMN (1), BRIYUCIsIEMOl KaK

lz@ = v/ (z, z)

_ \//ab|x(t)|2dt.
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2. HepaBencrBo Komu-Bynskosckoro-IIIBapma. B sobom (Berie-
CTBEHHOM WJIM KOMILJIEKCHOM ) €BKJIMJIOBOM [IPOCTPAHCTBE JIJIsi CKAJISIPHOTO MPO-
U3BEJICHUS JIBYX BEKTOPOB W WX JIJIMH HMEET MeCTO nepasencmeo Kowiu-
Bynaroscrozo-Ilsapya™ (nanee, 11 KpaTKoCTH, GyieM Ha3LIBATH €TO H € P a -

sencrsom Korun):
(z, y)| < [z||yl,

IPUYEM PABEHCTBO JIOCTUIACTC TOMVIA M TOJIBLKO TOTJA, KOIJIA BEKTOPLI & U Y
IPOIOPIUOHALHEL

HoxaszaTeabCcTBO Jyd BelecTsentoro k),

Bekrop @« — Ay (A — mupousBosbHasi BEINECTBEHHAI
KOHCTAHTA) yMHOXKHUM CKAJAPHO caM Ha  ce0s; OYEBHIHO  CJIEYIONIEee
nepasencto: (€ — Ay, ¢ — \y) = (x, x) — 2\(z, vy) + \(y,y) > 0.
HeO6XOILHMbIM n J0CTATOYHBIM YCJIIOBHEM HEOTPUIATEJIHBHOCTHU KBaJAPaTHOI'O
(oTHOCHTENLHO A) TPEXUJIEHA SABJSIETCA HEMOJOKUTENLHOCTh €ro JTIUCKPUMH-

HAHTa, T.. HEPABEHCTBO

(z, y)’ — (=, z) (y, y) < 0.

Orcrona cpasy cienyer HepaBeHcTBO Kormm.

HepapencrBy Komm MOXHO mpugaTh JpYroil BUI, UMEIONUN MTPO3PaTHbIi
reOMeTPUIeCKUl CMBICJI:
HepaBencrBo tpeyroabuuka: | + y| < |z| + |y|.

JeficTBUTEIbHO, NCIONIB3YS CBOMCTBA CKAJSIPHOIO IIPOU3BEICHUS U OIIPEIe-

JICHUE JIJIMHbI BEKTOPa, Ha OCHOBaHWNW HEPAaBEHCTBaA Ko MoxxHo namnncars:

zty’=(z+ty, zt+y) =(z, @) +2( y)+ (¥, y) < (= +|y)*.
N— N N~

|2 <2lz||yl =|y|?

:‘m

N3Biiekas KOpeHb u3 obenx gacreil 3Toro HepaBEeHCTBa, IMOJYYMM MH3BECTHOEC
13 IIJIaHMMETPHUHU HEPaBEHCTBO TPEYI'OJIbHUKa: JJ W Ha J IO 6ot cTo poO-
HBI TpeyroJdJbHHKa H€e IPpeBOCXOAUT CYMMBLBI OJHWUH JBYX
APyrmux cropoH.

HILJIH BEKTOPHBIX MTPOCTPAHCTB OHO mojIydeno ¢pani. maremarunkom O.Komm B 1821 1., a misa dyHK-

[IMOHAJILHBIX TPOCTPAHCTB — pyc. mMaremarukom B.Z.Bynsakosckum B 1859 r.; B 1884 r. Hem. maremaruk

[.IIIBapir mepeoTKpoHLT HEPABEHCTBO ByHIKOBCKOTO.
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3. Yrog mexXay BeKTopaMmW. B BellecTBEHHOM EBKJIUJIOBOM IPO-
CTPAHCTBE IIPHU TTOMOIIH CKAJIAPHOTO TPOU3BEICHUS MOXKHO U3MEPSTH HE TOJIHKO
JUIMHBI BEKTOPOB, HO U YTUIBI MKy HUMU. KOCHHYC yIyIa (0 MEeXKIy BEKTOpaMU
T 1 Yy onpejessiercss (popMyIioit
(z, y)
z| |yl

[Tockosibky 110 HEepaBeHncTBy Ko Mojysib nmpaBoiit 4acT He TTPEBOCXOJIUT €11~

CoS p =

HUIIBI U CaMa IpaBasd YacThb ABJSCTCA BEIIECTBEHHBIM YUCJIOM, ONPEICJICHHbIN
TaK yTroJl (o ABJSCTCA BEIIECTBEHHBIM.

B yHuTapHOM MPOCTPAHCTBE ONPEJEJUTH COS (0 110 JIAHHOW (DOopMyJie Mbl HE
CMOXKEM, T.K. B 3TOM CJIydae YUCJIUTE]b, BOOOIIE rOBOPst, OYJIeT KOMILJICKCHBIM,
a BMECTe C HUIM KOMTJIeKCHBI M Oyner n yroja. B aTom ciydae BBOIUT-
sl JIMIIb TOHATHE opmozonasvrocmu (cM. Hike, C.29), mpurogHoe Kak Jjis

KOMIIJIEKCHOT'O, TaK W JIJI{l BEIIECTBEHHOTI'O €BKJIN/0BaA ITPOCTPaHCTBA.

4. Paccrosinme Mmexay BeKTopamu. Paccrosmue p(x, y) MKy BEKTO-

paMu @ ¥ Yy onpejensercs Kak p(x, y) = ||z — y.

5. HepaBencrBa jgiaga yukimii. OTMeTuM B 3aKJIIOYEHHE 3TOrO Mapa-
rpada, Kak BBIMISIIIT HepaBeHCTBO KoM M HEepaBeHCTBO TPEYTOJLHUKA B
(hyHKIMOHATBLHBIX TTPOCTPAHCTBAX CO CKAJISPHBIM MPOW3BEICHUEM, OIPeIeié-
HHBIM coruiacHo (6).

Hepasencrso Kormm:

[ < [ [lewra [luor

HepasencrBo TpeyrojibHUKA:

b b
[+ 0P ar <) [afar+

12. Marpuria I'pama

[TosyunM BbIpasKeHHe CKaJSIPHOTO IIPOM3BEJCHUS  4Yepe3  KOOPMHATHI
BEKTOPOB-COMHOXKUTEJICIA.
[Iycts B eBRIIMIOBOM mpocTpancTBe F, 3ajgan Gasuc {e, e,,...,e,}. To-

1 Jirobbie BeKTOphl & € F,,, y € F, MOXHO pa3JioKUTh 110 3TOMY Oa3ucy:
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n n
xr = > e,y = > [Bje;, vae o; u f; — KOOPJUHATHI BEKTOPOB B JANHOM
i=1 j=1

n n
basnce. CKaIgApHOE MPOM3BEJCHUE BEKTOPOB (X, Y) = (Z a;e;, Zﬁjej) =
i=1 j=1
n -
= 2 aifj(ei, ej).
i =1
Baeném obosmnauenue: (e;, €;) = gij; TOIJIa PACCMATPUBAEMOE CKAJSIPHOE

npousBeenne MOXKHO 3allUCaThb B BUJIE

(z, y) = z”: 9ij aiﬂ_j- (7)

i, j=1

CoBokynHocTb Yucen g;; obpasyet mampuuy I'pama 12

(617 el) (617 62) Tt (617 en)
(e, e) (en,e,) ... (en, €,)
Dopmyisy (7) moxHO 3amucarh B Marpuunom suje: (z,y) = X ' TY (B
BerecTBeHHOM npoctpancTse) i (¢, y) = X ' T'Y, rme X = : | n YV =
an
o)1
= | : | — cToabipl KOOPJAUHAT BEKTOPOB & U Y.
Bn

13. OpToroHaJjbHbBIE CUCTEMBI BEKTOPOB

BekTopbl & 1 y HasbiBatoTca opmozonanvromu, ecan (x, y) = 0.

Cucrtema BekTOpoB {®1, T2,..., &, } HA3LIBAETCA 0PMO20HAALHOT, €CNU
(x;, x) =0 npn i # k.

Ecnu kaxabili BEKTOP, BXOASALLMNA B OPTOTOHABHYIO CUCTEMY, IMEET eAUHIYHYIO
[1AHY, TO CUCTEMA BEKTOPOB HA3bIBAETCS OPINOHOPMUPOGAHHOT.

) 1, 0=k
’Z[JI?{ BEKTOPOB OPTOHOPMHNPOBAHHON CUCTEMbI (CBZ', wk) — 5zk = 0’ 7 ?é k
Y

1. CgoiicTBa oOpTOroHaJbHBIX cucteM. 1. Cucrema HEeHYJ€BBIX
OPTOI'OHAJILHBIX BEKTOPOB M HEW HO HE3aBUCUM a.

[Tokaxxkem sto. Ilycts {x,, @,,...,Tr} — OpTOrOHATBHAS CHCTEMA BEK-

19

TOpoB. PaccMoTpuM paBHYIO HYJIIO JIMHEHHYIO KOMOMHAIUIO STHX BEKTOPOB:

A, + Az, + ...+ Nxr = 0. Obe gacTn paBeHCTBa CKaJISPHO YMHOXKNM

121/uI.H.I‘paM (J.P.Gram, 1850-1916), nar. maremaruk. OCHOBHBIE TPY/IbI [I0 MATEMATUYIECKON CTATHUCTUKE

7 Teopuu TpHOIMKeHns (PyHKITHH.
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Ha OJIMH W3 BEKTOPOB cucreMbl: (A @, + A\, @, + ...+ A&y, ©5) = 0; packpo-

eM ckoOKM: A, (@,, &5) +A, (¢, Ts) + ...+ A5 (s, @5) + ...+ Mg (g, 5) = 0.
H,O_/ H,O_/ j/—’ H,O_/
= = 0 =
B cuity opToroHasbHOCTH BEKTOPOB BCE CKaJIsiPHBIE [IPOU3BEJICHNUS CJeBa, KPO-

M€ OJIHOTO, OOpAIAOTCs B HYNb: Ag (s, 5) = As = 0. Ho ummexc s moxer
N —

#£0
IPUHUMATH JIIoObIe 3HaUeHus or 1 10 k. Takum obpazom, B ¢ e Ko MOUIINEHTHI

obparmatorcsa B HyIb. CucTeMa JIMHEHHO He3aBUCHMA.

2. Ecim xaxx/iplit u3 BEKTOPOB &,, &,, ..., T} OPTOTOHAJIEH BEKTOPY &,, TO
UX JINHeiHas KOMOMHAIUST TOXKE eMy OPpTOrOHAJILHA.

k
JeifcTBUTEIbHO, CKAJISPHO yMHOXKasT TMHEIHYI0 KOMOMHAIINIO Y | \; &; HA &,
i=1

k k
OJTY YU M: (; i &, :BO) = ; Ai (@, ;) = 0.
=0

3. MuoxecTBo BEKTOPOB, OPTOTOHAJBHBIX K &,, €CTb JUHEHHOe MOJIPO-
CTPaHCTBO.

JlokazaTe/bCTBO yTBEPKICHUsT TPEIOCTABISIETCST TNTATEIIO.

4. Teopema Il u ] aropa: ecanm BEKTOPHI & U Y E€BKJINJIOBA IPOCTPAHCTBA,

OPTOTOHAJbH I, TO
z+yl>=|z|* + |y

JeficTBUTEIBHO, IO OIPEJIe/IEHUIO JJINHBI BEKTOPa, U Ha OCHOBAHUN CBOMCTB

CKaJIAPHOT'O IMMTPOU3BEIECHU A

z+y)P=(x+y c+y)=(z,2)+2(x v)+ Y, y) =z + |y
——

=0

Teopewma I[Tudaropa serko obobIaercs Ha ciaydail k momapHO OPTOrOHAJIb-

HbBIX BeKTOpOB CBKJINJIOBa HpOCTpaHCTBa:
2, +x, 4. i = P+ |

2. IIporiecc oproronamuzanuu (I'pama-IIImuara). [ocrasum ciey-
FOIILY IO 3a/1a4Y.

Nwmeercs cucrema {x,, ,, ..., Ty} JUHEHHO HE3ABUCUMBIX HE OPTOT O -
HaJlbHB X BEKTOpOB. Tpebyercs mojyunth w3 HeE 1) OPTOrOHATBHYIO U
2) OPTOHOPMUPOBAHHYIO CHCTEMY BEKTOPOB.

Bysiem 0603HauaTh BEKTOPHI HOBOW KOHCTPYHWPYEMOIl CHCTEMBI KaK Y;.
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DTambl MTOCTPOCHMUSI:

1. [lep BBl HOBBIl BEKTOD

2. Bropoii HOBBII BeKTOP

yg = mQ —I_ A21y1' (8)

Onpejie/inmM KOHCTaHTy A, M3 YCIOBUs, YTO BTOPOIl HOBBIN BEKTOD ¥, JIOJI-

’KeH ObITh OPTOTOHAJILHBIM IIEPBOMY HOBOMY BEKTODY: (yQ, yl) = 0. CraJjsipuo

ymuoxkuM obe actn (8) na y: (y,, y,) = (z,, y,) + A, (y,, y,) = 0. Torna

A = — (:B?’ yl)
21 .
(yl’ yl)
3. Tperwuii HOBBII BeKTOP
y3 = m3 + A31y1 + A32:y2‘ (9)

Koncranror A, , A,, onpejennm n3 tpeboBaHust OPTOrOHAIBHOCTH Y, Kak Y ,

319
TaK U Y, (yB, yl) =0mu (yB, yz) = (. [IpeobpazoBanusi aHAJIOIUIHBI BHITOJI-

HEeHHBLIM Ha 2-M 3Tarle.

k-it sran. ITycth y>ke mocTpoenbl HOBbIE BEKTOPBL Y , Y., - - -, Yi_,. KoHCTpyH-

pyeMm k-it HOBBIII BEKTOD:
Yp = Tk + A, + MY + oo+ Ak Yy (10)

KoadpurmenTsr A... cHOBa OTBLICKUBAIOTCS U3 TpeOOBAHUN OPTOrOHAJLHOCTH:

Y.Ly, vy, ...,y,_,. Herpynno nonyunrs ciaepyroryo obiyo GopMyiLy s
koaddurmenton B (10):

M= B Y) o

(Vs Ys)

[Togcramss waiigernsie Koaddurmentsr B (10), OKOHIATETHHO HMEEM:

(:Bka y1) (wka yz) (wk, yk—l)
Y =Ty, — ——Y — —— Y — ... — Yi_, -
g (y17 yl) ' (y27 yz) ’ (yk—17 yk—l) o
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13 :

Oproronaymsarust o I'pamy-IImuary *° ocymecrsiena; Op TOTOH A I b -
Ha s CUCTeMa BEKTOPOB IMOCTPOeHA. dTOObI MPEeBPaTUTh €6 B OPTOHO P M 1 -
POBaHHY IO, HAJIO HOPMUPOBAMb KaXKJIblii BEKTOP, T.e. CIIeJaTh €ro JIJUHY

eJIMHNIHOM. /[ 9TOTO mogeuM KayK/iblii BEKTOp Ha, €ro JIJIHHY:

Y Yy Yy
e, =1 e =2 .. e ="
Y. | .| Yl
OpToHOPMUpOBAHHASI CUCTEMa BeKTOPOB {e,, €,, ..., e;} mojayueHa.

14. OpToHOPMUPOBAHHLIA Oa3uC

Ecnun BekTopbl 6asnca obpasytoT OpTOroHabHYO CUCTEMY, TO 6a3nNC Ha3bIBaeT-
ca OPMO20HANDHBIM.

Ecnn BekTopbl ba3uca obpasytoT OpTOHOPMUPOBAHHYIO CUCTEMY, TO Dasnc Ha-
3bIBAETCS OPIMOHOPMUPOSaHHbIM 2.

CrenaHHBIM B IpebLayIneM maparpade (pakTuiecku JToKa3aHa,

Teopema (o cymecrsosannn OHB).
B n-meprom esraudosom npocmpancmee E, cyuecmeyem opmonopmuposat-
Mol 6a3UC.

HokazarenbcTBO. Boibepem B E, Kakune-aubyib n JAHEHHO
HEe3aBUCHMBIX BEKTOPOB. OHU 00pa3yroT Da3uc MpoOCTPaHCTBa, BOODIIE rOBOPS,
He OPTOHOPMUPOBaHHLIA. [IpuMenss K sTomy 6asucy mporeaypy OpTOrOHAJIN-

3alliH, IIOJYIUM OPTOroHaJbHBIH Oasuc. HopMupyst KaxXjplit 13 ero BeKTOpOB,

puJIEM K OPTOHOPMUPOBAHHOMY 6a3ucy rnpocrpancTBa [, uro u TpedboBasioch.

CBoiicTBa OPTOHOPMUPOBAHHOTO Da3uca

1. Ckanspuoe npoussenenne B OHB

HanomuumMm, 9T0o B Ipou3BOJILHOM 0a3uce eBKJIMIOBa MPOCTPaHCTBa F), cKa-
nsiproe nponssesenne (¢, y) = X' TY, rue T' = (g;5) = ((e;, €j)) — ma-
tputia ['pama. [Iycth Teneps BeiOpanHbIil Oa3uc npeacrasisger coboit OHB. To-
rna (e;, ej) = d;j, n Marpuna ['pama cTaHOBUTCS € JMH U 9 H O i MaTpHIeil:

I'=F.

139pxapJ1 Mmuar (E.Schmidt, 1876-1959), nem. maremaruk. Ilepsbiii aupekrop Maremaruueckoro ut-
cruryra AH TJIP.
14H11/1p0K0 pacnpocrpanena abopesuarypa «OHB» mns "opronopmuposannoro 6azuca', KOTopoit u Mbl

OyIeM MMOb30BATHCS.
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Dopmyna CKaIAPHOTO IIPOU3BEICHUS ynpormaercs: (zc y) = XTY. Ecm

BEKTOPbI &, Y passoxkenn 10 OHB: & = Z o e,y = Z Bj e;j, TO TmoCe s
i=1 j=1

d)OpMyJIa 3allUChIBa€TCA B KOMIIOHEHTaX KaK

5.2 :alﬁ_l—l—oz2ﬁ_2—|—...—|—oznm.

Bcee BoienpuBeiénabie  OpMYyJIbl 3TOTO mnaparpada OTHOCATCS K CJIydato
KOMTJEKCHOTO €eBKJINJI0Ba MPOCTPaHCTBa. B BemecTBeHHOM F), BCIOLY
ncUIe3aeT depTa — 3HAK KOMILJIEKCHOTO COMpsyKeHusd. B 9acTHOCTH, MOCTe HsIs
dopmyiia puHUMaeT TPAJSUIMOHHBIN, U3BECTHBIN 13 BEKTOPHON aredpbl BUJIL:
(x, y) =8, + a6, + ...+ anfh.

2. OproronajibHas MPOEKINsT BeKTopa x Ha HanpaseHue [

[Ip;z = |z cos(:c/,\l) \:c\ ||l| = (x, l,), rne I, — opr ocu npoexiy.

Urak,
[Ip;x=(x, ).

Dta dopmysia MPUTOLHA TOJHKO B CJIydae BeEI[eCTBEHHOT O eBKJINI0BA
IPOCTPAHCTBA (HAIOMHIM, 9TO B KOMILIEKCHOM ITPOCTPAHCTBE YTOJI MEXKJTY BEK-

TOPAMU He OTIPEJICIIEH ).

3. Koopmmnrarer sekropa B OHB Bemecrsennoro F,

n
PaccmoTpum cKaJiipHOE TPOM3BEJIeHNe BeKTopa & = Y «a; e; Ha k-it Oa-
n n
3UCHBIT BekTOp: (T, €p) = (Z o; e, ek) = > «;(e;, er) = ap. Wraxk,
i=1 i=1 HF/
=0k
ap = (x, e), Tre. mo m.2 kKoopnuuarta Bekropa B OHB ectsp

(oproronajJbHAasd) NPOEKI[US BEKTOPpa HA COOTBETCTBY -

IOy KOOPJUHATHYII OCb.

4. JInuaa BEeKTOpAa
Dopmyna |x| = +/(x, ) yausepcaabua. B OHB eBkimoBa npocrpancrsa

BbIpazKeHune JiJjigd  JJIMHBI  BEKTOPa 4Yepe3  €ro KOOPAMHATbhI HMMEET BH]JL

x| = Voo, oo, + .+ oo B KOMILJIEKCHOM  IIPOCTPaHCTBE "
1771 2772

|| = \/a? +aZ+ ...+ o (B BeNEeCTBeHHOM IPOCTPANCTEE).
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15. Ilepexom or OHBb x OHB

1. Marpuna nmepexoga or OHB k OHB. Ilycrs B eBKINI0BOM IIPO-
crparcTBe F, 3aJaHbl IBa OPTOHOPMUPOBAHHBIX Dasuca € = {e,, e,,...,€e,}
! __ !/ !/ !/
e = {el, eQ,...,en}.

PackiajpiBast KaxKblil U3 HOBBIX DA3MCHBIX BEKTOPOB 110 cTapomy Oazucy
/ J—
ek — tlk el —I_ tzk 62 —I_ . .. _|_ tnk en, k — 1,”,

1 pacrosarasg KodpMUIMEeHTbI pa3I0yKeHusl 0 CTOJI0IaM, MOJIYIUM M a T P U -

ny nepexona T orexe:

tll t12 . tl’I’L
T: t21 t22 . t2’I’L
t’l’Ll tTLZ t’I’L’I’L
Borancium rerepb
tll t21 t’nl E E E
TTT: t12 t22 tn2 t21 t22 t2n —
tin ton tan) Nty lne tnn
1
(€he) (ehe) o e\ (50
(en €]) (e e) - (e en) 00 ...1

Epuanvanas MaTpua moJaydaeTcsa MOTOMY, 9TO CKaJspHbIC TPOU3BEICHUS BbI-
qucsrores Ha BekTopax OHB.
Urak, TTT = E win (nocie KOMILIEKCHOTO COpsizKenust obenx qacreil pa-

BEHCTBA)
TTT=E = TT=T"

Bceé nanmcanHoe cripaBejijIuBO JIJIsi cjiydass KOMIJ € KCHOT O eBKJINJIOBa
MIPOCTPAHCTBA.

B cnyqae B e 17, eCTBEHHOTO eBKJII/Iﬂ‘OBa HpOCTpaHCTBaZ
T"T=FE = T'=17"1

MaTpuua A HasbiBaeTca ynumaprotl, €CNn OHa YOOBNETBOPSAET YCIOBUIO
ATA=AAT = FE wmn AT = A1
AmajioroM yHATAPHO MATPUIILI B BEIIIECTBEHHOM CJIyUae SIBJISIETCS O P T O -

romaJbHad MaTPpHUIlA.
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MaTpuua A HasbiBaeTCs 0pmo20HaAbHOT, €CNUN OHA YAOBNETBOPSIET YCIOBUIO
ATA=AAT=F nwm AT = A1

Takum obpazom, wMaTpuiia nepexonga ot ogunoro OHDB

eBKJUZOBA mpocTpancTBa K agpyromy OHB aBangercsa

YVHUTAPHOW B cJaydae KOMIJEKCHOIO NPOCTPaHCTBA U

OPTOTrOHAaJNbHONH — B BENMECTBEHHOM NPOCTpPaHCTBE.

2. CsoiicTBa yHUTAapHOI (OpTOTOHAJIBHOIM) MaTpuIlbl. 1. Cronbiamu
MaTPUIBI ABJIAIOTCA KOOPJANHATH OPTOHOPMHUPOBAHHBIX BEKTOPOB;

2. Crpoku Toke 00pa3yoT OPTOHOPMUPOBAHHYIO CUCTEMY;

3. Bce cobcTBeHHbIe 3HAYEHUS 110 MOJIYJIIO PABHBI €IMHUIIE;

4. Oupepgenuresib OPTOrOHAJBLHON MaTPHUILI paBeH £1;

5. Onpegenuressr YHUTAPHOW MaTPUIIBI IO MOJYJIIO paBeH 1.

[lepBbie JBa CBOHCTBA MPSIMO CJIEAYIOT U3 OMPEETCHUsT YHUTAPHOH (OpTO-
POHAJILHOM ) MATPHIIBI.

Tperbe croiicTBo Oyjer jnokaszano wuxe (C.42).

st JokazaTeneTBa 9eTBEPTOrO CBOMCTBA BLIYUCIUM ONPEICIUTeL 00erx

qacTeit paBencrsa A AT = E:
T T 2
ALAT = [A[A] = A =1 = [A] = +1.
[Tsiroe ¢BOMCTBO JIOKA3LIBACTCS aHAJIOMUYIHO.

3. IIpeobpa3oBaHe KOMIIOHEHT BEKTOPA M MAaTPHUIBI OMepaTopa.
HamoMuuM, 9T0 B 00IEeM ciydae KOOPJAMHATHI BEKTOpa TPH Tepexojie K HO-
BOMY Gasncy npeobpasyiorcs kak X' = T ' X, rie T — marpuia mnepexosa
oT craporo Hasuca € K Hopomy basucy €. OnHako B ciiydae OpTOHOD M U -
POBAaHHOCTHU 0b0OMX 6A3MCOB MATPUIIA MTEPEX0Jia OP TOTOH A J b H a, UTO
NMO3BOJICT 3aMeHUTh B bopMysie mpeobpazosanus 11 na T' (necpapnenso
Jlerde TpaHCIIOHUPOBATH MATPUILy, YeM 0OpaTnuTh ed!); OKOHYATEeJIHLHO, TIPU Tie-
pexogie ot onroro OHB x apyromy OHB koopuHaTsr BekTOpa mpeobpasyorcst

0 3aKOHY

X' =7T"X.
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Benomuum  reneph  3akon  npeobpaszosanusi MaTpuilbl oneparopa: A’ =
=T ' AT. B cayuae 3amenni ognoro OHB apyrum OHB dbopmysa yiporia-

CTCHd.
A =TTAT.

[IpuBesénnnie (GopMysbl CIpaBeIUBbBI B CJIydae BEI[€eCTBEHHOTO
eBKJIMJIOBA, ITPOCTPAHCTBA. B KOMIIJI€ KCHOM IPOCTPAHCTBE HAJI0 yUIECTh

yHuTapHOCTH Marpuis nepexoga or OHB k OHB u 3amenuts T~ Ha
TT.

16. CsoiicTBa Mmarpunbl I'pama

B 1. 12 BBesena marpuia ['paMa, sjgeMenTaMyu KOTOPO SIBJISIIOTCS CKAJIsp-
Hble [POM3BEJICHMs Oa3nucHbIX BekTopos: I' = (g;;) = ((ei, ej)). Paccmorpum
3/1eCh HEKOTOPbIE e€ CBOMCTBA.

1. Ceasv mampuy, I'pama 6 pasnwix basucar

Borancium  MaTpudHBI  3JIeMeHT MaTpuilbl ['pamMa B HOBOM 0Oasuce

gl = {e;, e;,...,e’n}:
gi; = (e, €j) = (Z tri€k, Ztljel) = Ztkz’ tij Gri-
k 1 kl

B marpuunoMm BHJIE:
I'=TTTT. (11)

2. Onpedeaumens mampuuv, I'pama 106020 6azuca nososxicumenen

Heitcreurenbio, mycrh Matpuia ['pama npeobpasyercs no 3akony (11) w3
OPTOHOpPMHUDPOBaHHOTO basuca e = {e,, e,,...,€,} B IPOU3BOJIbHbIII
basuc €’; Torna I' = E, u [V = T T. BeruucanM onpeesnTensb obenx dacTeil
paBeHCTBA! ‘F" = |TT‘ ‘T| = ‘T|2 > (0, uT0o 1 TPebOBAJIOCH JIOKA3ATh.

o cux nop paccmMarpupajach Marpuia I'paMa Ha BEKTOpax HEKOTOPOIo
Gazuca. MoKHO BBECTH ¢ JIJIs TPOM3BOJILHON CHCTEMBI BEKTOPOB.

3. llycrb @, @,, . .., &) — NpousBoOJIbHLIE (He 0053aTEIHHO JIMHEHHO HE3ABY-
CHMBbI€) BEKTOPBI €BKJIMJIOBA TPOCTPAHCTBA. Tor/Ia onpeenTess CoCTaBIeHHOM

Ha HUX MaTpuInl ['pama

(wu :131) (3317 CCZ) (wv wk)
detI' =

(@1, ) (T4, 2,) ... (T4 )
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MOJIOYKUTEJICH, €CJIM BEKTOPhI JIMHEHHO HE3aBUCHUMbI, U PaBEH HYJIIO, €CJIU OHU
JINHEUHO 3aBUCUMBI.

IlepBoe yTBep:kJeHne ciegyeT 3 2-TO CBOHCTBA, T.K. €CIH &, L., ..., Lf
JIMHEHO HE3aBUCUMBbI, TO OHU 00Pa3yloT 0a3WUC MPOCTPAHCTBA, SBJISIONIErOCs
UX JIMHEHHOW 000JI0UKOii.

[okakeM BTOpoe yTBep:KJeHue. Kcim BEeKTOpbl JIMHEHHO 3aBUCHUMBI, TO
BBIIIOJIHCHO DaBEHCTBO o, &, + a,&, + ... + apxp = 0, npuuéM He BcCe
KO3(DMUIMEHTHI (v PABHBI HYJIIO. Y MHOXKasi 9TO PABEHCTBO CKAJIIPHO Ha KarK-
JIbIIT U3 BEKTOPOB &, &,, ..., L), NOJIYIUM CUCTEMY JIMHEHHBIX ypPaBHEHU

a (x,x,) + o, (x,z,)+ ... +ap(x, ) = 0,

o, (xr, ¢,) + «a,(zr, )+ ... +ap(zg, ) = 0,
KOTOPO# yJIOBJIETBOPSAIOT KO3(MDMOUIMEHTHI v, O, . .., ;. 1IOCKOIBbKY JaHHasd
OJHOPOJJHas CHCTEMa UMeEeT HEeTPpHUBUAJI bHOE pelleHne, onpeje-
auresib €6 Marpuipl (T.e. Marpuipl ['pamal) mo/keH paBHATHCS HYIIO, 9TO U
TpebOBAJIOCH JIOKA3AT.

4. Csoticmsa cummempuu mampuus, I'pama

[TockostbKy B BeIIeCTBEHHOM MPOCTPAHCTBE MATPUUHBIA JIEMEHT MaTPHUIIHI
Ipama gij = (@i, ;) = (zj, ©;) = g;i, T0O Marpuna ['pama He U3MEHUTCA IPH
TPAHCIIOHUPOBAHUH.

Urak, B BemecTBEHHOM EBKJHUJOBOM IMNPOCTpPaHCTBRBE

MaTpuila 'pamMa cCUMMEeTpPHYHa:
' =r.

B kommiekcnom npocrpanctse gi; = (i, ;) = (x;, ;) = gj;, re. [ =TT,
Brejiém onpejiesenue:

MaTpuua A HasbiBaeTCs apMumosoti ™, ecin oHa yAOBNETBOPSET YCAOBIO

AT = A,

Nrak, B KOMIJIEKCHOM €BKJIMJOBOM MNPOCTPAHCTBE Ma-
Tpuia 'pamMa 3pMuTOBaA:
r=rT.

15H_I.9pMHT (C.Hermite, 1822-1901), dpanu. maremaruk. [TosuaoMbl DpMuTa, SpMUTOB ONEPATOD, SP-

MHUTOBO COIPAXKEHNE UIPAIOT BaXKHYIO POJIb B KBAHTOBOU MeXaHUKe.



38 I. JMHENHAS AJITEBPA

17. OnmepaTopbl B €BKJINIOBBIX MPOCTPAHCTBAX

[Myctb A — nuHeliHbili onepaTop, AENCTBYIOLWINA B €BKAUAOBOM MPOCTPaHCTBE
E,,. Onepatop A* HasbiBaetcs conpasicénmnvim onepatopy A, ecin (A:I:, y) =

= (az, A*y) ans nobbix BekTOpoB X, Y € I,

1. CBa3b MexK/ay MaTPUIIAMU B3ANMMHO COIPA>KEHHBIX OII€PATOPOB.
Haiiném MaTpuiry conpsKEHHOTO orepaTopa.

[Tycrs B Gazuce € = {e,, €,,...,€,} KOMIUIEKCHOIO €BKJIMJOBA POCTPAH-
crBa F,, omeparopy A coorBercrByer marpuiia A, oneparopy A* — marpuia

A*, BekTopaMm @ 1 y — cTosbinl Koopauaar X un Y coorBercTBenno. Torma

(Az, y) = (AX) TY =XTA'TY, (12)
(z, A'y) =X TAY =XTAY. (13)
[To ompenenernio conpsiKEHHOTO omeparopa Bbipaxkenust (12) u (13) pasbl,

TOrJlA, CpaBHMBad nX okondanus, noaydaeM A = TA* wm A* = T-1A'T.

Hrak, MaTpuiia CONPsiKEHHOTO OIIePATOPa BBIUNUCISETCs 110 (POpMYyJIe

A*=T-1ATT.
Ecim 6aszuce opronopmupoBan, ol = FE udopmyna yrporiaercs:
A* = AT, (14)

Hakonen, ecian Borauciaenust pegyres B OHB  BemecrBennoro

eBKJIMJIOBA MTPOCTPAHCTBA, (pOpMyJia pUMeT HauboJiee MpocToit BU/L:
Ar=AT

2. CsoiicTBa cONps>KEHHOTO OIIepaTopa.
(1) (AB)" = B*A*.
B camom nene, ((AB):B, y) = (A(BZB), y) = (BCB, A*y) =
= (:13, B*A*y)
(2) (A*)" = A. ) )
HeiicTBUTENIHHO, (Azc, y) = (az, A*y) = (A*y, a:) =
= (v, (47)'2) = ((4")"=,
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(3) (A+B)" = A* + B*.

JlokazarebcTBO: ((A—i—B)zc, y) = (Azc—l—Bzc, y) = (ACC, y)+
+ (Bm, y) = (az, A*y) + (:13, B*y) = (a:, A*y+ B*y) =
= (:13, (A* + B*)y)
(1) (AA)" = XA*,
JlokazaTeabeTBo: (/\Am, y) = /\(Am, y) = /\(:13, A*y) =

(zc, XA*y).
(5) (A*)_l = (A_l)*, ecsm onepatop A HEBBIPOIKJIEH.

18. CamocornpsKEHHbII orepaTop

OnepaTop A, aeiicTeytownii B KOMINEKCHOM E€BKAMAOBOM NpocTpaHcTse E,
Ha3bIBAETCS CAMOCONPANCENHBM (IPMUMOBHIM), ECIIN A = A* v (Am, y) =
— (=, Ay).

Ecnu eBKNMAOBO NPOCTPAHCTBO BELLECTBEHHO, COOTBETCTBYHOLLNIA ONepaTop Ha-
3bIBAETCA CUMMEMPULHIM.

Hius Toro 4TobB omepaTop A Gpra SPMHUTOBBIM, HEOO-
XOJQMWMO M JOCTAaTOYHO, 4TOOB €T0 MaTpuia B JIOOOM
OHB 6bisia apMuToBOIii Do caepyer uz (14).

Anajormago, MaTpHUIla CHEMMETPHIHOTO OIDEepaTopa B
niobom OHB cuMmmMmerpuuda.

JTo60ti onepamop A moorcno npedemasums 6 sude cymmv, A = Al + z'AQ,
2de Al u AQ — APMUMOBHL ONEPATNLOPDL.

JlJ1s1 MoKa3aTe/bCTBa 9TOr0 YTBEPKJIEHUsT COBEPIINM TOXKIECTBEHHOE IIPeod-

pas3oBanue:

OpmuToBocTh oneparopa A, ouesnmna. [lokaxewm eé nia A,:

i - (AQA) = (A-A) =- (4 -4)= 4,

A

Urax, A

, — 9PMUTOB OIEPaTOP.
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1. CsoiicTBa cOOCTBEHHBIX BEKTOPOB 1 COOCTBEHHBIX 3HAYUEHUI 3P-
MHUTOBa omeparopa. 1. Cobcmeentbie 3HAMEHUA IPMUMOBAE ONEPATOPL GE-
WLECTNBEHHDL,

TTycTh & — COBCTBEHHDIH BEKTOP 3PMUTOBA olleparopa A, COOTBETCTBY Ol
COOCTBEHHOMY 3HAUYEHUIO A: Az = \x. CxaJisipHoe MpON3BeIeHIe (A:c, zc) =
= (/\m, :1:) = /\(:1:, m) C npyroit cTOPOHBLI, B CHJIy SPMHUTOBOCTH OIlEpaTOPA
A, (Am, :1:) = (m, Aa:) = (:1:, /\m) = X(m, :1:) Nraxk, /\(m, :1:) = X(m, m)
Ho (zc, :13) #0, k. € # 0 (x — cobersennbiii Bektop!). Tloatomy A = ), Te.
cOOCTBEHHOE 3HAUEHNE A\ — UHUCJIO BEIeCTBEHHOE.

CunepctBue XapaKTepUCTHUIECKHE UKUCIA, CUMMETPUYHON MaTpPHUIILI Be-
IIECTBEHHDI.

2. Cobecmeenmbie 8EKMOPLL IPMUMOBA ONEPAMOPG, OMHOCAULUCCA K PA3AUY-
HOLM COOCTNEBEHHDIM 3HAYEHUAM, OPTMO20HANDHDL.

[TycTh 719 SPMETOBA OMePaTopa A BEKTODDI 1 Y ABIAIOTCA COOCTBEHHBIMMA
BEKTOPaMW, OTHOCATIIMMUCST K P a3JI U9 H Bl M COOCTBEHHBIM 3HAUECHUSIM A\ U
{4 COOTBETCTBEHHO: Az = Az, Ay = py, npuaém A\ # p. Jokaxkem, d9ro
(m, y) =0, re. zly.

CxaJisipHOe IIPOU3BEICHHIe (Aa:, y) = (/\:1:, y) = /\(m, y) Ho omneparop
9PMHUTOB, MO3TOMY (A:c, y) = (zc, Ay) = (:c, uy) = ﬁ(zc, y) = ,u(zc, y)
(BBIIIE JIOKA3AHO, YTO COOCTBEHHBIE 3HAYEHUST IPMUTOBA OllePATOPA BEIECTBEH-
net). Urak, Mz, y) = p(z, y) = A —p)(z,y) =0 = (x,y) = 0, uto u

~——

#0
TpebOBAJIOCH JIOKA3AT.

3. Tlycrh A — 3pMUTOB OIepaTop, JAeHCTBYIONMH B eBKINIOBOM IPOCTPAH-
crBe F,. Torma B aTom npocrpanctee cymiectsyer OHB u3 cobcTBerHbIX BEK-
TOpoB omepatopa A, B KOTOPOM MATPHIIA OMEpPATOPa JMATOHAIA3YETCS, T.e.
SPMUTOB OIIEPATOP UMEET MPOCTYI CTPYKTYPY.

Cuaepgcrsue. [lycrb A —spmuroBa (cummerpudnast) marpuia. Torua cy-
ecTByeT yHurapHas (oproronadbhast) marpuia T — rakas, aro A’ = TTAT
(mmm A’ =TT AT) ecrb BelecTBeHHast JUaTOHa b Ha s MaTpUI.

JTeficTBUTEIHHO, YCTh OMepaTopy A B HEKOTOPOM HCXOIHOM OPTOHODMH-
pPOBaHHOM Ha3Mce COOTBETCTBYeT Marpuia A, a B OPTOHOPMUPOBAHHOM Dasuce

13 cOOCTBEHHBIX BEKTOPOB — JmaroHasbHas marpuia A’ ¢ (BemecrBeHHbIMY )
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COOCTBEHHBIMU 3HAYCHUSIMU 110 IJIaBHOM jmraronasu. Marpuiia orneparopa mnpe-
obpazyercs 110 3axony A’ = T~V AT, 1o, HOCKOIBKY 00a 6a31ca OPTOHOPMUPO-
BaHHbIC, MATPHIA Hepexosa yanrapha: 11 = TT (B BelecTBeHHOM CIydae —

oproronasbha: T—1 =TT).

2. Haxoxaeanme OHB u3 coGcTBEeHHBIX BEKTOPOB M JIMAarOHAJIN3a-

g MaTPUIbl 3PMUTOBA OIIepaTopa.

(1) Perurh xapakrepuctudeckoe ypaphenue |A — AE| = 0 st Marpu-
bl OIepaToOpa B MPOU3BOJILHOM 0A3KCe; KOPHAMU YPABHEHUS SIBJISIOTCSA
XapaKTePUCTHICCKUE TUCIa MATPHUIILI — COOCTBEHHDBIE 3HAYCHUST OllePa-
TOpA;

(2) Haiitn cobcrBeHHbIe BEKTOPbI, COOTBETCTBYOIINE KaXKJOMY CODOCTBEH-

HOMY 3Ha4Y€HHIO.

(a) A, — mpocroii (HEBBLIPOXKJIEHHBINA) KOPEHb; €My COOTBETCTBYET
O /1 ¥ H CODCTBEHHBIl BEKTOD &, KOTOPbIH CJiejiyeT HOpMUPOBATH;
A, — TOXe MPOCTOil KOPEHb; COOTBETCTBYIONNIT €My COOCTBEHHBIN

BEKTOD &, L @ ;

(b) A — BBIPOXKJICHHDIN KOPEHb KPATHOCTH T°; €My COOTBETCTBYIOT T JIU-
HEeHO He3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB, KOTOpPbIe He 00 -
3aTEJbHO OPTOTOHAJDbHBLL Kcinm npoBepka MOKa3bIBaeT
HEOPTOTOHAJIBLHOCTDL BEKTOPOB, NMPUMEHUThL K HUM IHPOLEJLYDPY Op-

TOT'OHaJIN3aIlnn. HOpMI/IpOBaTb [IOJIy4YUBIIHECA BEKTOPHLI.

B nocrpoennom OHB matpuiia omneparopa jguaroHajbHa, HPpUIEM IO TJIaB-
HOI JMArOHAJIM PACIIOIArafOTCs COOCTBEHHBIE 3HAUEHUSI — B TOM YKe IOpPsIJIKe,

B KOTOPOM B3ATHI cOOCTBEHHDIC BEKTODPHLI.

19. YHUTaApHBII 1 OPTOTOHAJIBLHBIN OIEpPATOPHI

~

Onepatop U, aeiCTBYOLWMA B KOMMAEKCHOM €BK/JWNAOBOM MPOCTPAHCTBE, Ha-
3bIBAETCS YHUMAPHDIM, ECIN U =UU=E.

B BeleCcTBEHHOM €BKANAOBOM MPOCTPAHCTBE aHANOrMMYHbIV ONepaTop Ha3blBa-
eTCs 0PMO20HANDHIM.

ITycts B mekoropom OHB omeparopy U coorBercTByer Mmarpuna U, Torma

conpsikénnomy oneparopy U* 6yger coorsercreosarh marpuna U'. Coriacto
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OIpPEJICJICHUIO YHUTAPHOTO ONEepaTopa TMOJIyIuM UUT = Ewm U™t = UT, a
9TO, KaK M3BECTHO, OIpPEJIeJICHNe YHUTAPHOW MaTPUILHI.
Urak, B OPTOHOPDMHUPOBAaHHOM Oa3uWuce YHUTAPHOMY
OnepaTopy COOTBETCTBYET YHUTApHAST MaTpHIIA.
Anajormano, oproromanabuHaoMy omepatopy B OHDB coor-
BETCTBYeT opToronaidbuad MaTpuma: Ul =UT.

CaoiicTBa yHUTApPHOTO OMmepaTopa

(1) Yuumaproiii onepamop coxpansem craraproe npoussedenue.
HeiicTBUTeIBHO, (ﬂm, ﬂy) = (:1:, u* ﬁy) = (:1:, Ey) = (m, y)
Ob6paTHO, BCSIKHUIT omeparop, COXPaHSIIONIN CKAJISIPHOE MTPONU3BEIe-

rue, yauraper. CoxpaHeHne CKaJasipHOrO TTPON3BEIEHNsT TPUBOIUT K CO-
XPaHeHUIO JJIMH BEKTOPOB U YIJIOB MEXK/Iy HUMMH; B YACTHOCTHU, YHUATAP-
Helii oneparop nepesogut OHB B OHB.

(2) Cobecmesennvie 3nauenus YHUmMaprozo ONEPamopa pagHuvs no Mody.ao

edurue.

[TycTs & — cobCTBEHHDII BEKTOP YHATAPHOTO OIMEPATOPA U, coorser-
CTBYIOIIUiI cOOCTBEeHHOMY 3HadYeHUIO A. Tora (ﬁaz, ﬁm) = (:1:, m) C
JIPYTOii CTOPOHBI, (ﬂzc, ﬂ:c) = ()\:c, )\:13) = )\X(zc, :c) 13 cpaBuenus
JIBYX BBIpayKeHwil mosydaem, 9o A\ = |2 =1 = |A| = 1.

Hrak, CHeKTp yHHTApHOTO OIeparopa MIPUHAIICKHUT €INHIIHOM
OKPY?KHOCTH KOMILJIEKCHO ITJIOCKOCTH.

(3) Onpedesumennv yrumapnot mampuyv, pasen no Modyao edunule.
HokazarenncTo cm. Ha C. 35.

(4) Mampuya ynumaprnozo onepamopa U 6 Komnaekchom esraudosom npo-

cmparcmee duazonasusyema 6 basuce u3 coOCMEEHHVIT GEKMOPOS u.

Taknum obpasom, yautapubiii oneparop W ecth omepaTop Mpo-

CTOW CTPYKTY D BL

VTak, yHuTapHbBIil orrepaTop u nepesogut OHB B OHB, a Mmomyib onpegesn-
TeJIsT MATPUILBI u pased £1. OcraHOBUMCsT HA TEOMETPUUIECKOM CMBICJIE O P T O -
ronadbioro Us Belecrseniom JIByMEPHOM €BKJIMJIOBOM ITPOCTpaHCcTRE F,
B 3aBucumMocTr ot 3Haka det U.

Eciun det U = +1, To oproronajibHOe Ipeodpa30BaHUe IJIOCKOCTH HPEJICTa~

BJIsteT cODOM O BO P O T BOKPYI Havaja KOOPJAMHAT Ha HEKOTOPBI yroa ¢ (B
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JACTHOCTH, TOXKJICCTBEHHOEe npeobpasosanne npu ¢ = 0 u neHTpaabHas CUM-
Merpust (uiu uneepcusa) npu ¢ = . Ecam ke det U = —1, To umeer mecto
oceBas CEUMMETDHs (OTpayKEHUE MIOCKOCTH OTHOCUTEILHO OCH CHMMET-
pun).

OTcrofa CIeyloT ABe TCOPEMbBI, UIPAIOIIME BAYXKHYIO POJIh B KPUCTAJLIOTDA-
Jun:

IIpoussederue dsyxr 0cesvLr CUMMEMPUT ACAACTNCA NOGOPOMOM GOKDPY?2
mouku nepeceuenus ocel cummempuy, (T.K. 3T0 OPTOrOHAIBHOE TPeobpa30Ba-
HUE ¢ olpejiesinTesieM, paBHbiM +1).

IIpoussedenue nosopoma u 0cecoti cummempuu, ocb komopot nporodum
uepes UEHMP NOGOPOMaA, AGAALMCA 0CEGOT CUMMEMPUET, OMHOCUMENDHO HEKO-
mopoti Ho6oT ocu, npoxodauLeti wepesd my sce mowky (T.K. T0 OPTOrOHAIBLHOE
peobpasoBaHUe ¢ OMpEeJIeTuTeIeM, paBHbIM —1).

B Tpéxmeprom npocrpancrse ciaydait det U = +1, cOOTBETCTBYET 110 B O -
pory (BpalleHHIo) CHCTEMbl KOOPIMHAT (TP 9TOM TIpaBasi CHCTEMa KO-
OpJIMHAT TIePeXOUT B MpaBylo, jieBas — B JeByio), a detU = —1 — necoo-
CINGEHHOMY WA 3EPKAALHOMY TOBOPOTY, KOTOPBIH MOXKHO MpEJICTABUTL Kak
KOMOWHAITUIO TIOBOPOTA, U OTPAYKEHUST B IIOCKOCTH CHMMETPHHU (TIPH 9TOM pa-

Basi CHCTEMa KOODJIMHAT TTEPEXOUT B JIEBYIO U HA0DOPOT).

20. JImneitabie POPMBI

B (BewecTBeHHOM) ANHENHOM BEKTOPHOM mpocTpaHcTee L 3ajaHa aumnelinas
popma (aunetinan dynryua) f(x), ecnin kaxgomy BekTopy € € L NocTasieHo B
cooTBeTCTBME YU cno f(x) Tak, YTO BbINOMHEHbI ClefytoliMe CBONCTBA:

L fx+y)=f(z)+ f(y)

2 flow) = af(x),
rae @, Yy — Npov3BOJbHbIE BEKTOPbI 3 L, o — NPON3BOILHOE HUCIIO.

[Iycrs B mpocrpancTse L, BeiOpan Gasuc € = {e,, e,, ..., e,}. JIioboii Bek-

n
T0p ® € L, MOXHO PasjoxKWUTh [0 BeKTopaMm Dasuca: € = Yy x;e;. Torja
i=1

smueiinag Gopma f(x) = f | Y. xe; ) = > z;f (e;). Oboznaunw f (e;) = a;.
i=1 i=1
HYucaa a; HAB0BEM koapduuuernmamu TAHEHHON HOPMBI.

Nrak, B durkcupoBanHoM Oasuce JjuHeiiHas ¢opma npuauMaet Buj f(x) =

= a,x, +a,x, + ...+ apry, vIC T , T,,...Ty, — KOOPDAMHATHI BEKTOpa &, a
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KoadduimenTer GOpMLI @, Ay, ...,0, HE 3aBUCAT OT &, OHU ABJISIOTCS
3HAYCHUSAMU JTMHEHHON (DOpMBI HA DA3UCHBIX BEKTOPAaX.
DopMaJIbHO 3TOMY BBIPAYKEHUIO MOYKHO TPUIATH BUJI CKAJIIPHOTO MPONU3BE-

JIEHUsI BEKTOPa & Ha BEKTOP @, COCTABJICHHBIN M3 KO3(DDUIMEHTOB JIMHEHHOM
€T, a,

bopmbr: f(x) =(z,a)=X"F,rne X =( : |, F={ :
T a,
Haiiném 3akon mpeobpazoBanusi ¢Tosi01a KOIPMUIIMEHTOB JUHEHHO! (hop-

MBI TIPH TIepexojie K HoBomy Gasucy. Ilycts crapoiit 6asuc e = {e,, e,,...,e,}
3aMEHEH HOBBIM & = {e;, e, ..., eﬁl}; T — wmarpuna nepexoja or € K €. JIn-
neitnast popma samuchibaerca Kak f(x) = X' F B crapom Gazuce u B Buje

flz) = XTF' — B nosou Gazuce. [IpupaBHUBast BIPAYKEHUS! U yIUTHIBAS 3aKOH
npeobpazosanus Koopunar sekropa X = TX', noayunw: X TF = X TF =
= (TX")' F=XTTTF. Orciona

F'=T'F. (15)

21. bununeiiabie popMbI

Myctb ntobbiM AByM BekTOpam @, Y (BeLLEeCTBEHHOTO) INHERHOrO NPOCTPAHCTBA
L, craBntcs B cootsercteue 4ncno A(x, y). Ecin A(x, y) yrosnersopsier

YCNOBUSAM

L A(z +2z,y) = Az, y) + Az, y);
2. AQdx, y) = MA(z, y);

JINHENHOCTb
no NepBOMYy aprymMeHTy

3. Az, y+ 2) = Az, y) + Az, 2);
4. Az, \y) = NA(z, y),

10 A(2, y) HasbiBaeTCs Ouaunetinot gopmot. 3aece z € L, — npou3BonbHbIN

JINHENHOCTb
no BTOPOMY aprymMeHTy

BEKTOP, @ A — MPOU3BOJbHOE YUCNO.
Haiijiém Boipaxkenne OmanHeiiHo# (hopMbl Uepe3 KOOpInHAThHl BEKTOPOB, sIB-
JSIOMNUXCc €€  apryMeHTaMu. Bseném B mpocrpancrsBe L,  6asmuc

e={e, e, ...,e,} v PA3IOKNM BEKTOPbl & W Y 1O HEMY: & = > T;€;, Y =

i=1

= > yi. ey. Bunmneitnast popma mpumer BuT;
k=1

Az, y) = A(i i€, iykek) = i z; yr A (e, €er) = i @ik Ti Y,
i=1 k=1

i k=1 i, k=1
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rie a;p, = A(e;, er) — xoapduyuenmuo, busuneldnots Gopmol, ABIAIOMMECS, Ta-
KM 00pa30M, e 3HaUYeHUsIMU Ha NEpax Oa3UCHBIX BEKTOPOB.

Bawmedanue CkamsgpHoe mpoussejierne (&, Y) BEKTOPOB BEIECTBEHHO-
'O €BKJIAJIOBA IIPOCTPAHCTBA SIBJISIETCS TPUMEPOM OMIHHEHAHONH (DOPMBI; KaK 13-

n
BECTHO, OHO 3AlMCHIBACTCSA B BUIC Y . §ik Ti Y-
i k=1

Urak, rosiyvueHo BbipakeHue dujanHeitHoit popMbl depe3 KoopinHaThl €& ap-

'YMEHTOB:

n

Az, y) = Zaik Zi Y-

i, k=1

Broust mampuuy busunetinot gopmo

IOCJIE/THEMY BBIPAsKEHHIO MOYKHO TIPHUATH MATPUIHLIN BHT:
Alz, y) = XTAY.

[Tonyaum 3akoH 11peobpaszoBaHusi MATPUILLl OUJIMHEHHON (POPMBI MTPU TIepe-
xome or craporo Oasmca ¢ ={e,, e,,...,€,} K HOBOMYy 0a3ucy
g = {ei, e, ..., e;,b}. B crapom 6azuce A(x, y) = X'AY, B HOoBOM Gazuce
Az, y) = XTA'Y’. Bripaxenue Gunneiinoii GopMbl B ¢ Tap o M basuce Ie-
PeruIeM ¢ yIéToM 3aKoHa peobpasoBaHns KOOPANHAT BeKTOpoB: A(x, y) =
= (TX"Y"A(TY') = XTTTATY". Cpasuusas 51y HOPMY/Iy ¢ OTHOCHIIEH-
cs1 K HOBOMY 0a3MCy, TMOJIydaeM CJIEIYIONnil 3aKOH Mpeodpa3soBaHUsT MATPHUIIHI
OusHeHOM (DOPMBI:

A'=TTAT.

OTMeTuM B 3TOM CBSA3U, UTO 3a KOH MpPpeoOpa30BaHUA MaTpHILbI
OnnuuaeihHoh GpoOpMB OTAUIAETCS OT COOTBETCTBY IOIIE -
ro 3akona Jgasa Marpuinns onepatopa A =T 1AT. Ognako npn
nepexojie or OHB k OHB B BemecTBe HHOM €BKINIOBOM MPOCTPAHCTRE
3TO oTandre (GopMaIbHO ¥ C T €3 ae T, T.K. MATPHUIa Mepexojia OKA3hIBACTCS
oproronasbnoii: T =TT,

Bununeiinas dopma A(x, y) HasbiBaeTcs cummeTpuyroit, ecin A(x, y) =
= A(y, x) onsa nobbix ABYX BEKTOPOB &, Y.

Jlas mozo umobv, busunetinad popma bviaa cummempuurot, Heobrodumo

u docmamouno, wmobvl €€ mampuua 6 A1060M bazuce OviAG CUMMEMPULHOT.
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Hokaszareabcrso. Heobxodumocemn.  Jano: Az, y) =
= Ay, ) Vo, y.

Joxazamsb, 910 MaTpHIa OGmnHeHON GopMbl cuMMmerpudna: A = AT,

HeiicrBUTENLHO, 3JIeMEHT MaTpuIlbl A — 3T0 3Havenne OUINHENRHOE (HOPMBI
Ha GasucHbix BekTOpax: a;; = A(e;, er) = Alex, €;) = ay;, T.e. Marpuia
CUMMETPUYHA.

Hocmamouwnocmus. Jarno: marpura OWIMHEHHONH (OPMBI CHMMET-
PUUHA, Qi) = Q.

Jlokazams, aro cama ObusinHelHas popMa, CUMMETPUIHA.

Heitcreurenvho, a;;, = A (e;, ex), a ay; = A(eg, €;), orkyna A (e;, er) =
= Aley, €;).

[TpuBeIéHHBII BbIllIe IPUMEDP CKaJsIPHOTO MPOU3BEJICHUsT KaK OWUJIMHEHHOM
(bOPMBI OTHOCHTCST, OUEBUIHO, K CU M M €T P 1 9 H 0 i busnaeiinoit popme (1o
CBOWMCTBY CHMMETPHHU CKAJISIPHOTO Tpou3Be/ienus (¢, ¥y) = (Y, &) B BeIecTBeH-
HOM eBKJIMJIOBOM MpocTpancTie). Jlrobass cuMMeTpu I Has OuinHeiiHast
dopma MoxkeT ObITH NMPUHSATA 3a CKaJisipHOe NpousBejenue. s OunmHeitnoit
¢dopMBI 0011IeT0 BIJIA 9TO, pa3yMeeTcsi, HeBEpPHO.

Kanouunveckuii Bujs 6ununeiinoit dopmbl. Teopema. [Tycmo A(x, y)
— cummempuunas busunetnas popma 6 eskaudosom npocmpancmee E,. To-
2da 6 E, cywecmeyem marot opmonopmuposartvili 6a3uc, 6 Komopom o6uiu-

n
netinaa gopma npunumaem K anonuyveckut sud Az, y)=> Nz y.,
i=1

ede xt, Y. — Koopdunamuv, 6eKmMoOpos T, Yy 6 dannom bazuce, N\; — Tapaxmepu-
CMUMECKUE YUCAE MAMPULBL OUAUNETHOT HOPML.

HeiicTBuTe/IbHO, MAaTPUIlA CUMMETPUIHON OUJIMHENRHON (DOPMBI CUMMETPHUY-
ra. Kak ormederno wa C. 40, Takyro MaTpuily BCErja MOXKHO JUATrOHAJIN30BATH
B Oa3mce U3 COOCTBEHHBIX BEKTOPOB COOTBETCTBYIONIErO CUMMETPHIHOIO OIle-
paropa, IPUUEM IO TJIABHOI JIMATOHAJM PACIOIAratOTCs ero (BerecTBeHHbIE )
cOOCTBEHHBIC 3HAUYCHUS.

Bosee toro, pu nepexojie or OHB k OHB paszimune 3akonos mpeobpaszo-
BAHUST MATPUIBI OUIHHEHHOH (DOPMBI ¥ MATPHIBI OMEPATOPA CTUPAETCS (CM.
C.45), uro nospoJsier 060CHOBATH TIPUBeJIeHIe OIIIMHEHHON (HOPMBI K KAHOHM-

YECKOMY BHUJLy CCBUIKON Ha TEOPUIO 3PMHUTOBBIX ONEPATOPOB.
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B kaHoHuveckoM Bujie OMJIMHEHHOW POPMbI PE3KO YMEHBIAECTCS TUCI0 CJIa-

raeMbIX 10 CPABHEHUIO ¢ ODIIUM BHJIOM.

22. KBagparuuabie (pOpMbI

Yucnosas yHkums A(x, ), nonydaemas M3  CUMMETPUYHON
GununeiiHon opmbl A(x, y) 3aMeHON BTOPOro apryMeHTa Y Ha BEKTOP &, Ha3bl-
BaeTCs keadpamuurot Gopmoi.

Yepes KoopanHaThl apryMeHnTa KBaJIpaTHdHas (opMa BLIPAXKAETCS CJIETy-

IOIIM 00pa30M:

n

Alz, x) = E ik T; T = @, x>+ 2a, T, v, +2a, T, T, + ...+

i, k=1

+ 204, T4 Ty + Oy, B2+ 20,, T, T, 4 o+ 200, Lo Ty 4 ... (16)

Kosdpdunmentor "2" mosBisioress 3a ¢caéT TOro, UTO, HAIPUMED, CIATAEMDIE
a,,T T, 1 G, T,T, PABHBI B CUJIy CUMMeTpUIHOCTH MaTpuilbl A = (a;x).

B npocrpancree R?, Gepsi B KadecTBe apryMeHTa KBaJpaTHIHO# (HOPMBI &
PaJIMyC-BEKTOD TOUKN T = xt + yJ + zk, mogydaeM cJeyionumii oo B,

KBaJIPATHIHON (POPMBI:
Alz, ) = a, * + a,, y* + a,, 2> + 2a, xy + 2a,, 2 + 2a,, yz.

Broust mampuuy xeadpamuyunoti gopmol

MOXKHO TipeJictaBuTh (16) B MATPUIHOM BH/IE:
Az, ) = XTAX.

KosmaectBo ciaraembix B (16) pe3ko yMEHBITACTCsI, €CTH TPUBECTH KBAIPa-
THIHYI0 GOPMYy K KaHOHHWYIECKOMY BWUAy. HemocpencrBeHHubiM cire/i-
CTBUEM COOTBETCTBYIOIIEI'O CBOWCTBA JIJIsi CUMMETPUIHON OujinHeitHoit (popMbI
(C.46) sBastercst
Teopema o mpuBeieHNN KBAJAPATUIHON (pOPMbI K KAHOHNYECKOMY BH-
ay. ITyemov 6 eskaudosom npocmpancmese E, sadana xeadpamuunas gopma

n
Az, ) = > ajx z; xg. Tozda 6 E, cywecmeyem opmonopmuposarnviti 6asuc
i k=1
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u3 cobcmeennvir 6exmopos mampuyvt A = (a;;) dannotd xeadpamurnot Gopmol

— makot, Ymo 6 Hém Keadpamuunas Gopma NPUHUMAEM K G H 0 H U % € C K U 1
n

6ud Alx, ) = > N 42, 2de \; — zapaxkmepucmuueckue wucaa mampuie A,

i=1
L; — Koopdunamovl 6exkmopa X 6 basuce u3 coOCMEEHHHIT 6EKMOPOS.

1. IIpaBuio npuBegeHNs K KAHOHUIECKOMY BUJY.

(1) Bamucars xapakrepucruaeckoe ypasuenne |[A — AE| = 0 g MaTpuist
KBa/IPATUIHON (DOPMBI 1 HAWTU XapaKTEPUCTUUECKUE TUCTIA (CO6CTBeH—
Hble 3HAYEHUsT) A, A,,..., \,. Bce oHM BeIecTBEHHbI B CHILy CHUMMeET-
PUTHOCTH MATPHUILI A; cpeji HUX MOTYT OBITH BHIPOXK ICHHDBIE 3HATCHHS.

(2) Haitru OHB w3 cobersenmbix BekTopoB marpuisl A. Pazmmuamnbiv
COOCTBEHHBIM 3HAYEHWSM COOTBETCTBYIOT OPTOrOHAJBHbIE COOCTBEHHBIE
BEKTOPHI. B ciiydae BbIPOXKJIEHHOIO A CJejlyeT ITPOBEPUTH, OPTOrOHAIb-
HBI JIN COOTBETCTBYIOIIHE My COOCTBEHHBIE BEKTOPHI, U B CJIydae HEOP-
TOTOHAJILHOCTH TTPUMEHHUTH TPOIEIYPY OpToroHagusanuun. Hopmupo-
BaTh BCE TOJIyYEHHbBIE BEKTOPHI.

(3) Bamncarb KAHOHUYECKUI BUJ KBaJIPATHIHON (HhOPMBI.

(4) Bamucars matpuiy nepexoga or ucxopnoro OHB k wosomy OHB u3
COOCTBEHHBIX BEKTOPOB; CTOJIOIAMU MATPHUILbI SBJIAIOTCS KOOPJIUHATHI
MOJIYYE€HHBIX B 11.2 OPTOHOPMUPOBAHHBIX COOCTBEHHBIX BEKTOPOB (Ha-
SHAUEHUE HTOrO MYHKTA CTAHET SICHO W3 JAJIbHEHIIero).

HaxoxaeHune KaHOHMYeCKoro BUAa KBaapaTU4HOM (popMbl Ha3bIBAETCS NpUBEAE-
HUEM €& K 24a6HbLM 0CAM, B KAHECTBE KOTOPbIX BbICTYNAOT CODCTBEHHbIE BEKTOPSI
MaTpuLbl KBAAPaTUYHOR DOPMBbI.

[Tpuwmep. IlpuBectn K KaHOHWYECKOMY BHJIY KBaJIPATUIHYIO (OPMY
A(r, r) = 42% + 24xy + 11y> + 522

3amnucbiBaeM MaTPUILY KBaJIPATUIHONR (DOPMBI:

412 0
A=(12 11 0
0 05
XapaKTepucTuieckoe ypaBHeHNe:
4-X 12 0
[A-=XE| =] 12 11-X 0 | = (5-X)(A\* =151 —100) = 0.
0 0 5-2A

Xapakrepucrnueckne dncia: A, =5, A, = =95, A, = 20.
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Borancisiem coOCTBEHHBIE BEKTOPbI.

-1 12 0
[l :
A, =0 (A B /\1E> = ; 1-11 cOOCTBEHHBIIT BEKTOD &, = (0)
E 1 00 1
0 10
0 01
9 12 0 0
12 16 0 0
\ - A—-\E 0 0 10 0 ( )
, = E = 10 0 4 U3 yIeTBePEH-
0 1 0 -3
0 0 1 0

HOT'O TEPBOT'O CTOJIONA BHIYTEH YTPOCHHBIH BTopoﬁ); BTOPOit COOCTBEHHDIN BEK-

g
Top &, = | — .
0

3
A, = 20: :133:<61>.

CobcTBeHHbBIE BEKTOPBI &, &,, £, OPTOIOHAJBHBI, T.K. IIPUHAJJIEKAT pPa3-

HBIM COOCTBEHHBIM 3HaueHuAM. [locse nopmuposanus (x, /|, | u T.1.) moayva-

em OHB: {el<§>; ez<—§§§); 83<§l?§>}

B srom bazuce kBajparuiHas popMma MPpUMET B/
Alr, r) =54% — 5% 4 20 42

Marpuna nepexoga or ucxogaoro OHB e = {1, j, k} k wosomy OHB

e ={e, e,, es}:

N
I
_ O O
I
O vl Utk
O vk otw

Marpuna, pazymeercs, IBISIETCSI OPTOroHAJILHOI. HoBbIe KOOpIMHATHI BEKTOPA,

BBIpaKaIoTCs uepes crapble 1o dopmyte X' =T 1 X =TT X,

2. Hekoropsie cBoiicTBa KBaapaTudIHbIX (opMm. Mbl paccmorpesin
METO/T TPUBEJICHUS KBAIPATUIHON (POPMBI K KAHOHUIECKOMY BHU/TY, OCHOBAHHBI{f
Ha JIMaroHAJM3aIUU €€ MATPUILI MyTEM HAXOXKJIeHUsT Da3nuca u3 cOOCTBEHHBIX

BeKTOpPOB. CyIIECTBYIOT U JIPYrUe CIOCOOBI MOy IeHNs] KAHOHUIECKOrO BHJIA.
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OjiHako, Kakoilt ObI CIIOCOD HU MPUMEHSIIICS, YUCAO NOAOACUMENLHOIT U OMPU-
UAMEALHDLT CAAZAEMDIT 6 KAHOHUYECKOM 6ude K6adpamuunot Hopmbvr nocmo-
ANHO U He 3a6UCUM 0m cnocoba npueedenud eé K KaHOHUYecKomy 6udy. ITO
TaK Ha3bIBAEMbIi 34 KOH MHEPIUNW KBaAPaTHIHBIX (Op M.

Knaccudukarusa 1mo 3HaAKOOITPEIeJIEHHOCTH.

Ksagpatuinas dopma HasbiBaeTcs noaoscumenvro (ompuuamenvro) onpe-
deaénnot, ecnn A(z, ©) > 0 (A(z, =) < 0) npu scex = # 0.

[Tos1oXKuUTeIbHO ¥ OTPUIIATETHHO OTPEIeIEHHBIE (DOPMBI COBOKYITHO HA3bIBA~
IOTCS 3HAKO00NPEIeNEHHDLMAU.

KsagpaTuinas dpopma HasbiBaeTcs snakonocmoannot, ecnu A(x, @) > 0 nan
Az, ) <0 npn Bcex  # 0.

Ksagpatuunas dopma HasbiBaetcs snakonepemennot, ecnn A(x, ) > 0 npn
ogHux x, n A(x, ¢) < 0 npu gpyrux .

st mceneoBaiust 3HAKOOTPEICTEHHOCTH KBaPATUIHBIX (DOPM  CJIYIKUT

kpurepuit Cuibsectpa, 1°.

n
[Tycrh umeercst kBagparudanast hopma A(x, ) = > a;, ©; x. Sanuiiem eé
i k=1
MaTPUILY
all a12 . e aln
A — (112 (122 DI (l2n
aln azn . e ann

¥ BBEJIEM B PACCMOTDEHHUE T.H. Y24068bie MUHOPL (OXBATHIBAIOIIME BCE OOJIbIITIE
KBaJIPATHBIE MACCUBBI UHUCENT OT JIEBOTO BEPXHEr0 K MPAaBOMY HIDKHEMY YTJIy

MaTPHIIBI )

Kpurepuit CuabBecTpa.
1) Keadpamuunas gopma nososcumenrvo onpedesena mozda u moavko mo-

Zaa, %020@ 6CE Yeno6uvle MUHOPHL MAIMmMPUYDL A NOANOHCUTNEABHDL.
A >0, A, >0,..., A, >0;

2) Keadpamuunas dopma ompuyamervno onpedeneha mozoa u moivko mo-

2da, Koz2da 3HAKU Y2408bLT MUHOPOS Mmampuuv, A wepedyromea, wavunas co

IG,HX(.CI/IJII)BGCT[) (J.J.Sylvester, 1814-1897), auri. mareMaTuk. BBET TepMUH «MATPUIA» ; OTKPBLI OIH-
CAHHBIN BBITIE CIOCOD MPUBEICHUS KBAAPATUIHON (DOPMBI K KAHOHUYECKOMY BHJLY. Y TBEPYKIAJ, UTO CIAECIIAT
570 3a ofuH npucect "¢ rpacdpuHOM noOpTBeitHa JId noaAepxKanus paborocnocobuocru" ('with a decanter of

port wine to sustain nature’s flagging energies’).
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3HAKA «<CMUHYCH:
A <0, A, >0, A, <O,...
ITpwuwmep. IIpu uccneopannu Ha SKCTPEMyM PYHKIUH

F(z,y, z) =22° +y* + 112> — 22y + 422 — 6yz — 2y + 82 (17)

HAXOJIUM, UTO €€ YaCTHBbIE POU3BOJIHBLIE 00PAINATCsI B HYJIb Ipu ¢ = 1, y =

2, z = 0. Bropoit juddepennmar pyHkimuu
d*F = 2 (2dz” — 2dz dy + dy* + 4dz dz — 6dy dz + 11dz?)

npeJicTaBisier coboit KBaJapaTuIHyio (pOpMy OTHOCUTEILHO Aud hepeHInaion

He3aBUCUMBIX TiepeMeHHbix dx, dy, dz. YryioBbie MUHOPHI €€ MaTPUILhI

) 4 2 1 2
A1:2,A2:‘_1 1‘:1,A3: 11 3=t
2 —3 11

noJioKuTebHbL. Clie10BaTe/IbHO, KBaJgpaTudHas (hopMa MOJOKUTEIHLHO OIpe-

nenénnas, u dyuknus (17) nmeer B rouke (1,2, 0) MU HU My M.

3. UccaenoBanme kBaapuk. [lycrs Bekrop @ € F,, A(x, ) — KBajpa-
tuanas Gopma B E,, f(x) — nuneitnas dbopwma.

VpasHenne A(x, ) + f(x) + b = 0 Ha3bIBaeTCH ypasHenuem noGeprHocmu
2-20 nopadra (ypasnenuem keadpuru). 3yech b — MPOU3BOJIBHOE TUCIIO.

B E, nociie BBejienns 0a3nca 3TO ypaBHEHNWEe TTIPUHAMAET BU/L

a, x>+ 2a,0y + a,y® + ax+ay +b =0 (18)

KBaJaparnaHas popma snuHeitHas dopma

W OTIPEJICIISIET KPUsylo 6mopozo nopadka (keadpuxy).
[IpuBesiém KBaJipaTnIHy0 (GOPMY K TJIABHBIM OCSIM. JIJIs 9TOTO penmM Xa-
PaKTEePUCTUICCKOE YPABHECHUE
|A_)\E|:‘a11_)\ Q12 —
Ao Az — A

=\ (@11 + o) A+ Q11000 — a?, = 0. (19)

ITycts ero kopuu A, A,. B 6asuce n3 coOCTBEHHBIX BEKTOPOB, COOTBETCTBYIO-

IITUX 9TUM COOCTBEHHBIM 3HAUEHUsIM, MAaTPHUIA KBaJIPATUIHON (POPMBI JHUaro-

naausyercs: A = ()61 >?2)> 1 XapaKTepUCTUIEeCKOe YpaBHEHNUE MPUHUMAET BU/I
Y TN EF U D WP D WY R 1)
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B noBom 6a3zuce kBajiparndHas popMa, 3aluIeTcs: Kak
oy 2 »)

Al, ) =N 2+ X, 9"
Cpasuubast (19) u (20), nosyaum

_ 2 _

a11+a22_/\1+A27 a,a,, —a = A A,
Bo3MoxKHBI ciiejiylolue caydan OTHOCUTE/ILHO paHTra MaTPHUIIbl KBaJIpaTu-
HO (POPMBI:

(1) RangA =2 = A
() AN, > 0= {
{

’ . 970 caydait rutmep -

(2) RangA =1 = A A, =0, re. A\, =0 wm A, = 0. Dro ciyuaii
mapabonl.

[Ipusesst kKBaparnunyo dactb (18) K IJIABHBIM OCSM, HAJI0 W JIMHEHHYIO
4acTh pUBECTU K HUM Ke. Hanmomuum, 1ro koadduimen s JuHeinoit (hopmbl

peobpas3yioTcsa Ipu cMeHe 6asuca o 3akony F/ = TTF.

ITpwuwmep. ITocrpouts noBepxHOCTH

4a” + 24xy + 11y° 4 52° + 8z — 6y + 102 —20 = 0.

KBaJpaTudHas Gopma nuHelHaa dpopMa

Ha C. 48 kBajparuanasi (popma 3TOI KBaJIPUKHU y>Ke pacCMaTpUBaJIach; Ha-

0 4/5 3/5
MIOMHHUM, 4TO B bazuce &' = {e1 = ((1)>, e, = (—3/5); e, = (4/5)}
0 0

KBaJipaTuyiHas (popmMa MpPUHUMAET KAHOHUYECKUI BUJ
Alr, r) =5%% - 55+ 2032

Marpuna nepexojga or ucxopnoro OHB e ={i, 5, k} k wnosomy OHB

e’ ={e,, e,, e,} oproronagbHa U UMeEET BUJI:

4 3
.
T'=10-53
1 00

Ceitgac, npu MOCTPOEHUN MTOBEPXHOCTH, HAJO MPOBEPHUTH, 0OPA3YIOT JIU HO-

Bble Da3UCHBIE BEKTOPHI 11 P & BY 10 TPOWKY.
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Kaxk ormeueno na C. 43, iyt aToro caeayer Borancanth det T'. Ecian okaxer-
csa, aro det T = +1, To HOBBII 6Ga3uc & MoNyIMsICs U3 CTAPOro € MyTéM Bpa-
IIIeHUsT OTHOCUTEJILHO HadaJja KOOPJAUHAT M, Pa3yMeeTcs, IpaBasi OPUEHTAIIHSI
BEKTOPOB coxpanuaachk. Ecun ke detT' = —1, To K BpallleHWIO TPUMENIaI0Ch
OTpaskeHue B MJIOCKOCTH CUMMETPHI (MJIN TIeHTPaJIbHasi CHMMETDHsI ), U [ePBO-
HavaJbHAas IpaBas TPOKa Mepelia B JIEBYO, UTO HEYI0OHO 1 He COOTBETCTBYET
TpaUnHoHoN oprentanun . Ecin takoe "mecuacTne! CIVIMIOCH, TOCTATOM-
HO CMEHHTh 3HaK y BCEX KOODJMHAT OJHOIO W3 BEKTOPOB HOBOTO Oasuca (Be/lb
CODCTBEHHBII BEKTOD, JlaXkKe HOPMUPOBAHHBIN, €I1é UMeeT HEeOIPeIeJEHHOCTD B
3HaKe); [IPU 9TOM JieBas TpOUKa MepeitjIET B MPaByIo.

B namem ciyuae det T' = +1, T.e. ciyuait «OaronpusTHbIil».

C mOMOIIBIO MATPHUIIBI TIePexo/ia, MPUBEeAEM J U H e it Hy 10 (POpMY K TIaB-
HbIM ocsiM. Crosiber; KoahGUIUMeHTOB JUHEHOH (OpMBI B MCXOJHOM Oas3uce

e =141, 7, k}:

8

F=1| —6

10

Torna B HoBoM Gazuce €' 6yner F/ =TT F:
0 01 8 10
Fr={4/5 —3/50)( -6)={(10
35  4/5 0 ) \ 10 0

Urak, B 6a3uce u3 rjaBHbIX OCeil ypaBHEHWE KBAJIPUKK ITPUHSJIO B/
542572 +2042+104+ 10y — 20 = 0.

BoijennB mosiHbIe KBaJpaThl W IIPOBEJs JPyrue dJIeMeHTapHble 1peodpa3oBa-
HUd, TIOJydYaeM KAHOHWUYECKOe ypaBHEHUE O JHOMOJOCTHOTO TUIIED -

bomoua:

(«'+1)" (-1 2
i~ 1 7

¢ nearpom B Touke O'(—1, 1, 0), mpocTHparoIierocst B HAIPABICHUH BEKTOPA

e, (cum. puc. L.3).

[To smuneitroit amrebpe pekomenayrorest Kauru [1]-[14].

17P6L1b, BCErO JIUIIh, O BEKTOPAX, IOYEMY Ke CTYIEHTHl HEM3MEHHO BECEJIeIOT MPU ITUX MOUX CJIOBAX?..
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I. JUHEVHAS AJITEBPA

Puc. 1.3. OmmonosocTHBINA rHIEPOOJIONT.




Cnasa 11

TEH30PHOE NCHUNCJIEHUNE

1. BBenenue B mpeaMeT T€H30PHOTO MCUYUCJICHUS

AKTYaJIbHOCTD BBEJICHUS TOHSITHSI TEH30Pa | MPOMILITIOCTPUPYEM Ha TIPUMe-
pe 3akona Owma (B "mkosproit" samucu: [ = U/R), xoropslii B quddepenty-
aJibHOI (popme 3 = o F BbIpakaeT IPOMOPIUOHAJILHOCTD BEKTOPOB ILIOTHOCTH
TOKa, J W HAIIPSKEHHOCTHU 3JIEKTPIIecKoro nojst B, npuaém kosduiment mpo-
MOPIUOHATBHOCTH 0 (0 J{HO YUCIO0!) HA3BIBACTCS YIIEJIBHON 3JIEKTPOIPOBOJIHO-
cTbio. JlaHHOE BEKTOPHOE COOTHOIIIEHNE PABHOCUIBHO CHCTEME TPEX CKAJISIPHBIX:
Jo =0k, j,=0E,, j, = cE,. Takum obpasom, BekTopsl J 1 E okasbiBatoTca
KOJJAWHEapHB MHI HO KOMINHEAPHOCTH UMEET MECTO TOJHKO B CJIydae
M30TPOITHON CPEeJIbl MM KyOMYIECKOro Kprucraia. B kpucraiiax Hu3Imeil cum-
MEeTpUH CBsi3b MexKy J u FE okasbiBaeTcsi, BOOOIIE TOBOpsi, HDOJiee CIOXKHOIM:
TaK, Ha T-KOMIIOHEHTY ILJIOTHOCTH TOKA, J, BJIHMSIET HE TOJHKO T-KOMIIOHEHTa Ha-
NPsZKEHHOCTH [y, HO 1 J1BE JIPyTHe € KOMIIOHCHTDI: J; = Oy Uy +0, By+o, .
tak, BMECTO OJIHOT O YHUCIA 0 HPUXOJUTCS BBOJUTH HADOD U3 € BSITH
KO MDUIIMEHTOB BUJIA 0, SBJIAIONIMXCSI KOMIIOHEHTAMU MeH30pa & YIeabHotl

3
anexmponposodnocmu. 3akon OMa TpH TOM 3anuiiercs B Buje j; = » ok Fy,
k=1
n BekTOphl J u E yxe me cosnadarom no Hampapiennio. [IeBaTh KOMIOHEHT
Ozx Ozy Ogzz
i) TEH30pa & YI00HO MIPEICTABUTD B BUIE MATPHILL 2 0 = | Oyz Oyy Oy
Ozz Ozy Ozz
OueBuTHO, UTO CITyUAl0 U3OTPOIHON CPeJIbl (KyOUTIeCcKOro KpUCTAJIa) COOTBET-

g 00 3
creyer matpuia ( 00 ) = oF, rje, kak obbiuno, F/ — enunndnas marpuia, °.
g
Urak, npu paccMoTpeHnn (DU3UIECKUX CBOMCTB aHM3O0TPOTMHO I CPEJIhI
000iTHCHL O3 TEH30POB HEBO3ZMOXKHO! *

Lcoso upoucxonur or Jjar. tendere (cynun tensum), 94To, cpeau npodero, osuadaer "ranyrn', "

Ha-
npsarate", "pacraruBare”, "HampapadaTh" — HEYIUBUTENHHO, YTO KAK TEPMUH 3TO CJIOBO BIEPBLIE CTAJIO
WCTIOJIL30BATHCS B MEXAHUKE CIIONTHBIX CPEl ¥ KPUCTAJLIOMDU3NKE.

2113 dmzngecknx coOOpayKeHUil ClaenyeT, 9To 0, = Ok, T.e. MATPUINA CUMMETPUYHA U MUMEeT TOJIHKO
niectb (a He JeBATh) HE3ABUCUMbBIX JJIEMEHTOB.

306Cy)K,ILeHI/Ie TOTO, KAKOB BUJ MATPHUIILI 0 B KPUCTAJIAX PA3HONW CUMMETPHUN, MOYKHO HAWTH, HATIPUMED,
B [15, 17, 18]

4Tenszopnr BBesenb! B KpucTaiiobusuky Hemenkum dusukom B. @oiirrom (W. Voigt, 1850-1919).
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2. IloasaTne o6beKTa B TEH30PHOM MCYUCJIEHUN

[IpucrynuM K MaTeMaTUIecKOMY ONpPeIeJeHII0 HOBOIO IIOHATH °.
B npoctpancTtee R cosokynHocTb n yucen suga a; uan a’ (i =1, 2,...,n)°

obpasyeT obsexm 1-20 panza.

AHAJIOTHYTHO, COBOKYNHOCTb N2 YMcen BUAA aij wwm a’ wwm a (i, =
=1, 2,...,n) obpasyer B R"” o6serxm 2-20 panza, a COBOKYMNHOCTb n> 4ncen Bnaa
k’ .. . .
aijr (nan afj, al” a*) (i, j, k=1,2,...,n) — obsexm S-z20 panaa.

Obsexm panea r B npocTpaHcTee R™ ecTb coBOKYNHOCTb n” Yncen BUAA a;, j,.i,
C r nHAekcamm (UM X aHanoroB C Pa3HOBBLICOTHLIM PACMONOXKEHNEM UHEKCOB),
NPUYEM KaXkKAblA MHAEKC NPUHUMaeT 3Hadvenns 1, n. Kakioe 4nciio u3 coBOKYyII-
HOCTH HA3bIBACTCS K0opdunamot (Komnonenmoti) obbekra.

OueBuaHO, 9TO OOBEKTOM HYJIEBOTO PaHTa OyIeT O I H O YHCIO0 BOOOIIe Oe3 WHIEKCOB.

3. TeH3opHbIie 0003HAUEHUS

(1) Hpasuno Dtmwmetina *

Ecsin B BbIpaskeHI1 HEKOTOPBIN WHJEKC (HAIIPUMED, §) BCTpeYaeTcst JBa-
XKJBl, OJMH Pa3 BBEPXY W OJMH pa3 BHUIY °, TO HOIpa-
3yMEBAETCsT CyMMHUPOBaHUe 10 3ToMy (Hemomy) ungekcy (mo ¢ or 1 1o

n
n — pasmepHocTH nmpoctpancTBa R™), a 3HaK CyMMbl Y | HE THIIETCS.
i=1

Bamuch ¢ 60a€ee YeM JABYM$ OJINHAKOBBIME MHIEKCAME (HEBAYKHO, OJHO-

W PA3HOBBICOTHBIMU) CUNUTACTCS 3 AT P e 1 6 H H O if, T.K. IPUBOJUT K ONIHOOU-
HBIM pe3ysibTaTaM. Hemoit HHIeKC MOBTOPSIeTCS TOJBKO JIBAYK 1!

(IT) Ecin koHKpeTHast KoOp/MHaTa OObEKTa €CTh, HANPHUMED, A}y, TO BCIO

COBOKYITHOCTD TaKHX "Hces (Bech 00beKT) OyneM obo3Havtarh Kak (af)),

a TaK»Ke COOTBETCTBYIOINEH 3aryaBHoOi OYKBOi, B JagHOM ciaydae A.

PPUTOPUCTUYHEBIH PEBHATETH MATeMaTHIecKOTo Typu3Ma, (cM., mampumep, [19]) maitnér memasno mpemo-
CYUTEIHHOTO B TOM, KaK 9TO OyIeT CIeIaHo .—)

6XapaKTepH01‘/’1 "BusyanbHOR" OCOOEHHOCTHIO TEH30PHOI'O MCUMCJIEHUs SIBJISETCS JBOSKOE — HUXKHEE U
BEPXHEEe — pa3MelleHne WHIEKCOB B MHIEKCHPOBAHHBIX BEJIMYMHAX, NPUYIEM BEPXHUA MHAEKC He 060 -
3HAaJYaeT MOKA3aTeh CTEMEHN, eCIN SBHO HE OMOBOPEHO 00paTHOE.

7ILaHH0e coryiamieHue BrepBbie mpuMeHeHo Jditairreiinom B pabore "OCHOBbI 0011l TEOPUH OTHOCHTETh-
Hocrn"(1916). Best oma mocrpoeHa Ha TeH30pHOM sisbike. He BraBasich B 00bsICHEHWsI, TIPHUBEIEM TOJBKO
3aMUCh OCHOBHOTO YDABHEHWST TEOPUU — YPasHeHUA Unuimeting, OTICHIBAIOIIET0 TPABUTAIIMOHHBIE TTOJS:
R —L6kR =222 Tk,

80 CMBICJTE, TIPUAABAEMOM JIBYKPATHO TOBTOPSIOMIEMYCI O THOBBICOTHO My HWHJIEKCY, CM. . 13.
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(IIT) TIpu mepexosie OT MOKOMIIOHEHTHOW 3AIMCH BbIPAXKEHWH ¢ Pa3HOBbI-
COTHBIMU WHJICKCAMW K MATPUUYHON BO3HUKAET BOIPOC O MO P s -
Ke CJAeOBaHUS BepXHUX W HIKHUX HHJEKCOB. nsa aBHOTO

yKa3aHUs OYePETHOCTH UCTOJIb3YIOTCA TOUKH.
Tak, B 00bekTe A = (a;fk) MBI CUYUTAaEM WHIEKC ¢ MEepPBbIM, | — BTOPHIM, k —
TPETHUM.
[Toguepkuém, 9T0 TOYKM TPEOYIOTCA T OJ1 b KO TPU MATPUIHON 3alUCU BbIPa-
xennii. [Toka MbI He mbITaeMcs NPUIATH BBIPAYKEHUIO c}:c = 2’; fp g7 MaTpudHbI
B, KOHKPETH3NPOBATH MOPSAIOK CJIEJTOBAHUSA WHIEKCOB B 0OBHEKTax @i),(d;ﬂ) u3-
e .
(IV) TIpu orcyrcrBuu si BHOT O yKa3aHUs OUEPEIHOCTH WHJIEKCOB 10 TTpe-
JIBIIYIIEMY COTJIAIEHUIO WHJEKCHl 00beKTa yHOPSII0YMBAIOT CJIEIyIO-
UM 00pa30M: cHavaJia BCe BEPXHUE HHJEKCHI CJIeBa HAIIPABO, MOTOM

BCE HIZKHIE UHJIEKCHI CJIeBa HAIIPABO .

yHOpH,}IO“H/IB NHOEKCbhI, MO?KHO IIPpeJCTaBUTh COBOKYIHOCTH KOMIIOHEHT O6'beKTa
BTOporo panra B R” B BHje KBaJIpaTHON MaTPHUIBl HOPAIKA 71, IPU STOM I € P -
B Bl I WHJEKC KOMIIOHEHTHl eCTh HOMEpP CTPOKHU, & BTOPO#H — HOMEPp

cTonOIIa.

AHAJOrTIHO, COBOKYITHOCTH KOMIIOHEHT O0OLEKTa TPETHero pPaHra MOKHO PacIio-
JIOXKUTh B BUJe TPEXMepHOH (MPOCTPAHCTBEHHOI) MATPHIBI MOPSIIKA 1 MO~
cJIe YIOPSIJIOUeHUsl T € P B bl i MHJIEKC KOMIIOHEHTHI OyJIeT HOMEe PO M CT P OK H,

BTOpPOH — HOMEpPOM CTOJOMA, TPeTHH — HOMEPOM C.JO .

4. Tlpumepsnr

(1) O6bekT C' 2-ro paHra ¢ PA3HOBBICOTHBIMU WHJIEKCAME 33J1aH TTOKOMIIO-
HentHo: ¢! = 1, ¢ = 3, ¢} = 5, &2 = 7. [l nepexojia K MaTpuIHO#
3aIIMCH BCETO 00HEKTA (cf ) YHOPSIOTUM KOMIIOHEHTHI IO COLJIAIICHUIO
[V (mockonbky u3HavIabHO, O cortamntenuto 111, ouepéraocTs niekcos
HEe OrOBOpEHa,): (c{ ) — (c] Z) Tora B BuJie MATPUILHI OOBEKT 3aITAIIIET-

ca B Bugie C = (12).

90craBum B CTOPOHE BOIPOC O 3ATPYJIHATEILHOCTH H AT JI 5 JLHOT O HPEJCTABICHUs YeTHIPEXMEPHO
MATPHUIBI (d;f;) )

10310 npasuio Moxer napymarsca npu T.H. "sxonrmmposanun ungexcamu — cm. C.73.
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(2)

5.

II. TEH30OPHOE NCYINCJ/IEHUE

CorracHo npeJbIayIeMy npuMepy KOMIOHeHThl 00bekTa C' yriopsigove-

C C o
uol Tak: C' = (0'210'22).1\/1131 BUJIMM, YTO HUK HU I MHTEKC CJe-
a1l 2

AyeT 3a BEDXHUM U MeHAETCs ObIcTpee (IpH IBIKEHAN

MO CTPOKE MATPHUIIDI). JIerko MOHATh, 9TO MATPUIIA, U3 Ha T A JI b -
a1 1

C
#o (o cormammenuto I11) yropsijouennast kak (01_2 2 ), COOTBETCTBYET

1 2

MParcnoOHUPoOBaAHHOMY TTO OTHOIIEHUTO K (cjl) MaCCHUBY YHCE.

Uraxk, mogydaeM TpaBuIo, KOTOPOE TOJIE3HO UMeTh B Buty: ecn C' =
N T _ (7
= (07%), o C'' = (ci )
O6mbekT 3-ro panra D = (d;k) B ipocTpancTie R? nosydaer, mo cora-

mennio IV, ciejyromniee MarpuiHoe ynopsiiodeHne KOMIIOHEHT:

i d.111
D = (dj;) = -

1 1 1
d.21 d.12 d.22
2 2 2
d.21 d.12 d.22

1

[Tycrs manbl marpuibt D u F' ¢ 3apanee onpejie/IéHHON CTPYKTYPOIi:

D = (d;k), F = (f;?), u marpuna C ecrb ux npoussejenue. [1o oObru-

HOMY 3aKOHy ymuoxkenust marpun, C = DF = zn: d;kf,;p (wHpeKe s
k=1

[IPUIILJIOCH ITOMEHATH Ha k) Ho 1o mpaBuy Qiinmireiina B TeH30PHOI

3allUCH 3HAK Y W3JIMIIEH; OKOHYATETbHBINA BUJ (POPMYJIBI U CTPYKTYPA

marpuisl C' Takosbr: C' = (c;p) = d3* fir.

"TeuzopHbIii B3raaa" Ha GOPMYJIbI JIMHEIHOI aJaredopbl

1. CBg3p Mexxay BekTopaMmu 0a3ucosB. Ilyvers B mpocrpancTse R” nme-
Ay p y poCTp

/ / / / o o
I0TCsI JIBa Oasuca s{el, e,,. ..,en} n e {el, e, ..,en} — CTapblil U HOBBIi

0a3MChl, COOTBETCTBEHHO.

Kaxxiplit 13 BEKTOPOB HOBOT'O Da3uca, Pa3jioKUM 110 CTapoMy Oas3ucy:

[ 1 2 n
e =ae +ae, +...+aepy,

/I 1 2 n
e, =a,e +ae +...+a,e,
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i

7
BecTHO, (MpAMyI0) MaTpuIly mepexoja A or craporo 6asuca K Hopomy '

KO DUIIMEHTHI Pa3JIoXKeHNsT a’, 3alUCaHHbIe B CTOJIOIbLI, 00pa3yioT, KaK H3-

1 a2 1
2 2 2
. a a a
. i\ 1 .2 .
A= (a-j) - : : :
n n n
a-l a-2 a-n
Torga AT = (a;]) Ces3b Mex 1y baszucaMyu B MATPUIHOM BHJIE 3aIlUIIETCS
KaK
/ a1l a2 N
e a' a; a’ e,
/ a1l a2 1
e, | | ay a a e,
/ a1l a2 N
e alt a? ... a e,

i € = A'e, a B TeH30PHBIX 0D0O3HAUCHUSIX e = a'ji e;. dru GopMyIIBl MOKa-
3BIBAIOT BhIPasKeHue HOBOTO Oa3mca depes CTaphblil.

CchopmynupyeM CIeayoninii « TeH30PHbIY BBIBOJIL:
[IOCKOJIBKY JIJIst Ipeodpa3oBanust 6a3uca TpedyeTcst o J1 H a, IPUTOM I P 5T M a s,
MaTPHUIIA [Tepexo/ia, Oa3uCHbIe BEKTOPBI BEIYT ce0s KaK K08apuaHmHvil TeH30D
I panra.

Brens obpartnyio Marpuiy mepexoga B = A~!, MOXKHO pas3ioxKuThL cTapbiii 6asmc 1mo

BeKTOpaM HOBOrO: £ = B'e’ wm e, = b;’ el

2. CBa3p Mexkay KOOpAWHATAMI BEKTOPa B pa3HbIX ba3ucax. [Ipo-
U3BOJIBHBIIE BEKTOP € MOXKHO PA3JIOXKUTH MO CTapbIM OAa3MCHBIM BEKTOpPAM:
r = r'e, + 2%, + ... + 2"e, = z"e;. Ho, M0 TOILKO UTO HATOMHEHHOI
dopumyne, e = bl e, Torna @ = zFe, = 2¥ (bl e)) = (b¥,z") e,. C npy-
roif CTOPOHBI, MBI MOTJIM ObI Cpa3y Pa3JIoKHUTh BEKTOP & O HOBOMY Oasmcy:
T = aﬁpe;,. CpaBauBas jBe (pOPMYJIBI, TOJyIaeM 3aKOH IPeodpa30BaHus KOOP-
JIMHAT BEKTOpa HPU lepexoje K HoBomy basucy: #P = bP, 2% B marpuunom
puge: X' = BX. Ot GopMysIbl NOKa3bIBAIOT BBIPAXKEHNE HOBLIX KOOPJIMHAT
BEKTOPa Yepe3 ero crapble KOOPIUHATHI.

Takum oOpazoMm, s mepecdéra KOOP/IMHAT BEKTOpa K HOBOMY 6a3ucy Tpe-

Oyercst o1 Ha, IpUTOM 00 p a T H a 51, MATPUILA [IePEX0/ia, U Mbl CKaXKeM, ITO

KOOPJIMHATHI BEKTOPa MPeodpasyroTcs Kak Koumpasapuarmuuii Ten3op I panra.

1paypme mbr 0603uauay eé T — cu. C.11.
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Briparkenune crapbix KOOpJAWHAT BEKTOPA Yepe3 HOBbIE OCYIIECTBIISETCS 00pallleHueM Bbi-

menpuseaénupx gopmym: X = AX' 2t =a’, 1F.

3. CBa3b K03 PUIMEHTOB JUHENHOW (POPMBI B pa3HBIX Da3mcax.

Barmmmewm mumeiinyio dopmy (JIO) f(z) B crapom basuce % f(x) = ¢zt Kak

MbI TIOMHUM, 9HCIa ¢; HasbiBaloTca kodddunmentamu JID. Ho ' = a?ca':k;
roria f(z) = ¢ (aﬁca’:k) = (a?cci) % = ¢, #%. Oxonuanne 31oit GopmyIbI
N——

=é,
npejcrasiser Ty xe JIO f(z), samucannyio B HoBoMm Oasuce. Vtak, Beipaxke-

Hue HOBBIX Koaddurmentos JID 1depes eé crapbie KOADDUIUEHTH IMEET B
SN Y P C. C'
¢, = apc; = a3’ ¢; WM, B MaTPUYHBLIX obozHaueHusx, depes crosdipr C,
koappunmenton JID: O = ATC'.

Taxum obpaszom, s nepecdéra kKodddunuenton JIO K HoBoMy Oa3uCy 110~
TpeboBajach O JIH a, a UMEHHO T P s M a s, MaTPHIa Mepexojia, CIeI0BaTe b
Ho, KoappurmenTot JID npeodbpazyrorces npu cMene Dasnca Kak K06apuanmoii

trenszop [ panra.

4. CBa3b KO3 PUIMEHTOB KBaAPATUIHOI (pOPMBI B pa3HbIX Oa3m-
cax. Banuiiem kajgparuanyio dhopmy (KD) f(z) B crapom 6azuce: f(x) =
= ¢;j o'z’ Hucna ¢;; nazpiBalores koaddunuentamu KP. JIBax el npuMeHss
dopMmyny npeobpazoBaHms KOOPJIUHAT BEKTOpa OT CTApOro 0Dasuca K HOBOMY,
nosyunm: f(z) = ¢ (al2") (ald®) = (aj al ¢j) £F4° = ép, 2%, Okonuanne

N—_———

= s

dopmyner — 310 3anuch, KO B HoBoMm Oaszuce. Takum obpa3oM, 3aK0OH IIpeodpa-
zoBanus kKoadppunnento KO npu cmene 6a3uca nmeer BU: Crps = a% ag Cij-
[Tockonbky juist niepecuéra kodpdunnentor KO k HoBoMy Hazucy morpe-
OOBaJINCh JI B €, IPUTOM II P & M bl €, MAaTPHUIILI epexoa, KoadgdunuenTor KO
1peodpas3yoTes Ipu cMeHe 6asuca Kak Texszop Il pawra, deastcdvl wosapuanm-

HOL.

5. CBd3b MeXX/y MAaTpUIlaMU OllepaTopa B PasHbIX basmucax. Ilycro
Jmneiinbiii oneparop F' jeiicreyer nz R” B R u emy B crapom bazuce € cooTBeT-
creyer marpuiia F| a B HoBoMm 6asuce &' — marpuna F'. Kak mbr snaem (C. 15),

STH MAaTPUIIBI CBS3aHBI CJCAYVIOMNM cooTHomennem: F' = A7'FA = BFA;

12916 3a0ypTe O mpaBuie Jitamrreiinal
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B TTOKOMTIOHEHTHOM BHJIE: Ff = aj b’; FP  7e. morpeboBasinch m mMpsMasd, n
oOpaTHAas MaTPUIBI Iepexojia — KaxKjas O J U H pas.

CnenoBarebHO, MATPHILA OllepaTOpa peobpas3yercs Ipu cMeHe Da3uca Kak
tenzop Il panra, odum pa3 wosapuanmmoid n 00ur pPad KOHMPABAPUGHMHLT

(roBopsiT Tak)ke o cmewannom rersope 11 panra).

6. OmpeneseHne TeH30pa

B npoctpaHcTee R" Tensopom T paHra r, [ pa3 koBapvaHTHbIM 1 M pa3 KOH-
TpasapuaHTHbIM ([ + m = 1), Ha3biBaeTCs OOBEKT paHra r, yaoBAeTBOPSIOLLUN

L,BYM YCNOBUAM:

(1) Bo Bcsikom 6asnce oH cocTouT U3 n' H4ncen (KOOPAMHAT, KOMMOHEHT) BMAA

kl k‘g...km .- o N
i is i MTPUYEM KXKAbIA MHAEKC NPUHMMAET 3HadveHus 1,n.
(2) KoopauHaTbl TeH3opa npu cMmeHe 6a3nca W3MEHSIIOTCS MO CJEAYIOLEMY

MEH30PHOMY) 3aKOHY:
Y y

/p1p2---pm — 11 i 1 1 2 m ki ka.. .k,
Tsl S8 a51 a32 e asl bzl bgg e bzm Tll io...ip °

A~

Bnech T — koopaunarhl Temsopa T B crapom Gazuce, Tt — ero Koop-
JMHATH B HOBOM basuce; a’ — snementol (psiMoit) marpunsl A (epexosa or
craporo 6asuca K HOBoMy ), by — ssiemenTbl 06paTHOit Marpuibl B (nepexosa or
HOBOTO Da3uca K CTapoMy); HUXKHUE UHJIEKCHI HAZBIBAIOTCS KOBAPUAHMHOLMLU, &
BEPXHUC — KOHIMPAGAPUAHITHBLMU.

Bamernm, uTo B (hu3MKe TEH30pHI paHTa I > 4 HCHnoab3yoTes peako (15, 17, 18|.

7. TeH30pHBIII 3aKOH B MAaTPUYHOM BH/IE

Jljist TeH30POB EPBOIO U BTOPOrO paHra, JIErKo 3alicaTh TeH30PHBIA 3aKOH
1peobpa3oBaHns B MATPUIHOM BHJIE (B CJIy9ae BBICITHX PAHTOB BO3HUKAIOT MPO-
OJIEMBI ¢ TPEXMEPHLIMHI, YeTBIPEXMEPHLIMI ¥ T.II. "MATpHUIlaMKi' — MAaCCHBAMHI

TUCEIT; 9TU CJTydar paccMOTpeHbl B [19]).

1. Ten3zopsl mepBoro panra. 1. KosapmaHTHBIII TeH30p HEepBOTO paH-
ra, (miu KoBapuaHTHbI 6exmop) T npeobpasyercst npu cMene basuca Mo 3a-
korny 1! = aiTy; st mepexojia K MaTPUIHON 3allMCH yCTAHOBUM ODSIOK
CJIeZIOBaHUS WHJEKCOB B @; TakK, 9TOOBl HEeM O HMHJEKC S COCeJCTBO -
BaJ B COMHOXKHUTENSIX (BCIOMHUM TPABUJIO YMHOMXKEHUS MATPUIL), JIJIS 9TO-

ro OH JIOJKeH ObITh B a; BTOpeIM: a;”. [Io BTOpOMy corsaimennio TeH30pHOTO
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VCIUCIICHWsT 9TO O3HAYACT mpancnonuposanue mMarpuipl nepexoga A. Torma
T} =a;*T, = (A'T), — i-s komnonenta sexropa T'.

Wrak, MaTpuIHast 3aUCh TEH30PHOTO 3aKOHA TPeOOPA30BAHUS JJIT KOBAPH-
aHTHOTO BeKTOpa nmeetr Buy: 1" = ATT.

2. Cuyuaii KOHTpaBapHaHTHOTO TEH30pa MEePBOro paHra (M KOHTPABAPHU-
anrnoro eexmopa) T: TP =bi TS = bi T* = (BT’ (ynopsamoueHue nuieKcos
b!, O3HAYAET OTCYTCTBHE TPAHCIOHMPOBAHUS MaTPUIBI lepexoia B = A™1).

rak, MaTprdHast 3alMch TEH30PHOIO 3aKOHA TPEO0OPA3OBAHNS JIJIsi KOHTPA~

BApUAHTHOTO BeKTOopa umeer suja: 17 = BT.

2. Tenzopsl BTroporo paHra. KoMIoHEHTHI JIBaXK/Ibl KOBAPUAHTHOI'O TEH-
sopa T = (T},) MpeoBpasyIoTCs 10 3aKOHY: T} = ajajTy, = a;*Tya?; =
= (ATTA),,. Urax, T' = ATT A,

Yurareaio npejjaraercs CaMOCTOSTEIbLHO BBIBECTH MATPUIHDLIE (DOPMYJIbI
IpeobPa30BAHUSA KOMIIOHEHT
1) JBaxkjibl KOHTPABAPUAHTHOIO TEH30Da T = (T*): T'= BTBT;

2) ememanuoro tensopa 1 = (T:7): T' = ATTBT;

3) CMEIIANHOro TEH30DA, C APYTUM HOPSIKOM CJIe10Banus nijiekcos T = (T_Sp):
T" = BT A (nocieinion GopMyity mpoire Moy duTh, TPaHCIOHUPYst 00e JacTi
dbopmyaet T" = ATT BT, nockonbky crpykrypbt (T:P) u (Tfp) CBSA3AHDI Olle-

palueil TPaHCTIOHMPOBAHMUSI ).

8. Teuzopuag aaredpa

1. HyneBoit Ten3op. Ecam Bce KOMIIOHEHTHI TEH30Pa paBHBI HYJIIO B HEKO-
TOpOM Hasuce, TO OHU OOPAIIAIOTC B HYJIh U B JI0OOM Jpyrom Gasuce (Takoii
TEH30D HA3BIBACTCS HYACEVIM).

[IpuBeiéMm J10Ka3aTEILCTBO JIJIsl YaCTHOIO CJIyUasi CMEIIAHHOIO TeH30Pa, TPe-
Thero panra 1" = (Tfj), BCE KOMIIOHEHTBI KOTOPOI'O HYJIEBBIE: Tfj = 0. Cornac-
HO TEH30PHOMY 3aKOHY Ipeobpa30BaHus B HOBOM Da3uce TOXKE TOJIyIUM HYJIU:

s 0 ] 1S ko _
Im = 4 Oy bk Tij = 0.
~

=0
DTO CBONCTBO MMEET BaykKHOe 3HadeHue Jjisi (hOPMYJTUPOBKU (hU3NIECKUX 3aKOHOB. OHO

rapaHTHPYET, 9TO eCJU KaKOu-Tu00 3aKOH BBIBOIUTCS W3 MCUE3HOBEHUSA KOMIIOHEHT TEH30pa
B OJIHOI cHCTeMe KOOPJWHAT, TO MpaBHUIa Mpeodpa30BaHusg KOMIOHEHT TeH30pa rapaHTUPY-

0T WX WCUYE3HOBEHWE U B JIFO00I JIPyToii cucreme. «3aKOH», CIIPABEJIUBHII JIUIH B KAKOW-TO
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OJIHOIT cucTeMe KoopauHaT, meHHocTH Obl He uMesn! [lonsitne nHBapuaHTHOCTH (CM.
1. 24) ¥ YHUBEPCATHLHOCTH (DUBHIECKUX 3aKOHOB — OJ[HA U3 OCHOB COBPEMEHHOI'O €CTECTBO-

SHaHUI.

A~ A

2. Cnoxenmne. Ilycrb Tensopel T u Q uMe0OT OTUHAKOBOE CTPO -
ernue (4To TMOJpaAsyMeBAET PABHbIE PAHIH, KOJMUYECTBA KOBAPHAHTHBIX WH-
JIEKCOB; TO >Ke JIJIsi KOHTPaBapPUAHTHBIX WHIEKCOB; HAKOHEI[, OJMHAKOBYIO I10-
CJIEJIOBATENILHOCTE WHJIEKCOB). CyMMOii TeH30pOB T u Q HasbBaeTcss TeH-
3o0p R = T + Q 10oro e CTpOCHUS, KOMIOHEHTBI KOTOPOTO MOJIYIAITCS
CYMMHUPOBAHNEM COOTBETCTBYIOIIMX KOMIIOHEHT CKJIaJIbIBAEMbIX TeH30poB. Ha-
npumMep, eciiu T = (lej) u Q = (Q;’fj), rou R=T + Q = (Rﬁj), pUuUIEM
Rﬁj = Tzk] + Q%]fj -

[TokaxxeM, 4TO TIPU CJIOKEHWU TEH30POB B JCHCTBUTENHLHOCTH TTOJTYIACTCS
CHOBa T € H3O0DP, T.e. 00BEKT ¢ TEH30PHBLIM 3aKOHOM TpeobpasoBanusi. [lepe-
BEJIEM CYMMY T + Q B JIPYyToit Oasuc: ,lsm + Q‘fm = af al, b Tfj + af al, b fj =
= af al, b (Tf] + ij) = af al, b Rfj = R'fm HTak, cymMma TEH30POB BEJIET

cebst "mmo-rerzopromy .

3. Tem3zopuoe (BHemrHee) mpousBeaenne. [lycrs mverorces rerzopsr T

nQ n110060r0 crpoerust. VIx TeH30PHBIM TPON3BEIEHNEM HA3BIBACTCS T € H -
13 A o A A

sop”® R = T ® @, KOMIOHEHTBI KOTOPOIO IOJIYYAIOTCA IPU YMHOMKCHUU

A

Ka X 1O KOMIOHEHTBHI T HAa BCEBO3MOKHBIE KOMIOHCHTHI Q.

Hanpumep, ecan T' = (Ti-“j), aQ=(QP), 0 R= (Rfjps), HPUUIEM Rfﬁs =
=T Q.

[Tpu Ten3opHOM MPOM3BEEHUN PAHTH COMHOXKHUTENEN CKIAIbIBAIOTCA. Ten-
30pHOE MMPOU3BEJICHUE HEKOMMYTATUBHO, T.€., BOODIIE IOBOPSI, T 0% Q =+ Q 0% T

[TockoibKy € K a J1 51 p, T.€. BeJINUMHA, UMEIOIIAst OJIHO U TO YK€ 3HAYCHUE BO
BCex Dazucax, eCTh TEH30p HYJI € BOT O paHra, TO MPU BHEITHEM YMHOXKEHUU
TEH30pa Ha CKAJISP MOJIYIAeTCsl TeH30D TOrO YKe CTPOeHUs (IIPH 9TOM KaKIast
KOMITOHEHTa TeH30pa YMHOXKaeTCs Ha JaHHBII CK&JIHp).

Boranranue TeH30POB OJIMHAKOBOIO CTPOEHUsI CBOJIMTCSA K YMHOXKEHUIO BhbI-

anTaeMoro Ha (—1) u ciokeHuo.

W3 cBoiicts 1-3 BBITEKAET

]'SqTO, KOHEYHO, HAJIO Y M € T b JIOKA3aTh; 3TO HETPY/IHO!
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CunemcrBue. Ecaum cooTBeTCTBYIONE KOMIIOHEHTHI JBYX TE€H30POB B HEKOTOPOM Da3uce

PaBHBI, TO OHU PABHBI U B JIIOOOM JIpyroM Oa3uce, T.e. TEH30PHI T OK 1€ C T B e H H O PABHHI.

4. CBéprka. I710 crenudnyaeckn Ten3opras oneparus. st cBEpThIBaHuUs
TeH30pa KaKne-HUOY/Ib JIB& Pa3HOBBICOTH bl X WHJIEKCA B HEM OObSIBIISA-
IOTCS COBMAJIAIONIMMEI, W 110 HUM, B COOTBETCTBUU C TIPABHUJIOM OWHINTEHHA,
MPOXO/TUT CYMMUPOBAHE.

Hanpumep, B Tensope T = (TZ") IpUPaABHUBAHUEM [E€PBOI'O BEPXHErO 1
MEPBOT0 HUKHETO WHAEKCOB MOYKHO MOJYIUTH CBEPTKY (T;}”) B namnom mpu-
Mepe MOXKHO BBITIOJIHUTH CBEPTHIBAHUE CIIE TPEMST CIIOCODAMMU: (TZ) nujn (Tf]m)
nujn (Tg) (Besikmit pa3 nostydaercst, BOOOIIE rOBOPs, PYTOii pe3yJsibTar).

[Tokazkem, 9TO TIpU CBEPTHIBAHUU TEH30pPA TOJYIAETCS CHOBA T € H 30 P,
AMEIOINN Ha OJINH HUKHUKA U Ha OJINH BEPXHUN WHICKC MEHbIIe, YeM UCXOTHbBI
TeH30p (T.e. pAHT TeH30pa yMeHbITaeTcs Ha 2).

Paccmorpum, nanpumep, tenzop 1" = (T”k). B HOBOM 0asmuce ero Koop/iu-

st __ ] k ps pt 1
HATBI IEPECUUTAIOTCS 110 3aKOHY qur a ay s 07 b T”k CsepuéM TEH30D B
qt __ j q 1t
HOBOM 0Da3muce 10 MHJEKCAM ¢ U S: qur a a; b b ka Ho npousseenue

i Bd J
al by (9s1eMEHTOB B3a MM HO 0O P aTHbIX ManHu.) paBHo d7-cumsosty Kpo-

nexkepa. Tora Tg’;r = a} af 57 b, T = alal b,

BUJIUM, 9YTO ITIOCJIE CBeprIBaHI/IH O6'beKT [IO-IIpEe2KHEMY VYJIOBJIETBOPAET T € H -

t m
ngk a ak bl o, Nrax, Mb

30pHOMY B3aKOHY IPeodpa30BaHusi, B KOTOPBI BXOJST JIBE IMPSIMBIX U OJIHA
obpaTHasi MaTPUIbI IEPExo/ia, T.e. KOJUIECTBO KO- U KOHTPpaBapUAHTHLIX HH-

JIEKCOB yMeHbIaeTcs Ha 1.

Omneparust CBEPTHIBAHUS MOYKeT OBITH IPUMEHEHa K TeH30pPY HECKOJIBKO pas.

Eciin TeH30p 3a/aH KOMIOHEHTAMH C P aBHB M YHCIOM KO- U KOHTPABAPUAHTHBIX
MH/IEKCOB, TO KOHEYHBIM Pe3yJIbTaTOM CBEPTHIBaHUIL Oy1eT 00LeKT 6e3 HHIEKCOB, T.e. CK a -
7 s p (nuaBapuant). Tak, Ipu cBEPTHIBAHUN TEH30DA L; (KaKk MbI 3HAEM, MATPHIA JTHHEHHOTO
oreparopa B JI000M Ha3uce COOTBETCTBYET TEH30PY TAKOTO CTPOEHUS ) TOJIYUUTCS HHBAPUAHT
Li=SpL — cnen (mmyp) marpumst oneparopa L uim cyMMa JuaroHaIbHBIX 3/IEMEHTOR

marpuibt (eM. C. 19, 79). Panee MBI yKe YCTAHOBHJIN €10 HHBAPUAHTHOCTD.
Ecnm Ke KOMMIecTBO KO- U KOHTPABAPUAHTHBIX WHIEKCOB Pa3IudaeTcsd Ha eTUHUILY, TO

KOHEYHBIM Pe3yJIbTaTOM CBEPTHIBAHUIT OY/JET TEH30P C OJHUM HHJIEKCOM, T.e. BE K T O P.
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5. CkaJisipHoe (BHyTpEHHee) MPOM3BEEeHUE. DTO KOMOMHAIMS TEeH-
30PHOTO MPOU3BEJCHUST U CBEPTKHU. UTOOBI CKa s P HO MEePEMHOKUTH TEH-
sopel T u Q (3HAK CKAJISIPHOTO MPOU3BEJICHUS: T - Q), HaJIO0 HAWTU UX T € H -
30 P HOeEe NPOU3BEJICHNE, a 3aTeM CBEe P HY T b pPe3yJbTaT IO JBYM Pa3HOBBI-
COTHBIM WHJIEKCAM, OJIMH M3 KOTOPHIX MPUHATLIENRK AT COMHO-
KUTEIIO T, a Ipyrou — Q

,ZLH,HHOG olpeaejenue CorjiacyeTcd ¢ TeM, KaK BBOJUTCA CKaJIApHOE IPOU3BEJCeHNE B BEK-
TOPHOM HCYHUCJICHHMU.

O4eBMJHO, 9TO PAHT TEH30Da 1%, MOJIYYAIONIerocs Mpi BHYTPEHHEM TPO3Be-
JIEHUH, PABEH CyMMe PaHTOB COMHOXKWUTEJeH MIUHYC JIBa.

Pacemorpuy ipuMep. Ilyers gamn temsopsr 11 = (Tfj) uQ = (Q"), n
Tpebyercss HaiiTH nx BHyTpemnne mnpoussenenus 1T - Q (MX HECKOJIbKO, T.K.
CBEPTKY MOXKHO 00pa3oBaTh pasHbiMU criocobamu). BHernee mponssejenue:
T ® Q = (Tf] Q}") - R = (Rf;?), TOT/Ia OJIHO M3 BHYTPEHHUX MTPOU3BEJIE-
nuit ectn T - Q = (Tfj Q}”)Em = (Tf] Q})

6. OGpaTHbIil TEH30PHBIN TPU3HAK (MPaBUI0 YACTHOTO). Oneparus
JdeJleHns TeH30pa Ha TeH30p © He BBOAUTCA. HEKOTOPBIM yTeIleHHeM MOYKeT
CIIYyKWTH CJIEJIyIOIIee MPaBNJIO, TIO3BOJISIOIIEE N3 TEH30PHOCTH TPOU3BEICHUST U
OJIHOTO M3 COMHOXKUTEJIEH CIeIaTh 3aKII0TeHNe O TEH30PHOCTH JIPYTOr0 COMHO-
SKUTEJIS

IIpaBusio wacTtHoro. Ecau suympennee npoudsedenue uHIekcupo8aHHo20
00BeKMa ¢ KOMNOHEHMAMU MEH30PA NPUBOOUM CHOBA K KOMNOHEHIMAM MEH-
30pa, MO YNOMAHYMOLT 00BEKM CaM — MEH30P, CMPOEHUE KOMOPO20 onpede-
AAEMCA CMPOEHUEM 08YT IPY2ULT MEH30POE.

[Tycrh, HanpuMep, o6 bekT ¢ Tpems unjgekcamu P(i, j, k) ckajusipHo
YMHOMKAETCS Ha CMEIIaHHbI TeH30p Q = (Q;), B pesysbTaTe 9ero BO3HU-
kaer Tenzop R = (Rk): P(i, j, k) Q;'- = RF. B coorBercTBHI ¢ 0OPATHBIM
TEH30PHBIM MPU3HAKOM 00beKT P sIBJIsieTCsl TEH30POM, a UMEHHO p= (Pi k)

BaxXHbIM C1ecTBIEeM JAHHOIO IPU3HAKA, SBJISIETCSI TeH30PHDIIH XapakTep 0-

cumBosta Kponexepa 67. B camom mesie, mycTh KOHTpABAPUAHTHLIN B € K T O P

MK 2k obocrosats TEH30PHOCTHb OObEKTA?

15

pPaHr KOTOPOro OTJIUNYEH OT HYJIsd .—)
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a — (al) CKaJIAAPHO YMHO2Ka€ETCA Ha (Si, B UTOr€ IIOJIYyIUTCsA ApyTad KOMIIOHCH-
. 5j — 4 T 5j
Ta TOTIO 2K€ BEKTODa: a P = a’ . orza COBOKYITHOCTL BE€JIWYMH i

obpazyer cMeTmaHHBI i TeH30p BTOPOTO paHTra.

9. CumMeTpusa TEH30pPOB

TeH30p HasbiBaeTCs cumMempusHbim (AHMUCUMMEMPUYHBLM) NO ABYM KOBa-
PVMAaHTHbBIM MK NO ABYM KOHTPABAPWAHTHbBIM WHAEKCAM, €CJ/IN €ro KOMMOHEHTbI HE
MEHAKT CBOEro 3Ha4eHn4 (VI3MeH9|I'OT 3HaK) npun NepecCTtaHoOBKE 3TUX NHOEKCOB.

[IpumMepoM CUMMETPUYHOTO TEH30pa SBJISETCS COBOKYITHOCTH KOI(DMDUIMEHTOB KBapa-
THYIHOW (DOPMBI.

Jnsa cuMmMeTpudHoro Apakbl KopapuantHoro tensopa Il panra T;; = Tj;;
COBOKYIIHOCTDb €I'0 KOMIIOHEHT 3allMCbIBA€TCA B BHUJIC CHMMeTpH‘{HOﬁ MaTpn-

Il bI, B CJlydae TPEXMEPHOT'O MPOCTPAHCTBA UMeEIOIIEH 11 ec T b He3aBUCUMbIX
t11 t12 t13
KOMIIOHEHT: tio Bas By
t13 t23 t33
AHTHCHMMeTquHOMy JIBaXKJIbl KOBapUaHTHOMY TeH30py BTOPOr'O paHra

T;; = —Tj}; coorseTcTByeT, OUeBUJHO, aHTUCUMMeTpUYHasd MaTpu i a. B R3
16 0 t12 t13
OHa MMeeT TOJbKO TPHU HE3aBUCUMBIC KOMITIOHEHTHI ~ @ | —ti= 0 #og

—tyy —tay O
O000ITIeHUSIMI TIPEJIBIIYIIET0 OIIPeIeIeHIS ABJSIOTCS CIe Ty IOITe:

TeH3op Ha3bIBACTCA CUMMEMPUIYHDIM, ECNN €TrO KOMIMOHEHTbBI HE MEHAKOT CBO-
€ro 3Ha4eHud npum n ko boii nepeCTaHoBkKE O 4 HOBbBICOTH bl X WHOEKCOB.
TeH3op HA3bIBAETCA aAHMUCUMMETMPUYHDBIM, €CNN nwobaa 4éTHas

NePECTaHOBKa €ro O A HOBbICOTHbI X WHAEKCOB HE MEHAET 3HAHEHUA KOMIMO-

1671, Beb CTOMBKO KOMIOHEHT mMeeT B R BexTop! O TOM, 9TO 3a BEKTOP MOTydaeTcd B JAHHOM CIytae,

cM. 1. 22.
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HEHT TeH30pa, a Ntobasi He4YéTHas ' UX MepecTaHOBKA M eH S €T 3 Hak

KOMMNOHEHT.
CumMeTpus U aHTUCHMMETPHUsI TEH30POB HE 3aBHCAT OT BBIOOpa Oa3uca.
Paccmorpum B KadecTBe mpuMepa aHTUCUMMETP U Y HBL i TPUXKIBI

koBapuanTueiii Tenzop T = (Tj;1). Torma

T, =1, =T

123 231 312

(LLI/IK.HI/I‘{GCKI/IG MepeCTaHOBKU T P € X MHJIEKCOB — YETHHIE (HpOBepre!));

T, =-T, =-T_ =-T

123 213 132 321

(moMeHsII MecTaMu COCeJIHIEe MHJIEKChl 1 1 2, 3aTeM MOYXKHO MepeMeriarh WH-
JIEKCBI TIUKJIMIECKH; BCSIKU pa3 TMepecTaHoBKa Oyjer HedéTH o ii). Jlerko
BUJIETh, YTO NP COBHNAJJEHU U XOTs OBl JIBY X HHICKCOB COOTBETCTBY-

I0I[asi KOMIIOHEHTa TeH30pa oOpaTuTcs B Hysb. Hanpuwmep,
Tk = —Tiir = Tur = 0.
AH&JIOFI/I‘{HO, T’Z]Z = 1lij5 = T’“Z = 0.

10. CummMeTpupoOBaHWE U AJbTEPHUPOBAHNE TEH30POB

Paccmorpum BHauaJje 1npousBoJibHBIN Ten3op I panra ¢ OgHOBBICOTHLIMU

ungekcamu: T = (T;;). CoBepIinM TOXKJIECTBEHHOE MPEOOPA30BAHUE €r0 KOM-

nouent: Tjr = %T’” + % [IepecTaHOBKOI HHIEKCOB 4 1 k yOexKjaeMces

17HaHOMHI/IM, YTO BCAKOE PACMOJIOXKeHne uuces 1, 2,...,n B HEKOTOPOM OTPEIETEHHOM MOPSIKE HA3bI-
BaeTCd nepecmanoskot n3 n dncen. KoandecTBO pas/jMdHbBIX TEPECTAHOBOK U3 71 YUCE] 0003HATAETCS KaK
P,, u pasmo n!

JBa uucia B nepecranoBke o6pa3yor uxeepcuto (6ecopsioK ), ecjau 0 0 JI b Il € € YUCJIO CTOUT BIIEPeIu
MeHbmero. Eciu B mepecTaHoOBKe YHC/Ia COCTABIAIOT YETHOE YUCIO WHBEPCHUil, TO TaKas IIePecTAHOBKA
Ha3bIBAETCA 9 € T H O i, B MPOTUBHOM ciiydae — H e 9 & T H o ii. Hanmpuwmep, mepecranoska 14 2 3 yérna, T.K.
B Heil 11Be nHBEpCUM (YeTBEPKa MPEIIIeCTBYeT 1B Y M MEHBIINM YUCIaM), a nepecraHoska 2 1 3 4 neuérua,
T.K. B HEd O/l H & WHBEpPCUd.

IT p u M e p. Boraucaurs uncsio uuasepcuii B mepectanoBke 6 4 5 2 3 1 u HalTH 96THOCTD IIEPECTAHOBKH.

Enuaunne npemecTByor IATh 66abmux vucen1 6 4 5 2 3, 3HaunT, yncyao uHBepcuit k, = 5. 3auépkuBas
1, momywaem nepecranoBky 6 4 5 2 3. Ilepen apoiikoit ctost Tpu 66abmux gucaa 6 4 5, 3naqnt, k, = 3.
BauépkuBas 2, noixydaem mepectanoBky 6 4 5 3. Ilepen Tpoiikoit crost tpu 66abmux ducia 6 4 5, 3Hadwur,
k, = 3. BauépkuBag 3, momygaem mepecranoBky 6 4 5. Ilepen wmciaom 4 crodTt omno Gombiiee duciao 6,
3HaunT, k, = 1. 3auépkusas 4, nosyuaeM nepectanoBky 6 5. Ilepen unciaom 5 CTOAT OJHO OOJIBIIEE UUCIIO
6, 3Hauur, k, = 1. BauépkuBasg 5, HOIydaeM MEPECTAHOBKY U3 OJIHOIO 4UCIa 6.

[Tosnoe 4mcno uasepcmit Oyner k, + k, +k, +k, +k, =5+3+3+ 1+ 1 = 13 — meuérHoe gucio,

MTO3TOMY W TIEPECTAHOBKA H € I € T H a.
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B TOM, UTO MEePBOE cJlaraeMoe B CyMMe TIPU 3TOM He W3MEHUT CBOETro 3HaUeHU s
U SIBJISIETCs, TAKUM 00pa30M, CUMMETPUIHBIM TEH30POM, a BTOPOE — CMEHUT
3HAK U OYJeT aHTUCUMMETPUIHBIM TEH30POM.

A

Urax, npouszeorvnwt menzop T emopozo panea ¢ 0d 1o 6 v commnvl-
MU UHOEKCAMU MOANCHO NPEICMABUMD 6 6Ude CYMMBL € U M M € T D U Y 1 0 1
wacmu 8 = (Sip) = (Tawy) = (B3T8) w anmucummempuunoi
wacmu A = (Ay) = (Thiy) = (Bete).

Onepaynu BbIfENEHUS N3 TEH30Pa €0 CUMMETPUYHOAR N AHTNCUM -
METPMWYHONW YacTell HA3bIBAOTCS, COOTBETCTBEHHO, CUMMEMPUPOSANUEM U
AADMEPHUPOBAHUECM JAHHOTO TEH30PA.

He npuBosist obrmero onpe/ieienns: 9Tux oneparyii, B KadecTBe emé ojiHoro
npUMepa cuMMeTprpyem 1 abreprupyem rersop T = (Tjj;) Tperbero parra
C OJIHOBBICOTHBIMU WHJICKCAMH.

Koummonentsl cummerpuyanoii uactn S = (Sjjr) = T(;jk) Tenzopa T Berauc-

JIAKOTCA KaK
Sijk = %(ka + Tikj + Thij + Thji + Tiri + ngk)
Tenephb agbTepHUPYEM TEH30D T
Aijk = Tiijy = %(ngk — Tikj + Thij — Thji + Tjri — ngk)

O“IGBI/I,Z[HO, YTO CUMMETPpUuPOBaHUEe HE MeHdeT KOMIOHEHT CHUMMETPUYHOI'O TEeH30pa, a
AJIBTEPHUPOBaHUE — KOMIIOHEHT aHTHCUMMETPUIHOTO.

B paccMOTpeHHBIX IpHEMepax BCe TeH30PbI ObLIN IPEJICTaBIeHbl CBOUMU K O -
BapMUaHTHB MK KoMIoHeHTaMHU. C TeM Ke yCIexXoM Mbl MOIJIN ObI B € 3 J1 €
MCIIOJIb30BATh KOHTpaBapPMa HTHbBI € KOMIOHEHTB. K ¢MeT1ra HH bl M
TEeH30paM OIepallui CUMMETPUPOBAHUS U aJbTEPHUPOBAHUST HEINM PU M€ H U -
M bl B camom nene, mpm mepecrtaHoBKe MHJEKCOB ¢ U k B TeH30pe T = (Tkz)
(Mui Ipy TPAHCHOHMUPOBAH MM MATPHUILI TEH30pa) MOJLYIUTCST TEH30D

T = (Tgk) JPYyTroOToO CTPOEHUs], ¥ UX Oy/1eT HEBO3ZMOYKHO CJIOYKHUTH!
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11. TeH30pHI B €BKJINI0BOM IIPOCTPAHCTBE

Ilycts B n-MepHOM €BKJAKJOBOM Ipocrpancrtse F, 3agan 6asuc
{e,,...,ey}. Jl0ObIM JByM 0a3WMCHBIM BEKTOpaM €; W €; MOXKHO COIOCTa-
BUTH X CKaJsipHOe npoussejenne (e;, €j), Koropoe Mbl OyjaeM 0003Ha-
qaTh Kak ¢;j. [IpocieuM 3a TeM, KakK M3MEHSIOTCS THCIa ¢ HPH HEePeXO-
Jle K HoBoMY DOasucy. BblpasuMm BeKTOpLI HOBOI'O Oa3uca dyepes crapblii basuc:
é, = a, e;, é; = al e;; Torja CKaIAPHOE TPOU3BE/ICHAE HOBBIX OAZUCHBIX BEK-
Topos: (&, é5) = drs = a, al (e;, e;).

N —
N

Urak, grs = akal gij, a3m0 3aKoH npeobpaszoBaHmus JBaxX Jbl
KOBapuaHTHB X Ten3zopoB Il panra.

CoBokynnocTh wmces (g;;) obpasyeT JBaX /bl KOBapHaHTHH
mempumeckui ™S (i dyndamenmarvroi) Tenszop G.

CsoiicTBa MeTpUYIECKOTrO TEH30pPa

1. Merpuueckuii TeH30p ONpeeIseT CKaasapHOe NPOUI3BEJCHU e
M METpUKY EBKIUJ0BA IIPOCTPAHCTBA.

IIycts B E, 3ajaHbl BEKTOPbl € U Y, KOTOPbIE Mbl Pa3JIOXKUM 10 0Da3uCy

MPOCTPAHCTBA: & = z e, y= y’c er. Torna ckaJisipHOE ITPOU3BEICHHE:
ik ik
(iﬂ, y)::zzy (ei; ek)zxy gik -

Huuna sekropa: || = +/(x, ) = /2 2¥ gi. .
2. Merpuueckuii TeH30p CHM M ET P U 9 € H.

B camowm Jiesie, B ¢ty CUMMETPHUN CKAJISIPHOTO MTPON3BEICHNS,
g9i; = (e, ;) = (e}, e;) = gji-

3. Marpwura MeTprmIecKoro TeH30pa He B bl P O K JT € H H a.

JleficTBUTEIBHO, 9Ta MaTPUIIA,

(617 el) (617 62) T (617 en)
(en, e,) (en, e,) ... (e, e,)
ectb MmaTpuima 'pama [' (em. m 12, C.28).

181\tenmo o ompeenser paccTOSHIA MeKITY TOUKAME, T.e. M e T p M Ky mpocTpamcTa. Ksagpar pac-
CTOSHIS MK Ty 6ECKOHETHO OIM3KIME TOUKAMH, KOTOPHIH MBI TPUBEITHO BEIMHCISEM MO TeopeMe Ilndaropa,
Kak ds? = dr? +dy? +dz?, B ciydae M CKPHUBJI 8 HHOT O TPOCTPAHCTBA (B TPABUTAIIHOHHOM TIOJI€) OTIpe-

JlesIsieTCsT depe3 MeTpHdIecKuil Tensop: ds’ = ¢, dx’ dz®.
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[Tockosibky GasucHbIe BEKTOPHI JiHeiHO HesasucuMbl, det G # 0 (cm. 11. 16,
C.37), 1.e. MaTpUIa TEH30PA G HeBbIpoXK/IeHa.

4. B cuy HEBBIPOXKJIEHHOCTH MaTpuilbl G OHA UMeeT 0DPaTHYIO.

DiteMeHTBI 06paTHON MaTpuibl G = G 06pasyloT [ Ba kK Il KOHTP a -
BapUaAaHTHBIH METPUUIYCCKUNA TEH30DP G.

TTokaxkeM TeH30pHbIT xapakTep 06bekTa, coorercrByiomero G . Barmiem

coorromenne G 1G = E B UHIEKCHOM BHJE: g(i, j) gjx = 5}; . ITo obpar-
N~ =
TEH30D TEH30D

HOMY TEH30PHOMY NMPHU3HAKY NEPBBIil COMHOXKHUTEJL — TOXKE TeH30D, a NMEHHO,
g(i, 7) = g — nBaxKIBl KOHTPABAPHAHTHDBINH TEH30D.

5. MBIA BBEJIN JBAK(bl KOBAPHAHTHBIH G = (gij) m nBaXKJBI KOHTpABADH-
antuplit G = (gij ) METPUYECKNEe TeH30pbhl. PaccMOTpUM Terneph BO3MOXKHOCTh
BBEJICHAsl CM eIl aHHOT O Merpudeckoro renzopa. OnpejiesnM ero KoMmo-

-

I =06], e. KOoMTIO-

nenTe! 1Y kak g{ = g g™ = (GQG) f Nrak, gi. = (F)
HEHTH CMEIAaHHOIO METPHICCKOTO TEH30Pa — 3TO IPOCTO
d-cuMBOJIB KpoHekepa, u HIYEro NPUHIMIUAILHO HOBOIO MBI HE I10-
Ty JaeM.

6. MaTpuipl METPUYECKUX TEH30POB B CIEINUAJLHLIX Da3ucax.

B oproronmaabuowM 6asuce renzopy G cOOTBETCTBYeT JUaTrOHAJb -

Hasd MaTpula

gin O 0
22 0
G=(gj)=1| = 7 )

~

o0 0
1
G:(gij) 0 G2z 0 :
0 0 L

1
Gii
B OHB G =G = E — ejunudnas MaTPUILA.

T.e. g =

193;1er UCIOTB3YeTCs dconzauposanue nanexcamu — cm. C. 73.
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12. B3zaumusbIili 6a3uc

Beeném B eBkimmoBoM mpoctpancrse E, 6asuc {e,, ..., e,}, KOTOpbIii Ha-

30BEM O C H O B H bl M, I PACCMOTPUM BEKTOPBLI HOBOH MPUPOJILI €', BBOJUMBIE C
T ik i1 12 n

IIOMOIIBIO COOTHOMIEHNA € =g e, =g e +g-e,+ ...+ g e,

Marpuia G KOOPAMHAT BEKTOPOB €' HeBLIPOXKJICHA, MOITOMY HOBBLIC BEKTO-
pel {el, ... e"} nuneiino mesaBucHMBI © 06 pPa3yi0T 6a31C N-MEPHOrO

o 20 o

IPOCTPAHCTBA. DTOT OA3UC HABBIBACTCS 63aumHvLm - JJist basuca {e ..., e,}.

CsoiicTBa B3amMHOTO H6a3uca

1. CkansipHoe NPOM3BEJCHUE BEKTOPOB OCHOBHOI'O M B3AUMHOTO 0A3MCOB:
(el, ej) = (g’k er, ej) = g* gi; = 07, T.e. BEKTOPBI OCHOBHOTO Oazuca {e;} u

:gk]-

BEKTOpbI B3aUMHOI'0O Oa3uca, {el} OPTOTOHAJDbHBI NIPA & F# J.

Nraxk, (ei, ej) = 5;-

2. CxajsipHoe TIpOM3BEJIEHNE BEKTOPOB B3aMMHOIO Oa3uca: (e’, ej) =

~

= (g““ er, ej) = g'* 61 = ¢', re. rensop G, BBejEHHBIN panee (OPMATBHO
s

C IOMOIIBI0 obpalienns Marpuiibl (G, mojaydaer OoJiee HALJISIHOE UCTOJKOBA-

Hue: ero KOMIIOHEHTbI, KaK 1 KOMIIOHEHTDBI Q, CYTb CKaJIdpHbIE IIPOU3BEJICHN A

BEKTOPOB Dasuca (HO He OCHOBHOTO, & B3a M MHOT 0).

Uraxk, (ei, ej) =g

3. BeesiéMm HO BB OCHOBHOI Gasuc {€;} u paccMOTpUM CKaJISIpHOE TTPO-
M3BeJIeHNe BEKTOPOB HOBOI'O OCHOBHOI'O Da3uca 1 B3aMMHOI0 ba3uca: (éi, ek) =
= (af es, ek) = a¥. Tlomyunyicst saeMenT TpsMOii MATPHIIH TIepexo/ia, OT CTa-

~——

=k
poro (0CHOBHOTO) Ha3uca K HOBOMY.

Urax, (éi, ek) = a¥

4. Haxoxjenue B3amMHOIO 06a3uca B TPEXMEPHOM IIPOCTPAHCTBE.

ITo croiicTBy 1:

(e', e,) = 51 =1,
1 1

(et;e,) =0 =0 (re e'le)), (et;e,)=0. =0 (re e'le,),

2 3

20p kpucrasuiorpadun U reoperndeckoii dbusnke TBEPIOroO Tejaa BeKTOPHI {e;} moHMMarorcs Kak Oa-
3HCHBIe BEKTOPBI KPHCTATIICCKON PEMETKH; TOTIa BeKTOPLI {€'} ByayT GasucHbIMU BEKTOpaMu 06pamHoti

pewémru, UTPAoIIeil HCKITIOUATETHFHO BaKHYIO POTb B TEOPETHIECKUX MOCTPOEHUIX.
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les| =lea| =1

N let|=|e}=1/cosO
N (e e))=—sin@
N

Puc. II.1. Ko- u KoHTpaBapHaHTHBIe KOOD/IMHATHI BeKTOPa & B IPOCTpaHCTBe L, .

CJIeI0BaTEIbHO, TEePBBIi BEKTOP B3aMMHOIO Oa3nca €' mepreH 1K Yy JIs-
D € H IJIOCKOCTH, COfiep KaIieil e, u e,, I Mbl MOJKeM 3ammcarh: €' = ule, X e,].
Ocrajoch HAUTH KO(DDUIUEHT IPOIOPIUOHAJBHOCTH (4. JIJIsT 9TOTO CKaJsIpHO

YMHOXKHUM 00€ 9acTH IOCJIe/IHero COOTHOIeHNs Ha e: (e', e) = pe,e, e,
——

_ 61 -1 CMeIIl. IIPOU3B.
OTKYyda U = 1 612 e (I/ISBGCTHO, 9dTO B CMEIIaHHOM IIPOU3BEJICHNN MOKHO ITUKJIN-

YEeCKHU IIepecTaBJIATDH COMHO}KI/ITGJII/I).

o €es Xe
Urak, nepsblit BeKTOp B3aWMHOTO Oasnca uMeeT BUJ: e' = % AmnaJio-
PHIHO:
e, Xe e xe
e2:[3 1], e3:[1 2]-
el 62 e3 el 62 e3

5. Pa3zjoxkum mpou3BOILHBINA BEKTOP & MO JBYM Pa3HLIM B3aMMHBLIM 0a3M1-

7 ’

] k
caM — CTapOMy U HOBOMY: & — I; eZ = T € . 066 HaCTU 93TOT'O COOTHOIIIEHUA
/. 7 / _ , sk / I/I !
CKaJIsAADHO YMHO>KHWM Ha es. x; e, es = (T e, es . TaK, ZUS = (ls T; — KO-
—— ——

a§7n03 :5§

Op/IMHATHI BEKTOPa BO B3 a M M HO M 0Oasuce 1mpeodpa3yoTcs 10 KOBap U -

aHTHOMY 3aKOHY M HA3bIBAIOTCA KOBAPUAHTMHLIMU KOOPDANHATAMN BEKTOPA.

13. T'eomerpudeckuii CMBICJI KO- 1 KOHTPABaAPUAHTHBIX KOOPAWHAT

Paccmorpum st IPOCTOTHI JIByMEPHOE €BKJIMJI0BO TpocTpaHcTBo F,, a B
HEM — OCHOBHOII Gasuc {e,, e,}, BEKTOPBI KOTOPOrO €JIMHUYHBI, HO HE 00s-
3aTeslbHO OpTOroHasbubl: |e,| = |e,| = 1. [Ipou3BoibHbIil BEKTOp & MOMKHO
Pa3JIOKUTh 110 3TOMY Oazucy: ¢ = z'e, + r°e, = z* e;. Bnech ¥ — xom-
TpaBapUaHTHB € KOODJAUHATHI BEKTOpDa &; KaK BCErja, KaXKjas U3 HUX
obpasyercss (KO €Oy T O JbHBIM) TPOCIIUPOBAHIEM & HA COOTBETCTBYIOINIYIO
0A3UCHYTO OCh MAPAJUICTHHO JIPYTOil OCH cucTeMbl Koopauuar (cm. puc. I[1.1).

Ternieph TOT e BEKTOP T PA3JIOKUM 110 B3auMHOMY basucy: € = x; e’ — u

CKaJISIPHO YMHOXKIUM 9TO COOTHOIIEHNUE Ha ey: (T, ef) = (:1:Z e, ek) = x; 0} = xp,



14. 2KOHIVINPOBAHNE NMHIEKCAMU 73

— 9TO KOBaPHUaHTHHBIE KOOPAMHATHI BEKTOPA &; 1O CMBICIY CKAJISPHOI'O
MpOU3BeJIeHusT (&, €x) OHU CyTh OPTOTOHAJ b H Bl € MPOCKINH & Ha OCH,
olpejiesisieMble BEKTOPaMU €, O CHO B H O T'0 Oasuca.

Urak, paziauane MexxJ1y KO- 1 KOHTpaBapUaHTHBIMKA KOODIMHATAMK CBSI3AHO
Cpa3HBIMHK CIOCODaMU NPOCHUPOBAHUST BEKTOPA, HA, OJTHU U T€ K€ OCH.

[Tousrro, uto B OHB nBa crnocoba mpoenupoBauss TepsaoOT pa3Ju-
9 U e, TOITOMY, €CJIN OTPAHNIUTHCI PACCMOTPEHHEM YaCTHOTO CJIyYas O P T O -
HOPDMHUPOBaHHOTIO Da3nca, MOXKHO HE CJIEIUTH 32 BBHICOTOW MHJIIEKCOB U
He IIPUJIEP>KUBATHCS MTPABUJIa O CYMMUPOBAHUHU TOJILKO 110 1O BT O P 5110 I € -

Mycsd Pa3HOBBICOTHOMY HHICKCY 2.

14. 2KoursmpoBaHue MHAEKCAMU
PaccmoTpum 3Ty omepalio mocaeoBaTe/IbHo I TEH30POB PA3HbIX PAHTOB.

1. Tenzop I panra (BekTop). Bekrop & pasyiokum 1m0 OCHOBHOMY W

B3aMMHOMY OasucaM: © = z'e; = rp e’ — W cKanapHO YMHOXKHUM Ha €y

(:U’ e;, es) = (CEk ek, es) = |Ts = ' gijs| — ITO OlEpalUsd ONYCKAHUA UHICKCA
~—— ~——

Gis (SI;
(KoHTpaBapuWaHTHas KOODJIMHATA T’ BEKTOPA & NepeBejieHa B K O B a -

PUAHTHY IO KOODJIUHATY Tg).

Tereps 06e YaCTH TOTO ¥Ke COOTHOIICHUS &' €; = T €F CKAIAPHO yMHOXKHIM

Ha e’: ($Z e;, es) = ($k e’ es) = |2° = 21 ¢*| — 910 onepanns noduamus
v V
o gks
WHJEeKCA (KOB AP U AHTH a5l KOOPJUHATA T BEKTOPA & MEepPeBejieHa B K O H -

TpaBapuaHTHY O KoopauHary x*).

HO,ILHHTI/IG 1 OIIYyCKaHHE NHJICKCa Ha3bIBalOTCA HCOH2AUPOBAHUEM NHICKCAMMU.

2. Tensop II panra. [locrymaem anajornuno: TF = T' g% — nogmarue

sroporo unaekca y I'; Ti, = g;s 1%, — onyckanue nepsoro unjaexca y 1T

3. Tensop 11l panra. IIpumepst xourmuposanust: Tijp = 17557 gsi, — omyc-
Kanue nHjekca; Tk = T;'qk g% g¥ — momHATHE cpasdy ABYX WHJICKCOB W T.]I.

Bce Tenzopbl, nojiydaeMble U3 JAHHOIO TMOJHATUEM WJIU OIYCKAHUEM HEKO-
TOPOT'O YUCIa HHJEKCOB, HA3bIBAIOTCA GCCOUUUPOSAHHBIMY € STUM TEH30-

POM; X MOXKHO pacCMaTpUBAaTh KAK O U H-€JIUHCTBEHHBI U TEH30D,

21B kuurax masanbrOrO ypoBH# 110 TenzopaM (cM., Hanpumep, [20]) Tak U HOCTyHAOT: BCE WHIEKCHI

MUY T BHU3Y.
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npeJjcraBJEeHHB I B pPa3dHbIX cucreMax KoopjauHatT (M.
1. 24). T[ToHsATHO, 9TO TE€H30D, PAHT KOTOPOIo OOJIbIIE €JNHUIIBI, UMEET HECKOJIb-

KO Pa3JIMYHBIX aCCOIMMUPOBaAHHLIX TEH30POB.

15. I'naBHBIE 3HAUYEeHUd U TJIaBHbIe HaIIpaBJIEHUS TeH30pa

Paccmorpum B E,, cMemaHnHBI I Ter3op Il panra T = (Tf) U BEKTOP
Tr = (acl) IIx BHyTpeHHee IPOU3BEJICHUE T x = Tg z' = y/ npusBomMT K
BEKTOPY Y, KOTOPBIi, BOODIIE TOBOPsi, HX 110 HAlPaBJIEHUIO, HU 110 JIJIMHE HE
COBIIAJIAET C .

Henynesoli BekTOp, KOTOPbLIV NMpu CBEPTbIBAHUU C TEH30POM HE MEHSIET CBOENO
HanpaBfEHUs, ONPEAENseT 2446H0E HANPABAEHUE TEH30PA.

Ecin HenyJieBoit BeKTOp & 3aJlaéT TJIaBHOE HallpaBJIEHUE TEeH30pa, T, TO
T{ ' = A2/, e uncio \ ecrb 24a6m0e 3Havenue TEH30pa, KOTOPOMY COOT-
BETCTBYET [VIABHOE HAIIPABJICHUE 22 .

[ToguepkaEM, UTO OHATHS «TJIABHOE HAIIPpABJCHUE» U «IJIABHOE 3HAUCHUE»
BBOJISATCS T OJIbKO JIJIsI TEH30pa, 3aJaHHOIO CBOMMK CM eI a HHBI MU
koopjuuaramu. PopmasbHbIM 000CHOBAHKEM HEBO3MOXKHOCTH BBEJIEHUST ITUX
HOHATUN JIJIsT TEH30pPa, C OJIHOBLICOTHBIMHM MHJIEKCAMU MOXKET CJIYKUTh TO 00-
CTOATEIBLCTBO, YTO, HAIIPUMED, IPKU CBEPThIBAHUN 1} ; 2/ pe3yIBTUPYIOINE KOOp-
JIMHATHI BEKTOPA KO Ba P M a H T H bl, TOIa KaK UCXOIHbIE KOOPUHATHI ObLIN
KOHTpPaBapUaHTHBIM U; paBeHCTBOT-m = A@® B TaKUX KOOPJUHATAX

OEeCCMBICIICHHO.

[Ipeobpasyem cooTHoIeHNE Tg r'=\z) K BuLy:
T{ i )\5{ =0 = (Tf — )\55) z' = 0;

OKOHUIATEIBHO ToJTyTaeM MaTpruanyio 3amucek (1T — AE) X =0 cucremsr juneii-
HBIX YPABHEHNI OTHOCUTEILHO KOOD/IMHAT BEKTOPA &. JTa CUCTEMa NMeEeT HeHY-
JIeBbIE PereHnst (KaKOBbIE TOJILKO ¥ MOI'YT OIPEJIeJISITh TIaBHble HAalpaBeHus! )
TOTJIa ¥ TOJBKO TOT/a, Korja det (T{ — /\5g ) = 0. MbI nosyuniu zaparme-

pucmuveckoe ypaBHEHHE, KOPHAMN KOTOPOI'O ABJIAIOTCA NMCKOMbBIE I'Jl1 & B H bl €

22p TEOPUU JTMHEHHBIX OMEPATOPOB Pedb IL1a, (DAKTUYIECKH, O TOM K€ CAMOM B JIPYTrOM OOJIUYhLE: T'J1 a B -
H bl € 3HAYEHUs HA3BIBAIUCH COOCTBEHHBI MU 3HAYEHUSIMU OMEPATOPA, & TJIABHBIE HAIIPABIEHUST — €10
COOCTBEHHBIMHU BEKTOpAMU. AHAJIOTHS HE YANBUTEIbHA, T.K. MATPHUIIA OMEPATOpPa, C TOYKW 3PEHUS €€ TPAHC-
GOpPMANMOHHBIX CBOMCTB, ABMSETCS UMEHHO CM e ImaH H bl M Ten3opom II panra. morma u B TeH30pHOM

UCYUCIEHUH UCIIOJIb3YIOT TEPMUHBI «COOCTBEHHDI BEKTOP» U «cOOCTBEHHOE 3HaueHue» [15].
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3HAYEeHN s TeH3opa A, A,,... — He Dojiee 4eM n KOpHeil, M0 OCHOBHOMN Te-
opeme ajaredphbl (HAOMHUM, ITO 1 — Pa3MEPHOCTb €BKJIMJIOBA MPOCTPAHCTBA

[Tycts Ham ynastoch HAfITH B € ¢ b cnexmp TJIaBHBIX 3HAYEHUN A |, A,, ..., A,
M MOCYACTINUBUJIOCH TOJYIUTh JIJIT HUIX N TUHEHHO HE3aBUC W -

23

M bl X IVIAaBHBIX HallpaBjeHuit > & , &,,...,T,. Bo3bMéM nocaenne B HOpMHU-

POBAHHOM BUJIC {ei, . e;l} B KadecTBe HOBOTro Oasuca E, Ilycrs B

6 T 79 11 it -
srom Gasuce renzop T mmeer komnonentst 1%, Ilo amasornn ¢ Teopueii s
Hefinbix ornepaTopoB (cM. C.22) Mbl MOXKEM yTBEPXKJaTh, YTO MATPHUIIA HOBBIX
KOMIIOHEHT TeH30pa J M aT o H aJbH a, IPUIEM 110 [VIABHOI JuaroHaau B Heil

pacinoJjiararOTcCA I'JlaBHBIC 3HAYEHWA TEH30Pa.:

A0 .0
0 0 ...\

16. IITapoBoii TeH30p 1 AeBUATOP

[ToobHO TOMY, Kak TEH30p BTOPOrO0 paHra ¢ OJHOBBICOTHBI MU
MHJIEKCAMH MOXKHO IPEJICTABUTh B BHUJE CYMMBbI CUMMETPUIHOIO W AHTUCHM-
MeTprdaHoro Ten3opos (em. . 10, C.67), /it TeH30pa BTOporo patra co ¢ M e -
ITaHHB MW KOMIIOHEHTAMU TOXKE CYIIIECTBYET XapaKTepHOe pa3J/ioKeHne — a
UMEHHO, Ha CYMMY ULap06020 TEH30Da, I u desuamopa D.

[IycTh B HEKOTOpOM Daszuce nm-MepHOro IPOCTPAHCTBA TEH30D T' 3amam CBO-
UMI CMENTaHHBIMIA KOMIIOHEHTaMI T{ :

[ITaposoit Tenzop 2* onpenessercs coorHomeHneM I01 = )\E, rie B — enu-
HUYHBIH TEH30D (€My COOTBETCTBYET eJIMHUTHAST MATPHUIIA ), & TUCI0 A = % T =
= % Sp T'; B MH/IEKCHOM BHJIE: [[l]Z = A 5]Z Jlerko mposeputhb, uro Sp III= SpT.

Hesuarop D — 510 OecriypoBast 4aCTh TEH30Pa T. Heuarop orpejesier-
Cs1 KaK Pas3HoCTh UCXOJIHOI'O TEH30Pa M ero IMapoBOil 4acTh: D =T —TIiI. Tlo-
KaykKeM, 9TO IHIIYp MATPHUIILI JeBUATOPa paBeH HyJ0: Sp D = Diz- = Tf— l[[ii =
:Tg—/\n:Tg—n%zo.

2?’Hpn KPAaTHBIX A, KAK H3BECTHO, 9TO HE BCETIA BO3MOXKHO.

240 \pien nasBanus craner scen u3 caemyromiero naparpada.
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Ceéprka Sp D ecrb ¢ K a4 p, T.e. oT basuca #e 3asucut. [losromy, ecin B
HEKOTOpPOM 0asnuce CMENIAHHBIA TEH30p BTOPOIO PAHTa SIBJISIETCS JEeBAATO-

POM, TO 5TO CIPABEJJINBO U B JTIOOOM JpyroMm Oasuce.

17. I'eomerpuuecKkoe n300pakeHne TeH30POB

[Togo6HO TOMY, Kak jobomy BekKTOopy A = (A;) MOXKHO COMOCTABUTH
nmaockocTh A;jz’ = 1 B TOM CMBICIE, UTO TPU KOMIIOHEHTHI BEKTOPa A;
MOJIHOCTHIO OMPEJIEISIOT €€ MOJI0XKEHUE B IIPOCTPAHCTBE, JIIOOOMY CHU M M € T -
puadaHOoMYy TeH30pYy Tj = Tk MOXKHO OJHO3HATHO COTIOCTABUTH 1MEH30]D-
HYI0 NOGEPTHOCML BTOPOTO TIopsAnka Buaa Ti, x! aF = 1.

['taBHbIe HAIIPABJIEHUsT TEH30PA SIBJISTIOTCST TIABHBIMHU OCSIMH TEH30PHOI 110-
BepXHOCTH. B 6a3uce M3 OpTOB IVIABHBIX HAlPABICHMI 2° Tl’] = A 0;5. Torma
ypPaBHEHHE TEH30DHOH MOBEPXHOCTH IPUMET BUI: \; 0;j Gl =\ (:151)2 =1
win A, (£) + X, (#2)2 4+ A\, (x3)2 = 1. OKoHYATENBHO, ¢ YIETOM MOCJIEHEro
IPUMETaHWsT: A, (a:;)2 + A, (a:;)Q + A, (a:;)Q = 1.

Ecin A, A,, A, nonoxuresnbubl (Hanbosee BayKHBIH JJist TPUITIOKEHWIH CIIy-
qail), TO TeH30pHAs MOBEPXHOCTD SBJSETCS DT UM CO W JTOM C MOJYOCSIMH

1 1 1 . .
RV SRR [Ipu coBmaiennu JBYX U3 TPEX IVIABHBIX 3HAUCHUH MOJIYIaeTCsI

saauncons Bpamennus Hakomer, mpu A\, = A\, = \, (remsop T' —
M apoBo i) TEH30pHAs MTOBEPXHOCTH — IIap.

B saBucrMocTH OT 3HAKOB NIABHBIX 3HAYEHMUIT, KpoMme ssumnnconaa (+ + +),
MOTYT MOJIYIUTHCST OJIHOMOJOCTHBIN Tuepboons (4+ + —), ABYIOJOCTHBIN T'ii-
nep6ostonst, (+ — —), MEUMBII SJtnIcon)| (— — —), HO Ha MPAKTHKE TEH30PHBIE
IMOBEPXHOCTU OOBIMHO MCHOJIB3YIOTCS IS M300parKeHnst TEH30POB € ITOJIOMKH-
TEJBHBIMU A, OCOOEHHO MUPOKO — B KPUCTAJUIOONTHKE (O M TH I e CKa sl U H -
TUKATPHUCA).

[Tokaxkem, uro ecau tenzop (Tj;) He sABIsieTCsl CUMMETPUYHBIM, TO O JI -
HO3HAaYHOT O COOTBETCTBUS MEXKJy TEH30POM U MOBEPXHOCTHIO HE OYJIET.
PazioxKuM TeH30p Ha CyMMYy CUMMETPUYHON M aHTUCUMMETPUIHON COCTABJIS-
ormux: Tix = Si + Air (Sik = Ski, Aix = —Ag;) ¥ TOJCTABUM B ypaBHEHUeE

25K ax U3BECTHO, CUMMETPUYHAs (3PMUTOBA) MATPHUIA JAUArOHAJIU3YETCd B 6a3uce u3 COOCTBEHHDBIX BEK-
TOPOB COOTBETCTBYIONIErO CUMMETPUIHOrO (3pmuToBa) oneparopa (cm. C.40), mpuaém 6a3uc Beeraa MOKHO
caemaarthb oproHopmupoBanabiM. Ho B OHB Tepsiercs pasimune MeKIy KO- U KOHTPABAPUAHTHBIMU WHIEK-

CaMHM, 9TO IIO3BOJIAET TOBOPUTDH O INIaBHBIX HAIIPpABJICHUAX JABaXKJ/Ibl KOBAPDUAHTHOT'O TEH30Pa — B KaKyHIeMCdA

MpoTUBOpEeYrH cO cKazaHHabM B 1. 15, C. 74.
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e,

VW e

Puc. I1.2. K Boigcuennio reomerpuueckoro cmpicia det G B E,.

renzopnoii nosepxnocrn: Ti o' 2% = S, o' 2% + Ay ' 2. TIpeobpasyem Bropoe
craraemoe: A xt b = Ay ob ot = — Ay ot 2k = — Ay 2F 2 (cragasa mepeobo-
SHAUNJIA HEMbIE WHIIEKCHI 4 _ k, & 3aTeM yUId AHTUCUMMETPUIHOCTD MATPHUITHI ).
Nrak, Ay z¥ o' = —Ap; 2% 2%, 1.e. BKIAL AHTUCHMMETPUYHON YaCTH paBEH Hy-
mo. tak, 3a TEH30PHYIO TTOBEPXHOCTH OTBEYAET TOJHKO CUMME TP W I H a
qacTh TeH3opa 1l paira ¢ ABaK/bl KOBAPUAHTHBIMU KOMIIOHEHTaMH 20,
BosamukaeT BOIpOC: €CTh JIH FeOMETPUICCKOe M300parKeHne y aHTHCHMMET-
puunoit vactu rerzopa’? Ocrapisist moIpodbHOE paccmoTpenne Borpoca jio C. 87,

OTMETHM, UTO TaKUM U300parKeHUeM sIBJISIeTCS B € K T O P, 0yaabHbill aHTUCUM-

MeTpraHOi dacTu Tenzopa T .

18. MeTpudeckue COOTHOIIIEHUsSI B TEH30PHOM BU/IE

1. CkangpHoe mpou3BeJieHNEe BEKTOPOB. BeKkTopbl & 1 Y pas/ioKuMm

1o 6aszucy: = z' e;, y = y* e;. CkangpHoe npousBeicHue:

(x, y) = o' y' (ei, ex) = o' v g = 2’y = oy

ik

(B KOHIIE Tpeobpa30BaHmii JIBOSKO MPOKOHTINPOBAJN HHICKCAMHT).

Ecan nexonnniit 6asnc — OHB, To dopmysa npuobperaer TpauiinoHHbBI

Bl (¢, y) = i yi.

2. Juunua BekTopa. |r| = +/(x, ) = /2’ 2F g = Vo' z;.

3. Ilnomaaer nmapaJaegorpamma. Haiiném kBajapar miomaam S mapasi-

JIeJIOTpaMMa, MOCTPOEHHOTO Ha OAa3UCHBIX BeKTOpax e, e, B F, (cm. puc. [1.3):

JIg IBazKAbl KOHTPABAPUAHTHOIO TEH MOXKHO BBECTHU aHaJIOPMYH BHEHU ixp = 1.
26 a (o) aBapra. Or0 TEH30pa MOXKHO BBECTH aHAJIO oe ypasuenue T z; 1
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“lel* sin® o = le,|” le,* (1—cos’p) =

e

2 2 2 2 2 2 2
1‘ |2‘ | 1| ‘62| COS2()0:‘€1| ‘62‘ _(61?62) =

— | 9u Y

=019 — 959, = Gor oo =det G.

Tem cambiM BbIsicHsIeTCst reomerpudeckuit cmbics det G B F,.
Pazymeercs, det G > 0, T.K. 6Ha3UCHBIE BEKTOPDI JTUHEHHO HE3aBUCUMBI (CM.
C. 37). IIpobaemb co 3nakoM S? (Kak u co 3HaKOM V2 — cM. HUXKe) He BO3HHUK-

HET.

4. O6beém mnapaJsuiesnenunena. Haiiném kBajpar obobéma V' mnapasuie-
JIeTIiIesia, MOCTPOEHHOrO Ha OAa3WCHBIX BEKTOpax e, e,, e, B L. Kax-

Tl U3 Oa3MCHBIX BEKTOPOB pazyioKuM 1o opram cranjgaptHoro OHb:
e, =a,t1+0b3+ck

e, =a,t+b,7+ck . C nomonpo cMernanHoro mpou3Be/IeHusl HaXO[|M:

e,=at+0b3+ck

2 2 al bl Cl a’l bl cl al a2 a3
V - (el 62 63) - a2 b2 CQ - 0/2 b2 c2 bl bQ bS -
a3 b3 CS 0/3 b3 03 Cl CQ c3
e, e) (e e) (e, e)
— | (ese) (e, e,) (e, e,) | =det(g) = detG.
(ese) (e e) (e, e)

Brrsicuen reomerpudeckuit cmbict det G B ..

19. uBapuaHTBHI TEH30pA

Hueapuaumm — I3TO XapPaKTepusyrwne TeEH30p BEANHNHBLI, HE 3aBUCALLNE OT

ba3nca.

1. uBapmaHTBI BeKTopa. KoopamHaThl BeKTOpa & = (:L”) MEHSIIOTCSI
P U3MEHEHUH CUCTeMbl KoopauHar. OJHAKO U3 HUX COCTABJISCTCS BEJIUUN-
Ha, OCTAIONIAsICAd HEU3MEHHON MPU M3MEHEHUU CHUCTEMbl KOOPJIMHAT, & WMEHHO
Valz; = x| — 210 11 Ha BEKTOPa, €ro eJIMHCTBEHHBIH W H B AP M a H T.

I/IHBapI/IaHTbI MOZKHO COCTaBUTHL M M3 KOMIIOHEHT TE€H30pPa JIIOOOTO paHTra.

2. NuaBapuaHTHI TeH30pa. Tenzop Broporo panra B R? T' = (T;J ) nMe-
eT T p KU MHBApPUAHTA, KOTOPbIE MOXKHO BBECTH JIByMsI CIIOCOOAMU:

a) Yepes cBEPTKY creneHeil TeH3opa;
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e J, =T = SpT = inv — 1epBbIil HHBAPHAHT, GE3LIHICKCHAA BeJHIMHA,
He 3aBHCsIIAst OT Gasuca; miyp (Cjej) MaTpUIlbl TEH30Da;
= T;j TJ’ =(T- T)z = SpT? = inv — BTOpOIl MHBAPUAHT;
= T;j ijk T:i=(T-T- T)z = SpT? = inv — TpeTuil HHBAPUAHT;

032
033

6) Yepes xapakrtepucruueckuil monwmuom (m 15 C.74)
|T% — A6%,|. TokaskeM, 9TO OH HE 3aBUCHT OT BHIOOpA CHCTEMBbI KOOpJMHAT. B
HOBOM Oazuce:

I

‘T{ Y

= [ai b (T} — A63)| = [AT] - |T} — Ady| - | BT

no |[AT| = |A], [B| = |A7 = |A| ™', re. |AT| - |BT| = 1. Urax,

‘T{ A =T - a6

— XapaKTePUCTUICCKUIl TTOJUHOM WHBAPUAHTEH (B HECKOJBKO MHBIX 00O3HAME-
HUSX 9TO yrKe Obi10 nokazano Ha C. 19).

B cuiy ero naBapuaHTHOCTH KO3 ¢ P M IL U € H T bl [PKU CTEHEHIX A B Xa-

PaKTEpUCTUYIECKOE YpaBHEHNE B ABHOM BHE:!

T TQ‘ ‘
1 1_|_

PAKTEPUCTUIECKOM YPABHEHWN TOYKE SBJIAIOTCS WHBADUAHTAMU. SAIUIIEM Xa-
T2 T3
2 2
T 1?

—A3+A2£T;+T§+T§)J—A< +‘T2 5 >+

:Il N g d

T, T; T3
+| T T2 T3 | =0
T, T, 73

A 7

=1

Taxum obpaszom, pu BTOPOM criocobe BBeIeHIUSI HBAPUAHTORB MOJIY 1aeM:

o[ =T'+T2+T3=SpT (=A +X,+],) =inv — nepsorii (11 -
H e if H bl ii) MHBAPUAHT;

| T |
= o | o T 2o

— BTOPO# (KBa I paTWdHblil) IHBADUAHT;

+ + (= AN A+ A0,) =inv
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T, T T3
o[ = |T: T2 T3 | (=X A,\,) =inv — Tpetnii (KyO6mdeckuii)
T T2 T3
MHBAPHAHT 2.

HeckoJsibko 3aMedanunii 110 1MMOBOJIy WHBAPUAHTOR.

Bo-1nepBbIX, MBI BBEJIH JiBe I'PYIILI HHBaApUAHTOB: J,, J,, J

nl, I, I.He

ciaeayer ayMaTb, 9TO BCEro IIOJYYIHUJIOCHL IMMeCTb HWHBAPHAHTOB. Bu yTpnu

27 3

KayKJI0i TPYIIBl WHBAPUAHTHI HE3ABUCUMBI, HO WHBAPWAHTHI OJHOW TPYIIIIHI,
6e3yCJI0BHO, BhIpaXKaloTcs uepe3 nHBapuaHThl jipyroit. [lepsolit nnBapuanT, Bo-
obme, coBnagaer: J, = [, g J, Jerko moyyunTh: J, = 112 — 21, a nna J,
umeem: J; = 31, + I* — 31 I, (cm., nanpuwmep, [16]).

Teneps K BOPOoCy 0O KOJIMYECTBE WHBAPUAHTOB Jijist TeHszopa Il pan-
ra. [Ipu BTOpOM CcrOCODE TOJIyUEHNMST UHBAPUAHTOB BOIPOC, COOCTBEHHO T'O-
BOp#, SICEH, T.K. KyOMUeckKoe XapaKTepUCTHYECKOe ypaBHEHWE HUMEET T p U
HeTPUBHAJILHBIX KOahdunuenta. He cTosb mpo3padna CUTyaIus ¢ MEPBBIM CIIO-
coboMm BBejiennst nnsapuanTos. He 6yrner s, nanpumep, Sp T# HOBbIM, He3aBH-
CHMBIM OT 1ePBbIX TPéx, nuBapuanToM renzopa T B R? ? OxasbiBaercs, coruiac-
ro dopmyre Famumnprona-Kamn ([21], C.102) caen moboii crenernn n > 3 mpo-
U3BOJIbHOM MaTpuibl A pazMepHocTH 3 X 3 MOYXKHO BBIPA3UTh U€pe3 CJIEIbI Ma-
tpur, A, A%, A3, oTKyna n MOAyYaloTCa TPH HEe3a B U CH M bl X WHBAPUAHTA.
Pasywmeercsi, B npocrpancTtse R, n > 3, KOJIM4IeCcTBO MHBAPUAHTOB yBEJIUIN-
70Ch 61 (OHO BCErjia COBIAACT € Nn).

Hakowner, moguepkHéM, UTO HHBAPUAHTHI TeH30pa, [I panra MoXXHO OTBICKATH
TOJTHKO M3 €r0 C M € TIT & H H bl X KOMIIOHEHT. DTO BWJIHO W3 CaMHUX CIIOCODOB
BBEJICHNST MHBAPUAHTOB; JIEHCTBUTEIHLHO, U CJIEJI, U XapPaKTePUCTUIECKOe ypaB-
HEHWE BBOJISITCS JIJIsT TEH30POB C PAa3HOBBICOTH Bl M U WHJICKCAMH.

[TpaBja, ocTaéTcss BOMPOC: €CJIM PACCMOTPEHHBIE CIOCOOBI MMOCTPOCHUST WH-
BapWAHTOB HEMPUMEHUMbI K TeH3opy Il panra ¢ OJHOBBICOTHBI MU
MHJIEKCAMH, TO, MOXKET OBbITb, €CTh J Py T K€ CIOCOObI, CBOOOJHBIE OT 3TO-

ro orpannuenns?! [lokaxxem, UTo JJisi T€H30pa TAKOT'O CTPOCHUS WHBAPUAHTHI

27Bblpa)KeHI/I$I I, 1, I, aepe3 A\, \,, A, ciaeayior u3 TeopeMbl Buera, HO CIpaBeIINBOCTbL UX CTAHO-
BUTCs MPAKTHIECKH OYEBHUIHOM, €CJIM BCIOMHUTD, YTO B JUATOHAJIU30BAHHOM BHUE MATPUIIBI 1 IO TJIABHON

JIMaroHasu B Heil Oy/1yT pacrnosararbCs A,, A,, A,, IPOUHE Ke JIEMEHTbI 00PATATCH B HY/Ib.
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NPUHIUNHUAJBHO He cyIrecTBY T [Ilycrs, HapuMmep, JIBaXK bl KO-
BapUaHTHBII TEH30D MEPEBOJINTCS B HOBLIA Oa3uc: Tl’] = a; af Tsp = (ATTA)Z.J.;
B MarpuunoMm Buje: 17 = ATTA. Torma ‘T" = ‘AT‘ |T

‘A|. [Tycrs HO-
BbIil 0A3MC OTJIIMYAETCS OT CTaporo JMIb TEeM, YTO MePBbIil OA3UCHBIN BEK-

200
TOp PAaCTAHYT BJBOE, T.e. MaTpHIla nepexoma A = (8 ! (1)), a oIpejieuTe-
I ‘A‘ = |AT| = 2. B wurore ‘T" B uerbipe pasa mpesbimaer |T'|. Tlogo6-
HO OINpeeUTe0, Tobas Apyras YUCI0Basd BEJUUIMHA TOXKE HE COXPAHSETCS.

Tenepb paccMOTpUM CM eI a H H bl i TEH30D (T_Sp). Ero 3akon mnpeobpa3so-

panust: T = BTA = |T’| = |B‘ ‘T| |A| st Toro ke npeobpazoBaHus
basnca B = (1é22§), ero onpegenntens |B| = 3. Uroro, |T'| = |T|, re.

onpeieIuTe/ b Npru cMene Oasnca coxpansiercst! OKoHuaTe/bHO, TPUXOIUM K
(9BpHCTHIECKOMY ) BBIBOJIY O TOM, 4TO HEOOXOJUMBIM YCJIOBUEM CYIECTBOBAHUS
MHBAPUAHTOB SABJISIETCSI «KOMIICHCAIIMS JEHCTBUS IIPAMOI 1 0OpATHON MaTpPHIL
nepexoioBy (T.e. 0obe JIOJKHBI PUCYTCTBOBATH B 3aKOHE MPeoOPasoBaHus, U

TEH30D TOJY9IaeTCsl ¢ M € [T & H H bl M).

20. IlceBmoTeH30pHI

I3 obmiero onpesesiennsi Tersopa (1.6, C.61) caiemyer, 410 TEH30pOM SIBJIsI-
eTCsl He BCSIKMI MHJIEKCUPOBAHHBII OObEKT, a JIUIIb TaKOil, KOMIIOHEHThI KOTOPO-
0 IpeodPas3yITCs pK cMeHe Ha3uca crienraJbHbLIM 00pa30M — 110 TEH30PHOMY
3aKOHY.

Cy1iecTBy0T 00bEKThI, 3aKOH MPeodPa30BaHnsi KOTOPHIX «OJN30K» K TEH-
30PHOMY, HECKOJILKO OT HEro OTJINYasiCh — 3TO TaK Ha3bIBaeMbIe I1C € B JI O -
TEH30D bl

IIcesdomensop Beca M ecTb 0OBEKT, 3aKOH Mpeobpa3oBaHUS KOMMOHEHT
KOTOPOro npu cMeHe basmca oTNIMYaeTCs OT 3aKOoHa Npeobpa3oBaHus ANs TeH30pa

AHANOTMYHOTrO CTPOEHUS Hanu4dmem B popmyne 00aBOYHOrO MHOXKUTENS

|A|M rie |A] = det (af ) — OIpENEJIUTENb MPSIMON MATPHITHI MEpexoa (OT
cTaporo Gasmca K HoBoMy ) 28,
S5k _ 3,0 mpk ps
Hanpumep, sakon npeobpasosanns P = |A]°a;af' b5 Pj,, coorsercriyer

IICEBJIOTEH30PY TPEThEero paHra Beca 3, JIBaXKJIbl KOBAPUAHTHOMY U OJIUH Pa3

KOHTPaBapUaHTHOMY.

283aMeTHM, 9TO JAHHOE HAMU OIPe/e/IeHre MCEeBI0TEH30Pa COBIAIAET, HAIIPUMED, C ONPEIEICHUEM B

[19, 22, 23] u HECKOJIBKO OTJIMYAeTCs OT IpuHATOro B [15, 24, 25, 26]
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1. CBoiicTBa MCeBIOTEH30POB.

(1) Asnrebpandaeckue omeparyu Jjist CeBJI0TeH30POB OMPEJIEIISTIOTCST TaK XKe,
KaK JIJId TeH30POB.

(2) Ec/in Bce KOMIIOHEHTHI TICEBJIOTEH30Pa 00PaIATCsd B HYJIb B OJHO CH-
creMe KOODJMHAT, TO OHW ODpallaioTcst B HyJIb W B JIIODOW JIpyroi cu-
cTeMe KOOPJIUHAT.

(3) CuieicTBre W3 TPEBIIYIIEro CBOWCTBA: TMCEBIOTEH30PHOE ypPaBHEHWE,
clpaBe/i/InBoe B OJIHOW cuCTeMe KOOpPJAMHAT, BEPHO M BO BCEX JIPYIUX
cucTeMax KOOPJMHAT; B 00EMX YACTIX YPABHEHUs JIOJYKHBI OBITH IICEB-
JIOTEH30Pbl OJTMHA KO BOT O Beca. /JJaHHOE CBOMCTBO €CTh CBOMCTBO
MHBAPUAHTHOCTHU ICEBJOTCH30PHBIX YPABHEHUIA.

(4) CymMma, JIBYX TICEBJOTEH30POB OJHOTO BECa, STBJISIETCST TICEBAOTEH30POM
TOT'O YKe Beca.

(5) Ilpu BHemHEeM (TEH30PHOM) MPOU3BEJICHUN JIBYX MCEBJIOTEH30POB BECa
COMHOXKUTEJICH CKJIaJIbIBAIOTCH.

(6) TIpu cBEpTHIBAHMM MCEBJOTEH30PA €10 BEC HE U3MEHSETCSI.

(7) st mceBioTeH30POB BBIMOTHSIETCST OOPATHBIH TEH30PHBII MPU3HAK (CM.

m. 8).

Paccmorpum yacTHbIe ciiydau, BbITEKAIOIUe U3 O0IIEro onpejie/IeHus 1MCeB-

JTIOTEH30PA:

e Ecim Bec M = 0, To nostydaercss oObIMHBIH (M ¢ T ¥ H H bl i, WIX 10 -
J4PpHBI, Win a6COJIIOTHL>II'7I) TEH30p;

e Ecim M # 0, a paur r = 0, 10 nojiyaaercst ncesdockarap;

e Eciin M # 0, a paur r = 1, To nosydaercs ncesdosexmop (Win akcu-
aAbHOLT BEKTOP);

e Eciu M # 0, a panr r > 1, TO mosiy9IaeTcss TpOU3BOJBHBIN I C € B 10 -

TeH30p (MM OTHOCHUTEJ bHBIH TeH30p [22]).

B kadecTBe mpuMepa pacCMOTPUM TpaHC(HOPMAIMOHHBIE CBOWCTBA OIIpeje-

smrenst byngamenTaabioro tenzopa g = det (g;;). B noBom Gazuce
g = det (ggj) = det (ai-c a’ gks) = det (ATQA) =det AT det G det A.

2
Urak, ¢ = |A|” g, a 910 ecTb 3aK0H Mpeobpa3OBaHUS T CEBTOCKAJIID a

Beca 2.
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AHaJOrnIHO MOXKHO IMOKa3aTh, 9To det (gij) eCTh MCEeBJOCKAJIAD BeE-
ca (—2).

Paznmuame MeKIy HCTHHHBIM CKaIsIpoM (Macca, TeMIepaTypa U T.IL.) H ICEBIOCKAJIS-
POM COCTOHT B TOM, YTO HEPBLIf W3 HHUX HEUYBCTBHTENCH K M3MEHEHHIO 3HAKA CHCTEMbI
KoopauHAT 27, a BTOPOI MeHsieT ¢BOil 3HAK MPH W3MEHEHHH 3HAKA CHCTeMbI KOOPIHHAT (Ipu
nusepcun — cMm. C.43). Ousnueckux MPHIMEPOB MCEBIOCKAISPOB HEMHOTO, OJHUM U3
HIX SIBJISIETCS TICEBIOCKATSAD, XaPAKTePH3YIOIHil ONTHIECKYI0 AKTHBHOCTh HEKOTOPBIX CPeJl
— yJeTbHOe BpallleHHe IIOCKOCTH MOJISPH3AIMN CBeTa (B BOJHOM PAcTBOpe caxapa, KyOu-
wqecknx kpucramaax NaClOs, NaBrOs n gp. — cm. [15]). Ono cumraercst mooKuTEIbHBIM

IIpU BpallleHUUN IIJIOCKOCTU TOJIAPpU3allu IJIOCKOIOJIAPU30BAHHOT'O CBETa 11O JIEBOMY BUHTY U

OTPpHUIIATEJIbHBIM IIPH BpallleHUU II0 IIPpaBOMY BHUHTY.

21. IlceBmoBeKTOPHI

PaccmorpuM  oTenbHo MCEeBAOBEKTOPH  WIM  aKCHAJbHBIE
BEKTOPBI, TIOCKOJILKY OHM MTPAIOT BayKHYIO POJIb B (DUBMKE.

l3BecTHO, YTO CymIECTBYIOT JBa THIIA BEKTOPOB — T OJ AP HBIE
(MCTUHHEBIE) B A K CH aJ b H Bl €.

K moasprbl M BekTopaM B (U3NKE OTHOCSITCS BEKTOPHI MEPEeMeIeH st
Ar, uMmIyabca p, yckopenusi, cuiibl F', sjekrpudeckoii noaspusopanioctn P,
HAIIPSIKEHHOCTH 3JIeKTpUIecKoro nojst E u 1.1 Bee atn Benmmannubl 00 b € K -
T U BHO MMEIOT BIOJHE OT P e leJéHHOe HApPaBIeHue (He 3aBUCAIIEE OT
TOT'O, ONPEJESTATCA JIM OHW B TPABOl CUCTEMe KOOPJAWHAT WA B ﬂeBoﬁ) "
1300PaXKaTCsl CTPEJIKOIA.

AKcumanbHDBle BEKTOPLI XapaKTEePU3YIOT B P allleH U e BOKPYTI HEKO-
Topoit ocu. K num, Hanpumep, oraocsarest Moment cuiibl M = [r X F|, MmomenT
nvnynbea L = [r x p] 3, marmurnsii Moment 9T, KOTOPOMY COMOCTABIIsCT-
cs1 HeKOTOPLIA KpyroBoit "mosexkynsapubiit" Tok, u T.1. Ilosromy axcmaabHbIi
BEKTOp OBbLIO OBl €CTECTBEHHO M300parkaTh OTPE3KOM IPSIMOii, JIJIMHA KOTOPO-
ro paBHa JUINHE BEKTOpPa, ¢ YKasaHWeM HANpPaBICHWsS BPAIEHWs BOKPYT ITOM

npsiMoil (B BHJIE KPY2KKa co cTpesikoit — cM. puc. I1.3). Ho tak obbrano He jena-

29HOII 3HAKOM CUCTEMbI KOODJIMHAT MOHUMAETCS eé MPUHA/Ie’KHOCTh K OJIHOW M3 JIBYX OpHEHTAIlNi —
MpaBoil WK JIeBOH. 3HAK OIHON M3 OPUEHTAIUI YCIOBIUBAIOTCS CAUTATDH MOJOKUTETBHBIM, a 3HAK JIPYTOit
— OTPUIATETIbHBIM.

30I/I, BOOOIE, BEK T O P HOE€ MPOU3BEIEHUE [P; X Po| JIIOOBIX JBYX MOJAPHBIX BEKTOPOB Py, Py — CM.

00 3TOM HUKeE, 1I. 23.
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JERep o

P

Puc. I1.3. Orpakenne B 3epKaJIbHON MJIOCKOCTH aKCHAJIBHOTO BEKTOPA G.
HampaBiienue BeKTOpa BBIOMpAeTCS B COOTBETCTBHU C MPABUIOM OYpPaBUHKA

(4TO MOSICHSIETCST B JIEBOW YaCTH PUCYHKA).

iz F4
BN a4
"1’ T

Puc. 11.4. Orpazkenne B 3¢pKaJIbHOI IJIOCKOCTH TOJISIPHONO BEKTOPA P.

IOT; TO TpaJWIluKu aKCHaJIbHBII BEKTOP T 0 %K € M300parkaeTcst CTPEsIKOil,
HO HallpaBJICHUE e¢ BHIOUPAETCT YCJOBHO, MO COTJATIleHHU 0 CTPeJi-
Ka, HAITPABJIAETCS B Ty CTOPOHY, KyJia MepeMertaeTcs OypaBIuK Mpu yKa3aHHOM
ppariennn Bokpyr ocu (puc. [1.3). Kpyskok npu smoMm He pucyercst.

[Tomumo pazimansi, CBI3aHHOTO ¢ HANPABJICHUEM BEKTOPA, MOJSIPHBI P 7
AKCHAJIbHBI @ BEKTOPBI MO-Pa3HOMY MPeobpasyioTcs Mpu 3 epKaJbHO i
CHUMMETpPUE (CHMMETPHH OTHOCUTEHHO miockoctn). Ha puc. 11.4 u 11.3 mpes-
CTaBJICHBI TIPEOOPaA30BaHNst P W @ TPHU OTparkKeHnn B miockoctu m L OZ st
ABYX opuenTanuii Bekropos: p (win a) LOZ u p (nam a) [|OZ. Ecin pacema-
TPUBATH 3TH BEKTOPHI KaK IEePIEeHINKYIAPHYIO U TapaJIeTbHYIO TIOCKOCTH M

KOMIIOHEHTHI ITPOU3BOJILHBIX BEKTOPOB P, a, To u3 puc. 11.3, I1.4 BugHo, 9TO

® JIJIsI TIOJIAPHOTO BEKTOPaA P

/ /

Py =Dsy  Py=Dy, D= Dz

® J[JId aKCHUAJIbHOI'O BEKTOPa Q:
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3aMeTuM, 9To MIOCKOCTh CUMMETDPHUHN (A TaKXKe W H BEe P C W s WM [eHTPAJb-
Hast CHMMETDHsI ) Tpeobpa3yer MPaByio CUHCTEeMY KOODJMHAT B JIEBYIO U HA0OOPOT.

Takum obOpa3oM, 3aKOH nNpeoOpa30BaHUngd KOMIOHEHT akK-
CHaJlbHOTO BEKTOpPpa OTJIUYEH OT COOTBETCTBYIOMNETO
3aKOHa /JIJisi MOJSIPHOIO0O BeKTOpa NPH TAKUX OPTOTO-
HaabHb X (cM. C.43) mnpeobpasoBaHUAX KOODPJUHAT, KO-
TOpBIE MEPEBOJAAT NPaAaBy CHCTEeMYy B JeBYI (1 HA0O0pPOT).

Pa3YMeeTCH, MeZKAY aKCHAJIbHBIM U IIOJIAPHBIM BEKTOpaMHM €CTb U OHpeﬂeHéHHbIe YepThI
cxozicTBa: 1) B 000MX CJIydastx MOKHO OTJIHYUTH HAYAJIO BEKTOPa (MMEHyeMmoe y MOJISPHOTO
BEKTOPA O TP M I[AT €JI b H bl M, & y aKCHAJILHOTO — 0 K H Bl M I 0 JIT0 C O M), OT er0 KOH-
ma (IOJMOKHUTENbHOTO W, COOTBETCTBEHHO, CEBE€PHOT O MOJI0Ca); 2) B oboux
CJIydadX IMPpUMEHUMO pPa3JIOZKeHUE BEKTOPa Ha KOMIOHEHTHI 110 IIPpaBUJIY IlapaJije/JIorpaMMa

(mapastenenunena) [27].

22. CumsoJ JleBu-HuBursl

31

CumBon JleBn-Husutbl °* — 370 0OBEKT TPETbEro paHra ¢ KOMMNOHEHTAMU:

(1 ccm 17k — 310 MHmeKcHl 1,2, 3
' WM IUKJIXYIECKU [epecTaB/IeHHbIe;

e =itk = ) ecm 17k — 310 MHNEKCH 2, 1,3
ik = o ' WM IUKJIUYECKHU IIepecTaB/IeHHbIe,;
0. CC/TH CDEJII MHJICKCOB 17k
L ' eCTb COBIAJIAIONINE.
Urak,
Elog = E310 = €y = 1, €13 = €301 = €130 = =1, ik =cipk = €iji = Ekkk — 0;

cuMBoJ JIeBu-UuBuTHI siBIsieTCss aHTUCUMME TP U 9 H Bl M 00bEKTOM.

1. IIpumeneHus u cBoiicTBa cumBoJia JleBu-UuBurhl. 1. 3amnuch aH-

TUCUMMETPUIHOT'O TEH30pPa.

31 Tommoe maspanme sToro o6mekTa COBEPITIEHHO HEMTPOU3HOCUMO: UHBAPUAHMHbLT eJUHUYHBLT aOCONI0M-
Ho anmucummempuunbil ncesdomensop I panza Jlesu- Queumuv,. Tymmmo Jlesu-Husurd, (T. Levi-Civita,
1873-1941), uran. MmareMaTuk, OJMH U3 CO3JaTeell TEeH30PHOrO UCYUCIeHNs; B JeCTBUTEIIbHOCTH STOT [1CEB-
jporer3op BeenéH ero yanrenem . Puaau-Kypbacrpo. CornacHo npaBuiaM UTaibsHCKOrO A3bIKa B (haMuimn
"Qupura" yaapeHue J0JKHO CTABUTHCA HA 11O CJ e H e M cjore! (a 1o mpaBuiaM PyCCKOro s3blka 31a (ha-
MWJIAST CKJIOHSIETCS =) ).
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Hanomunm, aro tenzop T = (7jj1) HA3bIBAETCA AHTHCHMMETPUIHDBIM, €CJIH

T,=T,=T,=(+1)T

123 312 231 123 7 213 321 132

T, =T, =T,=(-1)T

123 )

Tiit = Tigk = Tiji = Ther = 0 - T,

123 °

Ho Bejib nMEHHO TaKMMU 11epeCTaHOBOYHBIMU CBOMCTBaMK 00J1a/1aeT CUMBOJI
Jlepu-Husnrei! [TosToMy aHTHCHMMETPUYIHBINH TEH30D MOXKHO 3alUCATh B BUJIE
Tiji: = €iji T,5-

2. 3amnmch ompeJiesuTeNIsd TPEThero MOPSIIKA.

[To onpejie/ieHNI0 OH BBIUUCIISIETCs CJICJIYIONUM 00pa30M:

1 1 1

a; ay a 3 o
detA=|a a2 a® | = g (£)a! a’a

1 2 3 12 73

3 a3 a3 Y=

a3 a3 a i, k=1

npuuém 3uak "+" Gepércs, ecmm ¢ j k — 910 1, 2, 3 WK UX MUKINIECKAs TIepe-
CTAHOBKA; B MPOTUBHOM cJiydae bepércs 3nak "—".

YUauThIBas MepecTaHOBOUHbIE CBOWCTBaA cruMBOJIa, JIeBu-UuBUTHI, MOXKHO 3a-
MUCATH MOCJIEIHIO (DOPMYIY KOMIAKTHEE, TPUIEM MOSICHUTEILHBIE CJIOBA O
BBIOOpE 3HAKA CTAHOBATCA m3numrHuMu: det A = g5 af ag af )

3. Cumposn Jlesn-Unpurel g, apasercs ncesjorensopom seca (—1), a g*
— mnceBJoTeH30poM Beca, (41).

4. Csa3b Mexay cumBosamu Jlesu-Husurol n d-cumBosaamu Kpomekepa:

cikn €7 = 8181 — 575},

HacTo 31y GOpMy/Iy HUIIYT C OJHOBBICOTHBIMU HHJIEKCAME 2. eienCmn =

= 0i10km — 0imOr. POpPMyJIa MPOBEPSETCS HEM3ANHLIM YTOMUATEILHLIM Tepedo-
POM HYACTHBIX CJIy4aeB codeTaHus UHJEKCOB [28].

ymn __ —
J = Eimn Ejmn = 251]

5. Cuencrsue cBoiictBa 4: €jmn €
ITo mpeapraymeit GOPMYIE €imp € jmn = 0i0mm — OimOjm. LIPH 3TOM Oy = 011 + 22 + 033 = 3,
COTJIACHO Oy, JOJZKHO OBITH & = M, & U3 Ot J = m; TorAA ¢ = j. UTax, nomydaem: 36;; — d;;.

6. ITo HpesbLIyIEeMY CBOACTBY: Eimn €™ = Eimn Eimn = 6.

7. CxajsipHoe yMHOXKeHEe 1ceBoTer3opa, Jleu-UuBuTh Ha ¥ ¢ T U H H Bl €
TEH30PbI TPUBOJNT K IICEBJOTEH30paM. Tak, MPOU3BEICHHE Ejmn 1™, Tiie

T = (T}y,,) — TEH30D TPETHEro PAHTA, SIBJISIETCST M CEB A0 CKAJI PO M.

323 516ch 1 HIKe 10O DOBTOPAOIMEMYCS ONHOBBICOTHOMY MHIEKCY MOaApa3dyMe-
BaeTcs CyMMuUpoOBaHueE!
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8. Panee (1. 17) ObI0 OTMEUEHO, YTO TEOMETPUUECKUM H300paKeHUEM aH-

Tucummerpuaroil vactn A = (Agy,) mcecruwaHOTPO Tensopa I saBisiercs
dyarvhoil eii Be K T o p. Ceiiuac Mbl MOXKeM T10JIpOOHEE PACCMOTPETh 9TOT BO-

npoc. [Ipu cBéproBanuu (A;) ¢ ncesporerzopom Jlepu-Uusursr mo dhopmyse

w' = %8ka A TIOy9aeTcst aKCUAJIbHBI BEKTOD, KOTOPBI U SIBJISIETCS MCKO-

MBIM I€OMETPHIECKIM H300parkeHeM o,

BaxxuapiM (pusndeckuM mpuMepoM JIyaJbHOTO BEKTOPA SIBISETCS T.H. BEKTOP 2upatut g,

sym

o o ti o
CBA3aHHbIN C aHTUCUMMETPUYIHOU YaCTbLIO 8;]:1 TEH30pa AUIJTCKTPHUYICCKOU IIPpOHUIaeMO-

. i _ 1 _ijk ~antisym (e}
crn: g' = 57 ey . Uepes BeKTOp rupamuu BHIPAXKAETCsl YTOJI TMOBOPOTa OF MI0CKOCTH
LY . _ w
MOJIAPU3AIAY CBeTa B HaMarnudennoil cpeje npu addexre Papajes: Op = 52 Re(g, n).

3/1ech w — YacToTa cBeTa; 1 — KO3 UIUEHT MPeTOMICHHS CPEJIbl; ¢ — CKOPOCTh CBeTa; M

— OPT HAlIPaBJIEHUsI PACIPOCTPAHEHUS CBETA.
23. Tenzop JleBu-HYuBurhl

N3z mceBpnoTensopa JleBu-HuBuThbl HETPpYAHO MOJYUUTH T € H3 O P

Jlesn-AuBnThl €5 cienyommum odpasom:

_ ijk 1 _ijk
eijk—\/gsijk; €’ —%d )

e g = det (gij) — onpeenuTeNb MATPHUIBI METPUIECKOTO TEH30DA, SIBJISAIO-
muiicst mcesjgockaasaponm seca 2 (cM. 1m.20). Hockosbky g = /g4/9,
KasKJIblil 13 COMHOMXKHUTEIeH — IICeBIOCKAIAp Beca 1. YMHOXkKas ero Ha mce B -
BOTEeH30p & Beca (—1), momyaaem jyist pesysbrupyomero oobekra sec 0,
T.€. 970 OYJIeT M CT U H H bl i TEH30D.

Tenzop JleBu-UuBUTBHI, B YaCTHOCTHU, MCIOJL3YETCsS IPHU aJredOpanIecKux

omnepaluax ¢ BEKTOPaMU.

1. BekTopHoe mpousBeieHe 0Aa3UCHBIX BEKTOPOB. Ilycrh OazucHbie
BEKTODHI €, €,, e, 0bpasytor mpasyto Tpoiiky. Hamomunwm (1. 18), uro cmemnian-

HOE IPOU3BEJICHUE €, €, €, = /g U IOKaXKeM, 4TO BeKTOPHOE MPOU3BE/ICHUE
_ k
[ei X ej] = €jjk €,

rie el — BEKTODP B3amMHOro Oasmuca. Haznauum KoHKpeTHbIE 3HATEHUST WHIIEK-

COB: IyCTh ¢ = 1, 7 = 2; TOrJia npaBast 4acTh JOKa3bIBAEMONI (POPMYJIbI IPUMET

33Benomnnas o TEH30PHOM 3JIJIANICONJIE KAK MeOMETPUYIECKOM 00pa3e CUMMETPUYHONW YacTh TEH30pa,
aprop Kuuru [17] o6pasHo rosopur 06 n300pazkKeHUU IIPOU3BOJILHOIO MOJIAPHOTO TEH30Pa KaK DJIITUIICOMIE,
«ITPOTKHYTOM» aKCHAJIHHBIM BEKTOPOM.



88 II. TEH30OPHOE NCYINCJ/IEHUE

BUJI;

k _ 1 2 3 __ 3 _
€12k € = 6121 e + 6122 € —|—6123€ _\/§ 6123 e =

el e e ey

Wrax, 1ias1 JaHHBIX 3HAYEHUI MHJIEKCOB MBI JIOKA3aJI1 PABEHCTBO MIPaBOil acTu

=9

dopmyiibl eé geBoit yactu. st ocTaJbHBIX 3HAYEHUI HHJIEKCOB JI0KA3aTEeIbCTBO
AHAJIOTUIHO.

CupapejiuBa Takxke GpopMmyia

[eixej} S

2. BekTopHOe nmpou3BeieHNEe ITPON3BOJbHBIX BEKTOPOB. Boruncimm
BEKTOPHOE TIPOU3BEJICHNE BEKTOPOB @ U b, pas3ioyKeHHBIX 0 MPOU3BOJLHOMY

bazucy:

[a x b] = [(ai ei) X (bk ek)] —a' bF [e; X ex] = a' b e, € =

i1k _s el 62 63
geisa' b’ e’ =./g ai as a’
———
OoInpeaeIuTenb b b b3
Urax,
el e? e
laxb=g|a a* a
bt b3
AnaJior 370l GOpMyYJIBI IPU PA3IOKEHUE COMHOKUTE/ICH 10 B3aUMHOMY Oa-
3UCY:
el 62 e3
[a X b a, a, a
\/_ bl b2 b3
[pugamum stum popmynam apyroit sug. Ecim [a X b] = ¢ = c'e;, 1o

KOMIIOHEHTBI ¢! pe3yJIbTUPYIONIEr0 BEKTOPa € BBHIUUCIAIOTCS 110 (popMyJie

AHaJIOTUYHO:
C; = €jks ak b’.

B OHDB 6asucnblie BekTOpH €, €,, e, — 3T0 BEKTOPHI ¢, 7, k; g = 1; BeIicOTa

nHjeKca be3pasyinina, mo3ToMy (hOPMYJIbl TPUOOPETAIOT XOPOIIO 3HAKOMBII 13
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AHAJIMTUICCKON IeOMEeTPUN BU/I:

k
a
b

S.

)
axbl=|a a,
axbl=|a

o

w o w

2

3. CmernmanHOe TPOM3BEIEHUE ITPOM3BOJIBHBIX BEKTOPOB. Paccmo-
TPUM CMEIIaHHOe [POU3BEJIeHNe BEKTOPOB a, b, ¢ B mpousBosibHOM Oasuce:

abc = ([a x b, c) = (d, ¢) = d'¢;, wo, o npenpyrymemy, d = €% a;b;.
=d

Toryia abe = €% ay. b; c; = K

1 _kji o
7 € a, bj ¢; . Urak,

OIpeIe/IuTe b

1

a
abc=— |0 b, b,
\/g Cl CQ C3

Amnajior a1oit (hbopmyIb:

a' a® a
abc= /g | b v b
cl &

B OHB 06e dhopmyiibl TpuHIMAIOT TPaIUIIMOHHBIIA BII;

w

al
abc=| b,
Cl

NERSIS
OSSR

C nmowmoripio TeHzopa JleBu-UuBUTHI JIETKO OCYIEeCTBIsAeTCsS (POPpMaJIbHBII
BBIBOJI COOTHOIIEHUI, KOTOpbIEe OoJiee 3JIeMEHTAPHBIMH METOJAMHU IOy IUTh
HETIPOCTO.

[Tokaxkem, HAITPUMED, CIIPABEJIMBOCTH U3BECTHON (POPMYJIbI JIBOHOTO BEK-

TOPHOTO TpousBejieHust "bay munyc uab "
[ax[bxc]]=b(a,c)—c(a,b).

CoryacHo npeablAyIuM (pOpMyJIaM BBIUUCIUM S-10 KOMIOHEHTY JIBOMHOI'O BEK-

TOPHOT'O IIPOU3BEICHNA:

[a X [b x c]}s — ey @ [b % c]i — ey @ (eipq by cq) =

— . — q Py !
= egi €' a’ bycy = (60 0] — 0107) a’ by, ¢y
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HaJjiee packpoeM CKOOKHM, 3aMEHUM HHJIEKChI B COOTBETCTBUN C CUMBOJIaMK Kpo-

HEeKepa U MeperpynmnupyeM COMHOKUTEIN:

6P 8%a by c, — 8967 al by c, = b, (a' ¢) —cs (@ b,) .
s 91 p Cq s 91 p Cq ( l) (a” by)

(a,c) (a,b)
Urax,

lax[bxc]] =bs(a,c)—c (a,b).

HanmomumMm: BeIIucasgmach S-g KOMIIOHEHTa pesyiabrara. llepexoms or KoMmIo-
HEHTBI K BEKTOPY B 00EUX YACTSIX PaBEHCTBA, MOJyYaeM JOoKa3bIiBaeMyio (hop-

MYJIy rZI;BOI'/JIHOFO BEKTOPHOT'O IIPOU3BEACHNA.

24. Teuzopbl B m”HBapUMaHTHOI1 popme

B npeapiayinemM u310KeHHH TEeH30p BBICTYIIAJ] KaK COBOKYIHOCTH H a0 O -
P OB UWUCeJI, COOTHECEHHBIX Da3ncaM MPOCTPAHCTBA, U CBA3ZAHHBIX TEH30PHBIM
3aKOHOM IpeobpazoBanus. Takoii Moaxo L, yA00HbIH JIj1s KOHKPETHBIX PacUYéToB,
MMeeT CYIIEeCTBeHHBII HeJ0CTaTOK: 3a HabopaMy YUCeI, IIPUITNCAHHBIX Oa3nucaM,
HEe BUJICH UX MHBAPpUAHTHBIIA CMBICJ, T.e. HE3ABUCUMOCTH TEH30PHDBIX
COOTHOIIECHNU{T OT BHIOOPA CHCTEMbBI KOOPIMHAT (TOJILKO TaKie He MPUBsI3aHHbIE
K 6a31Cy COOTHOIEHUs U OTPAKAIOT O0HEKTUBHYIO PEAThHOCTD).

[TosToMy B MaTeMaTHIeCKOM TIOJIXOJIe TEH30p M3HAYAJBHO TPAKTyeTCs Kak
MHBAPUAHTHBINA OOBEKT, U C 3TOI TOUKHU 3PEHUS OIPEIeIAI0TCA IefCTBHUS ¢ TeH-
30paMu, U3y4artoTCd UX CBOWCTBa U T.II.

Y100bI TOSICHUTH CMBIC/I CKA3aHHOI'O, PACCMOTPUM CHadaJia, TeH30p | panra —
BeKTOp. B nnHeiinoit aaredpe oH BBOJUTCS HE3aBUCHMO OT Das3uca, T.e. HHBAPU-
AHTHO. 3aTeM BBOJIUTCs MOHsITHE Oa3uca, 1 Ollepallii ¢ BEKTOPaMH, KaK IpaBu-
JIO, U3y4aroTcs B (pUKCHPOBAHHOM Da3uce, IJie OHU MPEBPAIIAIOTCS B Ollepalun
¢ ux KoopjauHaTaMu. tak, BMeCTO BEKTOpa € MbI OIEPUPYEM CUCTEMON TUCET
{:1: } CBSI3AHHOI C aHAJOTMYHONI CHUCTEMOR B JIpyroM 0Oas3mce COOTHOIIEHHEM
x' = ak:I: VaBapraHTHBIN CMBICJI BEKTOPa MPOSBISICTCS TOT/Ia, KOTJIa pacCMa-
TPUBAIOTCH BCEBO3MOYKHBIC CYMMbI BUJIA T’ €;, KOTOPhIC OKA3BIBAIOTCS P a B -

HBIMU U HEe3aBUCUMBIMU OT ODa3uca: x’ei::ﬁjéj—fékék



Ten30pbl BBICHIMX PAHIOB TOXKE MOXKHO IPEJICTABUThH B MHBAPUAHTHON (hOP-
me. Tax, ans rerzopa I panra T', B 3aBUCEMOCTH OT TOT'O, KAKMMU KOOP/IMHA-

TaM# OH IPEJICTABJICH, MOKHO 3allACATD:
Tie " =T%e e = T e; ek = Tl-k e' ex,

npuaéM Juadv Bujia €'eF, e;ey, ... OTHIOND HE MMEIOT CMbICIA CKAJISIPHOTO TIPO-

n3BeJIeHNs 0A3MCHBIX BEKTOPOB. B Kaxkjioit n3 3tux hopM 3alucu TeH30p pas-
JoeH o g eBsaTu guagam (ecan T 3aman B R3). 3ameTnMm, 4TO AUAJA €; €;

HE TOXKJICCTBECHHA, JINAJIE €; €;.

[Tpuwmep. [ycrs rensop T' 11 panra B Hekoropom 6Gazuce {e,, e,} 1po-
crpancrsa R? uveer xommonentnt (5 §). Torma ero MoxKHO IpeJICTABATL B
MHBAPUAHTHOM BHJIE ceayomuM obpazom: T' = Te e, 4 de e, — 2e, e,.

Tenzop III panra B nuBapuanTHON (bopMe 3aMUCKH MOXKHO TPEJICTABUThH KaK

pas3JIoKEeHHEe 110 Mmpuadam:

A~

T:ﬂjke’ejek:T”keiejek:szkeie]ek:...

Tenzop panra r > 3 pacKaaJIbIBAETCS 110 NOAUGIAM: T = T_O‘B"_'_'_'& e,e’...e.
Takum 0O6pazoM, KOIja Mbl FOBOPUM O «KOBAPUAHTHOMY», «CMEIIAHHOM» WU
T.II. TEH30pe, UMeeTCsI B BUJLY, KOHEUHO, HE CAM TEH30p KAaK M HBAPHU A HT -
H bl i 00beKT, a KO3 MUIMEHTHI IPU MOJINA aX B er0 HBAPUAHTHOM IIPE/ICTaB-
jgennu. Takne 00OPOTHI peun SIBJIAIOTCs, 110 CYIIECTBY, »KAPIOHOM, B KOTOPOM,
BIIpOUEM, HET Bpejia (ecTh Jlayke 10Jb3a B BUJIE JIAKOHU3MA), €CJIU TOHUMATH

CYTb JIeJIa.

[To TeH30pHOMY WCUUCTCHUIO PeKOMEH yIoTCs Kuurn [23] — [26].

Astop ormedaer 3aciayru cryaeatos V. Copoknna u A. Beo3éposa, yka3aBmmx psiji ore-
9aTOK W HETOYHOCTEi B KHHUIe W CHOCOOCTBOBABIINX T€M CAMBIM YIIYUIIEHUIO JAHHOTO (BTO-
poro) eé m3IaHus.

BaMeuaHna W npeIokKeHnsa MOYKHO IIPHCHLIATH 1o ajapecy andreas@r66.ru
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