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Tnasa [

CHUCTEMBI INO®PEPEHIIMAJILHBIX YPABHEHUN

1. OcHoBHBIE ONIpeaeIeHud

Cnctema ypaBHeHunii BrAa

Fi<t; z,(8), @ (£), ..., 2™ (8);. s mi(t), Th(t), ..,x,gm“(t)) —0, 0

CBSI3bIBAIOLLX HE3ABUCUMYIO NepemMeHHyto ¢, uckomble yHkunmn z, (t), .. ., zx(t)
N NX MPOU3BOAHbLIE 4O MOPSAKOB MM, . . ., My COOTBETCTBEHHO, HAa3bIBAETCS CUCIME-
MOT 00bIKHOBERHLLL dupdepenyuarvholr ypasrherut 6 obuLet popme.

Bssras mo BceM ypaBHeHU M cucTeMbl (1) cymMma TOPSIKOB CTap-
HIMX [POU3BOJHBIX M, + ... 4 M) MCKOMbIX (DYHKIUN Olpejesiser nopAdor

CUCIMEMDBL.

CoBOKyIHOCTD (DYHKITHIA, TIPEJICTABUMBIX B Bujie BekTOpa P(t) =

i (t)
ABJIACTCS peuweruem CUCTeMbl (1), €CJIU 110/ICTAHOBKA UX B YpaBHEHUSI CUCTEMbI

npeBpalacT KazxK/10€ ypaBHEHUE B TO2KJICCTBO.

I[Ipuwmep. Cucrema

y'+3z = 0,
(2)

-y =0

SIBJISIETCsL CUCTEMOR 4 eTBE P TOTI O IHopsijika B 00iieir hopme; eé pelierue
ectb sektop ( Y0
z(t) )
Cnctema 3anucaHa B HOpMabHOW hOpMe, ecnu yaaétcst paspelinTb eé ypas-

HEHNA OTHOCUTENIbHO MEPBbLIX MPON3BOAHbBIX NCKOMbIX dDyHKLI'VIMZ

,(t) = fq(t, z (t),..., xn(t)), qg=1,n. (3)

Cucremy MOXKHO IpPeodOpa30BaTh K HOPMaJIbHON (bopme, 0DO3HAUNB TPOU3-

BOJIHBIE UCKOMBIX (DYHKIUI KaK JIOIOJHUTEIbHbIE HEM3BECTHBIC (DYHKIIMM.
3



4 I. CHCTEMBI JIU®®EPEHIIMAIBHBIX YPABHEHUIT
Hamnpuwmep, BBojist HoBble dynknuu v(t) = y'(t), w(t) = 2/(t), moxno 3amnu-

carb cucremy (2) B HOpMaJbHO#T hopme

~

y = v,
v o= =3z,
7 = w,
w = Y.

Cucremy juddepennualbHbIX yYpaBHEHUI B HOpMaJibHON (opMe MOXKHO

IPEJICTABUTH BEKTOPHO-udDepeHInaabHbIM YPaBHEHIEM

&= f(t, x), (4)

x1(t)
rie (t) = : eCTb BEKTOP UCKOMbIX (DYHKIIMIL, & — BEKTOP IIPOU3BOJIHBIX
0
71 (t2(0)
110 t OT UCKOMBIX (byHKIM; f (t, :13) = : — BEKTOp NIpaBbIX dacTei

u(t.2(0)

cucrembl (3). 3aMeTuM, 9TO apryMeHT ¢ MOXKHO PACCMATPUBATH KAK B P € M
¥ COOTBETCTBYIOIIMM 00pa30M 0003HaYaTh IPOU3BOJHYIO: & = &.
Bgejienuem J100aBOUYHBIX HEU3BECTHBIX (PYHKIUI MOXKHO CBECTH K HOPMaJib-

HOW cucreme U O Ji H O JiuddpepeHiinaibHoe ypaBHEHUE BbICIIETIO 1O JIKa,

y () = £t @), ¥ @), ...,y ().

B camom jene, obosnadas y(t) = z,(t), ¥'(t) = z,(t),...,y" V() = z,(t),

HOJIYIMM CHCTEMY B HOPMaJibHO# popme:

x, = x,,
x, = z,,
......... Win & = f(t, :1:),
Tp— = Ty,
\ 'Tn - f( t) 3317 3327 7xn)
z, (1) y(t) L2
T "(t :
rie x(t) = 2_(t) = ! :() , F= Tn
2 (t) Y1) (1) f (t, w(t))

Urak, quddepennnalibHoe ypaBHEHUE N-1'0 HOPsIJIKA, Pa3PELIEHHOE OTHOCK-
TEJIbHO CTapllueil IPOU3BOJIHON, SKBUBAJICHTHO cucTreMe u3 n juddeperimalib-

HBbIX YpaBHEHMII B HOpMaJIbHOI (popme.



3. MEXAHUYECKAS MHTEPIIPETALIS PEIIEHNI 5

2. I'eomerpuiecKkass MHTepHOpeTaIlid PenieHuil CUCTEMbI

[Tycrb 3ajiana cucrema jindpdepernnalibHbIX ypaBHEHU B HOPMaJIbHOM (POp-
p, (1)

©, (1)

Me & = f(t, a:) Besikoe perienue cucrembl € = @(t) = .t € (a,b),

‘Pn.(t)
MOXKHO 1IPEJICTaBUThL KaK 1'0jiorpad BEKTOP-PyHKIUK

r(t) = (2. (1), 9,(), - en(t), 1),

OIIPEJIETIAIONTHI UHIMeE2ParbHYyI0 KPUSYI0 CACTEMBI B TpocTpancTBe R, .

I[Iycts t € (a, b) — mpousBoJIbHBI MOMEHT BpeMeHH. Tor/(a B COOTBETCTBY O
meit rouke P(t) = (901 (1), 0, (1), ..., @u(t), t) = (cp, t) MHTErpaJbHONR KPUBOii
sexrop 7(t) = {@, 1} = {f(t, ¢(t)), 1} oupenensier nanpasienne Kacareib-
HOIl K WHTerpaJibHoil Kpupoili B Touke P. lIlosatomy cucrema (4) olnpeessier
HoJie HallpaBJ/eHUl B HEKOTOPO obsacTu mpocTpancTsa R, .,. Pere-
HUE CUCTEMbl MOXKHO TPAKTOBATH KaK BOCCTAHOBJICHUE MHTEIPAJIbHBIX KPUBBIX
0 U3BECTHOMY IOJTIO HAIIPABJICHUH KAaCATETbHBIX K 9TUM KPUBBIM.

I[Ipuwmep. Cucrema BTOPOro MHopsijKa {Zz:?’:’n B HOpMaJibHO# bopme 3a-
Ja8T B IPOCTPAHCTBE 1epeMeHHblx  (z, y, t)  1oJjie HanpaBJieHuit {:i:, v, 1} =
= {—y, —z, 1}. Bekrop-dbyukuus (y) = (Z:i) SIBJISIETCSL, OUEBUJIHO, PELICHU-
eM Jlannoii cucreMbl. Lojorpad r = e '1 + e~ ! J +t k onpejesger unrerpaJib-
Hyto kpusyio B R, .

Ecin t — Bpewmst, to touka P(t) = (x(t), y(t), t) C TeYEeHUEM BPEMEHU
a — t — [ JABUXKETCS 10 MHTErpaJibHONH KPUBOH, OPUEHTUPY A €€ co-
OTBETCTBYIOIIUM O00Pa30M.

OpueHTnpoBaHHast Ayra WHTErpasbHON KPUBOIW Ha3blBAeTCs TpaekTopueln cu-

CTEMDI.

3. MexannvecKasg WHTEPOPETANNSA PENIEHNI CUCTEMbI

[TpocrpaHcTBO 1HEpeMeHHbIX (:L’l, Ty, xn) cucreMbl JindpdeperiaibHbIX
ypaBHEeHWIT B HOPMaJbHON (hopMe Ha3BIBACTCSA (Pa306b6iM NPOCMPAHCIMEOM CH-
CTeMBbI. Y paBHEHUsI CUCTEMbI 33JIal0T CKOPOCTU M3MEHEeHUs] KOOPJUHAT U 3O -
6paxawowmeit rouku M(t) = (z,(t), z,(t),...,za(t)).

Perienue cucrembl jiuddepeninaibibiXx ypaBHEeHUE B 9TOW UHTEPIIpETalun

PaABHOCUJILHO BOCCTAHOBJIEHMIO KOODJMHAT JIBU:KYIElcsad B mpocTrpancTse R,



6 I. CUCTEMBI AN®PEPEHIIMAJIBHBIX YPABHEHNI

TOUYKH II0 M3BECTHBIM CKOPOCTSIM uX u3MmeHeHusi. OpueHTHpOBaHHAsT KpPUBAsI,
onuceiBaeMast nzobpazkatonieit roukoit M(t) upu o — t — [, HazbiBaercs
aszo6ot mpaekmopuetd; cucreMbl B (ha30BOM IIPOCTPAHCTBE.

Cncrema andpbepeHunanbHbix ypaBHEH WA HA3bIBAETCS A.6MOHOMHOT, ECIN Npa-
BblE 4aCTM YPaBHEHWI CACTEMbI He 3aBUCAT siBH O OT t: & = f(x).

Jlj1st aBTOHOMHOM cucTeMbl (pa30Basi TPACKTOPHSI sIBJISIETCSI OPUEHTHPOBAH-
HOW 1poekiueit rojgorpada perenus cucrembl B R4, Ha (azoBoe 1pocrpan-
crBo R, .

B mpegpiaymiem mnpumepe has3oBbIM IPOCTPAHCTBOM SIBJISIETCS ILIIOCKOCTD
(z, y). Iogenus Bropoe ypaBHenue Ha mnepBoe, n30aBUMCs OT siBHOT O
IPUCYTCTBUSI BPEMEHH: g—g = % O6rmee perenne storo ypasuenns y> — z2 = C
ompesesisteT hazoBbie TPACKTOPUH (MUIepOOIbl) HCXOIHO# cucTeMbl tuddepen-

HMAJbHBIX YPABHCHUI.

4. 3amaga Komm aj1d cucreMbl B HOPMaJIbHOUN popme

13 6ecKOHEYHOrO MHOXKECTBA PellleHni cucTeMbl JuddepeHnualbHbIX YpaB-
HeHuii TpedyeTcs, KaK IPaBU/IO, BLIOpATh O I H O, YIOBJIETBOPSIOINIEEe HEKOTO-
PbIM YCJIOBHSAM COOTBETCTBEHHO CMBIC/IY pelaeMoii 3ajgadn. st sToro gacro
33JIAI0T HaYaJbHYI TOUYKY T, = (19, Tagy---,LTye) ¥ UILYT TO pellie-
aue € = (t) cucrembl & = f(t, @), uHTErpasbHAsT KPUBASI KOTOPOTO IPOXOJIUT
qepes T,.

Sagaua Kowmu. Hatimu pewenue cucmemor dupdepenyuarvhoir ypac-
nenutt & = f(t, x), ydosaemeopaouee 6 HauaibHvli Momenm epemeny t,
HavasonoM yerosuam (t,) = x,.

Sajiaua Komm juist cucremsr inddepennualibHbIX YpaBHEHN He BCEr/ia nMe-
eT pelleHne, a ec UMeeT, TO, BO3MOYKHO, HeeIMHCTBEHHOEe. TeopeMbl CyIecTBO-
BaHUS U €JIMHCTBEHHOCTH pelienns 3a4a4u Koln Mbl, 0JIHAKO, pacCcMaTpuBaTh
He OyJieM.

Pynkuynst € = @(t, C), t € (a, b) HasbiBaeTCs obwuM peweruem CNCTEMbI
= f(t, x), ecnu

C1
(1) Mpu ntobom BbIbOpe Npon3sobHbIX koHCTaHT C' = : DYHKL S
Cn

@(t, C) sBnsietcs pewennem cuctemsl, T.e. 4(t, C) = f(¢, ¢(t, C));
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(2) Mo niobbimM HavanbHbim ycnosusam x(t,) = &, t, € (a, b), moxeT bbITb
Cio

HalifleH, NPUTOM €AW HCTBEH H bl ii, HADOP KOHCTAHT C’0 = : —
Cno

Takux, 4to & = @(t, C,) ecTb peleHne CUCTEMbI, YAOBIETBOPSIIOLLEE Ha-

ansheim yenosuam: @(t, C\)li=, = &

JTtoboe pelerune cuctembl auddepermanbHbIX YpaBHEH W, NONyYatOLLIEECS 13
eé 0obLlero pewweHusi npyu KOHKPeTHOM 3HadeHnn C', Ha3bIBAETCS 4aCMHLLM peuie-

HUEM CNCTEMDI.

5. Penienue cucrembl cBegéHUEM K OJHOMY YPABHEHUIO BBICIIIETO

NOPAIKA

[Tosznakomumest ¢ Haubosiee IPOCThIM (KOHIENTYaJbHO, HO OTHIO/Ib HE TeX-
HUYECKH) CrocoboM pererus cucreM nuddepenimaibabix ypapaenunii. Kak
Mbl 3HaeM, JuddepeHnnalbHOoe ypaBHEHUE N-T'0 IMOPsIKa MOXKHO CBECTH K
HOpMaJILHOM cucreme n-1ro 1opsijika. Boollie roopsi, BO3MOXKEH U 0OpaTHbIi
epexo/l, MO3BOJISIIONIMI 3aMEHUTh PEIICHUEe CUCTEMbl PEIIEHUEM O JIH O ' O
nuddepeHaibHON0 YPABHEHHS BBICIIErO IOPSIKA. .

I[lepeiiném B 3anucu cucremol & = f (t, a:(t)) OT BEKTOPHOI (pOPMBI K KOOP-

JUHATHOW:
z; = filt, x, z,,...,x,), i=1n, tE€(a,b).
[Ipeanosnoxum, uro Gyuxunu fi(t, x,,...,T,) UMEIOT HEUPEPHIBHBIE 11PO-
U3BOJHbIE 110 BeeM aprymenrtam. Uckiodas uz cucrembl ., (t), z,(t), ..., Ty,

CBEJIEM CHCTEMY K O JTHO MYy audgdepeHnuagsbHOMy YPABHEHUIO OTHOCUTEI b-
1o x,(t).

[Iycrs @ = @(t) ecrb pelienne cUCTEMbI; [IPU €rO 1I0JICTAHOBKE B ypaBHe-
HUA CUCTEMbI HOJIYHAETCsI TOXK JeCTBEeHHOEe paBeHCcTBO & = f (t, a:(t)),

KOTOPOE MOXKHO JudpepeHIupoBarh.

1I/IHOF,ILEL 9TOT METOJ[ HAa3bIBAIOT METOJOM nNoCAedo8amesbH0z0 JuPPeperuuposarus HUIA METOI0M

UCKANOUYEHUA.



8 I. CUCTEMBI AN®PEPEHIIMAJIBHBIX YPABHEHNI

[Ipopuddepennupyem 1m0 ¢t 1epBoe  ypaBHEHUE  CUCTE€Mbl I, =

= f (t, z, (t), z,(t),..., xn(t)):

A%z, 8f of day 8f
el Zaxk Zaxk Tir-en )

= fk
B CHILY
Ccucrembl

Ob6o3HaunM [IPpaBY1O 9aCTb IIOJIYIEHHOI'O PaBEHCTBaA KakK F2 (t, Liyoony l’n), TOr'J1a
d?z
1
dt2 T F2 (t7 Ly 7$n)

OTO BblpakKeHue CHOBa HpojuddepeHiupyeM 1o ¢ 1 OndTh YITEM, KaK 3alld-

coiBaercst dzy /dt B cuily cucrembr:

1

de3s ot

d*z,  OF, 2”381?

(noryTHO BBeJM HOBOE 0bo3HAUeHUE F)).

[Iponoikas nuddepeHnupoBanme, B UTOre IPUJIEM K BbIPaXKEHUIO

d"z, O0F, . N Z 0F,_,

itz ) = Fu(t, ), ... xy).

dtn ot &~ O
[Tepeoboznadus jyist eunoodbpasus f,(t, z,, ..., x,) = F.(t, z,,...,,), 10Jy-
4aeM CUCTEMY:
¢ dx
?tl Fl(ta Ly 7xn)7
d°x
dt21 - F2 (t’ xlﬁ ’xn)7
d"x
\ dtnl — Fn(t; x17 7$n)

Eciu u3 nepsbix (n — 1) ypaBHEHHiT 9TOil CHCTEMBI M 0K HO BBIPA3UTh
byuknun z,(t), ,(t),...,z,(t) qepes t, z, !, ..., :Ugn_l), TO, MOJICTABUB X
BLIPAXKCHUS B IIOC/ICIHEE yPaBHEHUE, HOLyYuM JAn(GepeHuajibHoe yPaBHeHIe
N0 MOPsIJIKA OTHOCUTEJILHO O JI H 0 i HeusBecTHOH dyHKinu x, (t), B KOTOPOM

BCe Mpoune PYHKIUH OYYyT UCKITIOUCHDI.
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ZL&HHOG HNCKJIIOYCHNE HEUM3BECTHBIX BO3MO2KHO B TOM CJIy4da€, KOI'/la O T JI U -

YeH OT HYyJisd sikoOuaH

OF,  OF, OF,
%, om, 9,

OF,  OF, OF,

OF, Fyy- s Fus) | 3, 3, * om
8(]}2’ xb” T "xn) .............
aFn 1 aFn 1 aF’nfl

Oz, Oz, Oz,

ITpuwmep. Peiurs ceejiénnem K ojinomy jiuddepetimaibHOMY yPaBHEHUIO

cucremy

r = —2r—2y—4z,
y = —2x+ y-—2z,
z = br+4+2y+ 7z

Huddepenrupyem 1o t mepBoe ypaBHEHHE CUCTEMbI:

B CHJLY
cucrembl

r=-—-2x—-2y—4z =
= —2(—2x—2y —4z) —2(—2x+y—22) — 405z + 2y +Tz) =
= —12z — 6y — 16=.

Hudppepeniupyem 110 ¢ 110JiyHeHHOE BbIparKeHUe:

B CHITY
CHCTeMBbI

i= 124 — 6) — 165 =
= —12(—2z — 2y —42) — 6(—2x+y — 22) — 16(bx + 2y + 72) =
= —44x — 14y — H2z.

Uroro, nmeem:

T

= 2z -2y -4z,
r = —12z —6y —16z,
r = —44x —14y —52z.

13 nepsbix AByX ypapHennii naxoanm y = 3(Z —4z+4x), z = 1(—i+ 31— 62)

" IIOACTaBJIAEM UX B TPETLEC YpaBHCHUE!
i = —44z — Yz — 42 + 4o) — 2(—Z + 3% — 62) = 6% — 114 + 6.

[Tosyunitoch ojHopoiHoe sinneiinoe jinddepenimaibHoe ypaBHEHU TpeThe-

IO MOPSIJIKA C MOCTOSTHHBIMU Koaddurmenramu = — 6 + 11z — 6z = 0. Pemras
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ero ¢ oMomIpo nojcTanoskn Jitnepa x = Cer npuxomum K xapakTepucruye-
ckomy ypashenuto k® — 6k* + 11k — 6 = 0 ¢ kopusamu k, = 1, k, = 2, k, = 3.
O6miee perenue ypasnenus z(t) = C el + C,e? + C, e,

Boruucisst nepsyio npoussojuyto @ = C el + 2C,e* + 3C,e* u ropyio
npoussojuyto & = C ' + 4C,e* + 9C,e3 u nojicrapiisgs ux B BbIpaskeHus Jis

Y 1 2, 1ocijie npeodbpa3oBaHuil 10J1y daeM:
y(t) = % (Cre' + 0333t) , () = —% (2C. e + 20, + 30363t) :

O61miee pereHne CuCTeMbl MOXKHO MPEJICTABUTH B BEKTOPHOM BH/IE, KAK JIM-

HEfHYI0 KOMOMHAIMIO BEKTOPOB (hyndamenmarvnotl cucmemvr pewiernut ?:

(1) ot o2t 3t

_ _ 1 1,3
X=|yt)|=C| 3¢ | +C, 0| +C, 5 e’
2(t) ot _ 2 _3 e

WJIK B BEKTOPHO-MAaTPUYIHOM BUJE

(%) o o2 oSt
X=|yt)| =2@t)C=| 3¢ 0 3e¥ [C,
() _et —e _3¢¥

rie Marpuna P (t), crosbuamu KOTopoii siBJISIOTCH BEKTOPbI Dy HJIAMEHTAIbHOI
CUCTEMbI pPEIeHu, Ha3biBACTCS PyHIaMeHMarvrot Mampuet MCXOHON Cu-
creMbl JuddepeHnuaabubix ypapaennii, C' = (gﬁ) — cToJI0el] IIPOU3BOJIbHBIX
KOHCTAHT. 3

6. MeToa mHTErpUpyeMbIX KOMOUWHANWIA

Nnoria npu pemenun cucrem juddepennnanbibix ypasuenuii & = f(t, @)
yJIaéTcsa mpeodbpa3oBaTh ypaBHEHUs CHCTEMbBI K JIETKO WHTETPUPYEMOMY JTud-
bepentuasbHOMY YpaBHEHUIO OTHOCUTEHHO HEKOTOPOH KOMOMHAIINN MCKOMBIX
dyHKIMI.

Hrumeepupyemoti xombunayued HasbiBaeTca AnddepeHLmanbHOe ypaBHEHNE
— CNEeACTBUE UCXOAHOW CUCTEMbI, KOTOPOE JIEFKO UHTErpUpYyeTCs.

B pesyabraTe HaXOIUM Nepeoili uwHme2pa.n CACTEMbI — COOTHOIIECHUE BUJIA
U(t, z,, x,,...,x,) = C, cBaspiBatoniee B Kounednowm (He jauddepenim-

asibHoM!) Bujie UCKOMbIe DYHKIMKU T, T,, ..., T, U apryMeHT t.

2970 nonsATHE OyZeT OnpeIeseHo B m.7.
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Eciu maiijiensl n nepsbix uurerpanos Vi(t, z,, @, ..., z,) = Cy, k = 1,n,
CUCTEMbI M-1'0 110PSIJIKA 1 9TH HHTEIPAJIbI JMHEHHO HE3ABUCHMbI © OTHOCUTEIILHO
z;, © = 1,n, To cucrema JuddepeHnnaibibIX ypaBHEHUH P e 1l e H a U OTBET
3allACLIBACTCS JTHOO B BHJE 00w,e20 uMMe2PaAd — COBOKYIIHOCTH 7o JIMHEHHO
HE3aBUCHUMBIX [IEPBBIX HHTEI'PAJIOB, JUOO B BUJE 00uie20 peuwenud (€Cau ChcTe-
My uz n ypasueuunit Wi (t, x,, x,,...,x,) = Ck, k = 1,n, yjaéres paspeiutn
OTHOCHTEJHLHO T, 1 = 1,n).

Ecu u3BecTen oyl mepBblii HHTErPAJI, TO OJHY U3 HCKOMBIX (DYHKITHI MOXK-
HO BBIPA3UTh Yepe3 OCTAJIbHbIC U HA €JUHKILY Y M € H b Il U T b [OPSIJIOK CUCTE-
MBbL.

[IpoBepKy mpaBUIbLHOCTHE HAXOXKICHHS IEPBLIX HHTEI'PAJIOB CUCTEMbI 00JIer-
JaeT CJIeIYIoIas TeOpeMa:

ITpusnak nepBoro uHTerpaJsa. Coommnowenue \If(t, a:(t)) = C asaaemcs
nepevim unmezpasom cucmemv, dugdepenyuarvnur ypasnenutd & = f(t, x)
mozda u moavko mozda, xozda npou3codnas no t GynryuL \I!(t, :Iz(t)) 6 CUNY
YPASHEHUT CUCTREMDL TRONCIECTNEEHHO PAGHA HYAIO.

I[Tpuwmep. Peurs cucremy

T = z*+ ¢’

y = 2xy.

Cucrema coCTOUT U3 JIBYX HeJMHEHHbIX jnddepeHinajibHbiX ypaBHeruit. Ké
MOKHO CBECTH METOJ[OM HCKJIOUYEHHUs K OJIHOMY ypaBHeHuo & — 6xz + 4z = 0,
HO OHO H € JI ¥ H € if H 0, 1 HEesICHO, KaK ero pemarb. Mex iy TeM UHTerpupyeMble
KOMOMHAIMKA OYCBUIHD.

.d _ 2
CuavaJia cioxum ypasuenus: ¢(z +y) = (z + y)*. Honyuunnocs judde-

pPEeHIMAJbHOE YPAaBHEHUE C PA3ACAAIONUMUCA [IePEMEHHBIMU OTHOCUTEJIbHO WH-

Terpupyemoii kombunanuu (z + y). Paznenum nepemenubie: ?ﬂgﬁz?)’} = dt. Ilocine
1

UHTEIPUPOBAHUA UMEEM — = t — C|, OTKy/J]a HaXOJWM TepBbIil HHTErpaJl

T+y
cucremsl ¢ + % =C,.
Teriepb  BbIYTEM W3 11EPBOIO  ypaBHEHMsl HCXOJIHOH CHCTEMbI  BTODOE:
d _ 2 dlz=y) _ g4 g :
i@ —y) = (z—y)" = g = dt; nonyuaem emé onun nepsblit uHTErpa
t+-L=C

3(‘?1,‘?27...7‘?") # 0

3HaHOMHI/IM, 9TO JIJI 9TOrO TPEOYeTCss OTIUIHDBINR OT Hy/sd SKOOUAH: Ber zm. 2
L T2
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O6oznaunm V¥ (¢, z,y) = t + :n_—lky’ U (t,z,y) =1+ w—iy ¥ IIPOBEPUM

I[epBbIC MHTEI'PAJIbl Ha HE3aBUCUMOCTD!:

o, 0%, _ 1 _ 1
oty 200 ) oo || TR TR o2y
2 2 1 1
o(z, y) o Oy R C= A e ol B Gl )

MT&K, I[epBbi€ noTerpaJibl J1 1 H € HHO He3aBUCUMBI U CUCTEMa II0J -

HOCTbBLIO pe€eureHxa. N3 [IEPBbLIX MHTEI'PAJIOB JIEI'KO BbIPAa3UThb B ABHOM BUJE

_1(_1 1 _1(1 1
x_2(01—t+02—t>’ 9—2(01—t 02—t)'

D10 obHlee pelleH e CUCTEMbI.

II puwmep. IlponmmocTpupyem npuMenenne TeOpeMbl O MpU3HAKE MIEPBOTO

unrerpasa. Haitném npoussopnyio V (¢, x, y) =t + % =C| o t:

d _ d 1 _ +y 24yt 420y
20, =144 () =1- i =1 - =

Urak, ¥ (¢, z, y) ecTh HEepBBIil HHTEIPAJ CHCTEMBL.
Cucrembr B cuMmmerpu4dHoit (opme. Cucremy mpuddepeHimaibHbIX

ypaBHEHU A
xr; = fi(t, z,, $2,...,$n), 1= 1,n,

MO>KHO 3allUCaTh B CUMMEMPUYHOT hopme

de, dz. dz,
Rt =S =t

i L

CucreMy B CHMMETPHUYHOI (opMe yj00HO peliaTbh METOJOM HHTEIPUPYEMbIX

KoMmOuHaruit. [Ipu aTOM McCHOIB3yeTCs Cieyiolee BIOJHE 3JIeMEHTapHOe, HO

MaJIon3BecTHOE * CBOMCTBO IIPOIIOPIUIL:

ecau & =5 = ?, mo npu aobvx A, A, A

;= g HE PABHBLT HYA0 0OHOBPEMEHHO,

3

c e Aa+ActAe

a
b d f ANb+Ad+ N[

I[Tpuwmep. Peturs cucremy

dx dy dz

4,HJIH TexX, KTO HE M3ydasl CUCTeMbl TuddepeHnaIbHbIX ypaBHeHU!
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Jannas cucrema (43 J1BYy X ypaBHEHHUil) 3allicaHa B BUJIE, CHMMETPUIHOM
OTHOCUTEJILHO TIePEeMeHHbIX &, ¥, 2. Bbibupast Kakyio-HuOy/Ib U3 HUX B KAUeCTBE
apryMeHTa, cjejyer HafiTu Ji B € JIpyrue rnepeMeHHble Kak (PYHKIUU OT
Hee.

[To cBoiicTBY mpomopnuit cymMma BcexX JUCTUTE e, JeJeHHas Ha CyMMY BCeX

3HAaMeHaTeseil, paBHa IepBoOii JIpobu:

dlz+y+z) dz

0 y—z

YT0OBI 9TO BLIPAXKEHUE UMEJIO CMBICJI, YUCIUTENb II€PBOii 1pobu J0JKEH ObITh
pasen nyito: d(z+y+2)=0=x+y+2z=C,. Haiijen nepBblii uure-
I'PaJl CUCTEMBL.

Tenepb yMHOXKUM UHCJIUTENb W 3HAMEHATEIb KaxKJ0i U3 TpEx Apobeil mc-
XOJIHOII CHCTEMBI COOTBETCTBEHHO HAa T, Y, z ¥ 0OpasyeM Ipo0b U3 CyMMbI BCEX

YUCJIUTEJCH 1 CYMMbI BCEX 3HaMeHaTeJIei:

rde  ydy  zdz rdr +ydy + z2dz

t(y—z) ylz—x) z(z—y) 0

Yucaurenb nociegHein apobu jospkeH ObiThb paBen Hyso:  xdr + ydy+
4+zdz =0 = %(:L’2 +y? + z2) = % Orcrofa nojaydaeM emeé OjuH I e p -
BbOIII MHTETr P aJ, OUYeBU/IHO, JUHCHHO HE3aBUCUMDBIA OT paHee HalJICHHOTO:
2 + y? + 22 = C,. JIpa 1nepsbIX HHTErpajia ONpPeJIeaioT JiBe HeH3BeCTHDIE

pyHKIMY, 1109TOMY pelieHrue CUCTEMbI 110J1Y YE€HO.

7. Cucremsbl JuHeHBIX TuddepeHNTNATBHBIX yPaBHEHMI

PaccMmorpensble BbIIIe CIOCOOBI  pelieHust cucreM auddepeHnuaabHbIX
YDABHEHUI PUMEHUMbI K JIOObIM cHCTeMaM (Kak JIMHEHHbIM, TaK U HeJrHeii-
HBIM ), OJHAKO HCIOJb30BAHNE UX JIJII CHCTEM TOPSJIKA BBIIIE TPETHErO COMpSi-
YKEHO €O BHAYMTEJTbHBIMU TEXHUUCCKUMU TPYTHOCTIMHE.

CymecrByior crenuduieckue MeTojibl JJjiss CUCTeM Aunetnur nudde-
PEHIMAJIbHBIX YPaBHEHU, OCHOBAHHbIC HA TEOPUU, CXOJHON C Teopuein JImHen-

HBIX JinpdepeHInajbHbIX YPaBHEHHII.
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1. Tepmunosorusi. Cucrema anddepeHunanbHbix YpaBHEHN Ha3bIBaeTCs

% eC OHa NNHeliHa OTHOCUTENbHO BCEX HEW3BECTHbIX (DYHKLMA 1 UX

AUHETUHOT
NPON3BOAHbIX.
CucreMa 13 n HEOJIHOPOJIHBIX JIMHEHHBIX ypaBHeHuil [ mopsjika B HOpMaJib-

HO#t (pbopMe nmeer BuU/I

Bynem HasbiBaTh €€ Jjisd KpaTkocTu "meodnopodnot cucmemotd”. Ecin Bce
byukuuu fi(t) = 0, cucrema HasbiBaeTCst 0010POIHOT.

Beojst marpuity u3  KOI(PQDUIMEHTOB 1PU  MCKOMBbIX (yHKIusax A =

Ayq1 - Aip o '
= u crogiber, HeojHopojHocTeir ®(E) = | : |, 3anuinem HeojHO-
nir --- nn .
f
POJIHYIO CUCTEMY B BEKTOPHOM BHJIC: !
dX
— =AX + .
dt
7. ()
3tech, Kak u panee, X = : — BEKTOP, KOMIIOHEHTAMU KOTOPOI'O SIBJISI-

zn(t)
IOTCSI UCKOMBIE (DYHKITHH.
d_
dt
X caenyomum obpazom: LX = %X — AX. Torpa B onepamoprom sude

Brejiém duddepenvyuanrvnoit onepamop L= A, neficTByromuii Ha, BEKTOD

HEOJHOpOAHAs cucTeMa 3anumrercs kak LX = ®, a ogHopojHasg cucremMa —
0

kaKk LX =0, 15e 0 = | : | — crosbel, Bce KOMIIOHEHTbI KOTOPOI'O HYJIN.
0

[Tokaxxkem, uro L — nuneii vl it oneparop. [eiticrBuresibio, jierko yoe-

JAUTHCA B TOM, 9TO

(1) L(eX)=cLX.
L(eX) = 4(eX) - A(cX) = ¢(4X - AX) = cLX (snech ¢ —
IPOU3BOJIbHAS KOHCTAHTA).

(2) L(X,+ X,) = LX + LX, (moKaure 570 CaMOCTOSATEIIBHO).

SMoit ormsrr [PEenoaBaHUs TTOKA3bIBALT, YTO H/est JIHHEHHOCTH / HeIMHEHHOCTH MMO9ac € TPYIOM BOCIPH-
HuMaercs crygeHramu. Kakoe-aubyap "oyenb HejmHeiiHoe", 110 MHEHUIO 9K3aMeHyeMbIX, yPaBHEHUEe, HallpU-
Mep (Hapouno marpomoxao "memmneiinocru), 7 sin® t + t3/2g(t) — v/t x(t) = tlnt, B geiicrurenbHOCTH
JLU H e il H 0, TIOCKOJIbKY Heu3BecTHble Gyukiuu & = x(t), y = y(f) 1 ux NPOU3BOAHBIE BXOJAT B yPABHEHUE

TOJBKO B HepBOfI CTETIeHN U HU B KaKOM CJIaraeMOM HE y9aCTBYIOT COBMECTHO.
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2. Pemnienns omHOpOaHOI JIMHEITHON cucTeMbl. PellleHnst oJJHOPOIHOM
JinHelHoi cucrembl Jiuddepennuaibubix ypapuenuit LX = 0 obsiajator cie-

JYIOLUIMMU CBOVCTBAMM:

(1) Ecoiu X;, 1 = 1,m, — peliieHus TaKOi CUCTEMbI, TO UX JTHHEHHAST KOM-

m
ounarust »  C; X; Toxe siBiisieTcst €€ perieHneM.

i=1
DTO caepyer u3 JuHeinocTu oneparopa L;

(2) Ecsin osHOpOsiHAs JiMHeliHasi cucTeMa ¢ BeIleCTBEHHBI MU KO -

shdunumenramu a;j(t) umeer komwiekcuoe pemenne X = U+

u, v,
. Uy v,
+:V', 1o ero BemecrBenHas u MuuMag dactu U = | . |, V =
Un Un
B OT/ICJIbHOCTU — TOXKE PEIIeHUsi 3TOW CUCTEMBbI.
HeiicrBurenbao, ecsim X — pemenne cucreMbl, To LX = 0. Ho
X =U+ ¢V, rorna LU +iV) = LU +iLV =0 = LU =0
u LV = 0, 10ocKoJIbKy KOMIIJIEKCHOE HYKUCJIO PABHO HYJIIO JIUIIbL I1PU

oOpallleHuK B HyJIb U BELIECTBEHHOM, 1 MHUMOM €ro 4acTei.

BenmomMuauMm nondaTusg JIMHEHHONW 3aBUCUMOCTH U JIMHEHHON HEe3aBUCUMOCTU

BEKTOPOB.
ﬂ?li(t)
T2i(t) o
Bektopel X |, X,,..., X, rae X, = _ , Ha3bIBAOTCS AUHETHO 30-
;L‘m(t)
BUCUMDBLMU HA OTPE3KE [a, b], ecnn CyLLecTByIOT Takne Ynucna o, ,, ..., &y, 4TO
JINHeRHas KoMbuHauus
X +a,X,+...+0,X,=0 (5)

npu t € [a, b], npn4ém, no meHbLel Mepe, 04N H U3 kKoahpuyneHTos «; # 0.
Ecnu  nnHeliHas KOMOWMHALMS TOXKAECTBEHHO PpaBHA HYIO N U Wb Mpy
a, =a,=...=a, =0, tosektopbl X, X,,..., X, aunetino nesasucumol.

Cootnorenwe (5) B KOMIOHEHTHOMN 3aMUCH IPEJICTABIISET COOOM 1 TOXK/IECTB:

( n
Z Oél'ZL’”'(t) = 0,
i aixzi(t) = 0,
Z Oéi:L’m'(t) = 0.
L i=1
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OrHOCHUTEIbHO KO (DUIIMEHTOB «y; IOJYUYMJIach OJIHO P OJIH & s JIMHelHas
cucrema. Eciim BekTopbl X JIMHEHHO 3aBUCHMBI, TO, 110 OIIPEACJICHUIO, ITO O3HA-
daeT CyIecTBOBaHUE HETPUBUAJILHOTO HAOOpa ¢y (T.e. HE BCE (v PABHbBI HYJIO).
Mrak, nannasi oJJHOPOIHAs CUCTEMa, IMeeT HeTPUBUAJIbHBIE PEIIeHUs, ITO BO3-

MOXKHO TOJIbKO IIpH yCJIOBUU O6pameHI/IH oIpeaeJmresiad CuCTEMbL B HYJIb!

3311 '7;12 vt xln
Ty T z

21 22 2n e 0 HpI/I BCEX t c [a) b]
$n1 $n2 vt xnn

Dror  onpejeauTesib  HasbBaeTCs  6ponckuanom  (onpedeaumenem
BpOH’bC%’OBOﬁ) cucrembl BekTopoB X, X,,..., X, u obo3nadaercd Kak
WX, X,,...,X,).

Urax, eciu Bekropbl X ; JIMHEAHO 3aBUCUMbI, TO BPOHCKUAH, COCTAB/ICHHBI
Ha HUX, PABEH HYJIIO.

MoxkHO Ji 00paTUTh 9TO yTBEp:KjieHue?!

Teopema (o Bponckuane). Ecau sponckuan W (X, X,,..., X,) pewe-
nutdi 00ropodnot Aunetnot cucmemst ¢ Koapduyuenmamu a;j(t), nenpepoiehoi-
mu na [a, b], pasen nyato xoms 6w 6 odnol mouke t, € [a, b], mo pewenus
X, X,, ..., X, 6ydym aunetno sasucumvimu na |a, b, u, caedosamenrvno,
W =0.

BaMmeuanue. Teopema He pacupoCTpaHsercss Ha L POUIBOJ b H bl e
X, He SIBJSIONIAECs PEIICHUSIMU OJIHON OJIHOPOJHON JIMHEHHON CHCTEeMbl C
HerpepelBHbIME Ko3d dunuenramn a;;(t). Takum obpasom, ecim W = 0, To
OTCIO/Ia eIE HE CJIeJIYeT, YTO BEKTOPbI X; JUHEHHO 3aBUCHUMEI.

Teopema (00 0011eM perieHrn 0HOPOJIHOM cucTeMbl). Junetdnas Komobuna-

n
yus Y, C; X aunetno nesasucumoir pewenut X, X,, ..., X, odnopodnot
i=1

AUHETHOT CUCTNEMbE =20 NOPAJKA ¢ HENPEPLIGHbLMU Ha [a, b] koadduyuernma-

MU7 Qg (t) AGAACNCA 00O wum peweruem CuUCmemov, Ha IMOM OMPE3KE.

6[036(1) Mapusa Xéne, uzsecrubiii moz, ncesgonumom "Bpoubekuit”" (J.M.Hoene (Wroriski), 1778-1853),
nosibckuit Maremaruk u dusocod-mucruk. Bour opunepom y Kocriomko, 3arem y Cysoposa. B orcraBke
BAHSIICH MATEMATUICCKUMU U3bICKAHUSME, OTMEYEHHBIMU IPE3BbIYARHON HIMPOTOHN 1 OOITHOCTHIO [IOCTAHOB-
K7 3a7a49. MHOrme ero pe3y/abraTbl ObLIN MEePEOTKPBITHI JAPYTUMU MATEMATHKAMU ITOCJIE €r0 CMEPTH, T.K.
CJIOYKHBIE OD03HAYEHNSA U TEMHBIN CTU/Ib COYNHEHWH BPOHBCKOIrO 3aTpyIHAIN UX U3yJIEeHHE.

7HereprBHOCTb Tpedyercs [JIsi BBIIOJHEHUs YCJIOBUI TEOPEMBI CYIIECTBOBAHUS U €IUHCTBEHHOCTU Pe-

HIeHuii, KOTOPYIO Mbl HE ITPUBOIUM.
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Hoxkazareabcrso. Tak kak koaddunuenrsr a;;(t) HeIpepbIBHBI, TO
CcHUCTeMa, YJOBJIETBOPAET YCJIOBUAM TEOPEMbI CYIIIECTBOBAHUA U €JIMHCTBEHHOCTH
1, CJIEJIOBATE/ILHO, JIJIsi JIOKA3ATEJIbCTBA, JIAHHONR TEOPEMbI JIOCTATOUYHO YOe U Th-

n
Cst, uTo 10100pom nocrosiabix C; B petierun » | C; X; MOKHO yjI0BJIETBOPUTD
i=1
‘,'BID
‘,'BZD

IPOM3BOJILHO BLIOPAHHBIM HadabibiM yciosusam X (t,) = X, = .|, rae

',I:’I’LO

t, — MPOM3BOJIBHOE 3HAUEHUE t U3 OTpe3Ka |a, b|, T.e. MOXKHO YJOBJICTBOPUTH

BEKTOPHOMY yPaBHEHHIO
Z CiXi(to) =X,
i=1

WJIM PABHOCUJIBHOM CUCTEME 71 CKaJIAPHBIX ypPaBHEHUIA

2

Z Cz xli(to) = Ty,
i=1

Z Cz xzi(to) = Ty,
i=1

n
Z CZ IEm'(tO) = Tpo -
i=1
\
OTa cucrema paspelnma oTHocuTeJbHO C; Ipu JIIOOBIX X;,, TaK KakK Olpe-
JIeJIMTEJIb CUCTEMbI €CTh BPOHCKUAH JIMHEHHO HE3aBUCUMON CUCTEMbI PeIIeHuit
X, X,,..., X, u, cirenoBaresbHo, He oOpalllaeTcs B HYJIb HU B OJIHOM TOUYKe
orpeska a < t < b.

JTtobble n NMNHERHO HE3ABUCMMBbIX Y4aCTHbIX PELUEHUA OLHOPOLHOV NINHEAHON

CUCTEMbI N-TO MOpPsIAKa HA3bIBAOTCA €€ PyHAAMEHTANbHOW CUCTEMOI peLleHnii.

3. Pemnienns HeOAHOPOIHOI CHUCTEMBI.

Teopema (0 perenns HeOHOPOIHO# cucTeMbl). Ecau X — pewenue neoo-
Hopodnoti aunetinot cucmemu LX = ®, a X, — pewenue coomeemcmeyio-
weti 0dnopodnoti cucmemw LX = 0, mo cymma X + X | makorce asaaemca
peuteruem HeodHOPOIHOT CUCTEMDbL LX =®.

Hokasarenbcrso LIX4+X)=LX+LX =®4+0=&, uronu
TpebOBaJIOCH JIOKA3ATh.

Teopema (06 0b6IeM pereHrn HeOAHOPOIHON cucTeMbl). Qbwee peuwsenue

He0IROPOIHOT AUHETHOT cucmemol n-20 nopadka ¢ kosddpuyuernmamu a;;(t) u
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npasvimu wacmamu fi(t), nenpepwsnomu npu a < t < b, ecmv cymma obuie-
n

20 pewenus y  C; X; coomeememeyrowet 00nopoonot cucmemos U 4acmmozo
i=1

peutenus X HeodHopodHoti cucmemb.

HoxaszareysbcTBo. CorylacHo MpeablIylleil TeopeMe BblpaKeHHe

n ~

Y Ci X + X sBisiercs perenreM HeoHopojiHo# cucrembl. Ho Gyer s 1o

i=1

pemerare 00y M7 Mbl JIOJDKHBL YOEJUTHCS B TOM, 9TO IOJ00OPOM IIPOU3-

BOJIbBHBIX KOHCTaHT Cz B 9TOM BbIpazK€HHNHN MOXKHO YIAOBJICTBOPUTDL IIPOU3BOJIb-

Lo
:1:20

HO 3aJIAaHHbIM HavdasbHbiM yeioBusM X (t,) = X, = . |. s sToro najio

Lno

JIOKa3aTh, YTO BEKTOPHOE YPaBHEHUE

~

Z CiXi(to) + X(to) =X,
i=1
WJI PABHOCHJIbHAST CUCTEMa 1 CKAJISIPHBIX YPaBHEHU i

i Ci@1i(ty) + 2:(t,) = @10,

; Ci $2i(t0) + j2(750) = Ty,

n
> Ciznilt,) + Zn(ty) = Tno
i=1
umeer, upurom ojHosnaqdnoe, pemienue C|, C, ... C), upn 100 bl X IPaBbIX
JaCTsIX.

OmpeiesuTesib 9TOI CUCTEMbI €CTh B3SAThIN B TOUKe t, € [a, b] Bponckuan W
JuHeitno HezasucuMbix pemennit X, X, ..., X, oJHOPOiHON juHEHHON cu-

crembl. Hu B oj1H0#t Touke orpeska [a, b] W # 0, nosromy 1pu JiroObIX 1PaBbiX

JacTAX cynecTByeT e quHcTBeHHOe pemenne C, C,, ..., C), cucremsl.

4. Ilpunnun cynepno3uiiuu. Ilycts nMeerca neomHopojHas JuHeiHasd

~ m
cucrema LX =) ®;, HCOTHOPOJHOCTD B KOTOPO# SIBJISIETCS CyMMOI HECKOJIb-

i=1

m
Knx ciaraeMbix. Torya perrenne 9toif cucreMpl ecTb cyMma y | X; perienuit

i=1

Kaxk0ro u3 ypasuenuiit LX; = ®; B OT/1€/IbHOCTH.

A m m A~ m
Heiicruresvro, L ( Y- X,; | =Y LX;, =) ®;.
i=1 i=1 i=1
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8. Meto/ Bapualumu IIPOU3BOJIbHBIX ITOCTOAHHBIX

Paccmorpum HaxoxK/ieHue pelieHnst He 0 JJHO P O JI H 0 il JinHeiiHO# cucre-
MbI METOJIOM BapHallii POU3BOJIbHBIX MOCTOSHHbIX (MeTojgom Jlarpanxa).
IIycts uMeeTcs oqHOp O HaA A JUHEHHAS CACTEMA %X =AX,n X =
= Zn: C; X; — eé obmiee pemenue. 3nech C; = const, BekTopbl X; 00pa3yroT
i=1
dgyHlaMeHTaJIbHYIO CUCTEMY PelleHUil 0JHOPO/IHOM CUCTEMBI.
Pemienre HeoOjiHOPOJHON CHUCTEMBI %X = AX + ® Oyuem uckarhb
B Bujie X = zn:Ci(t)X i, te Cj(t) — HOBbIe, HEU3BECTHBIC MOKA, (DYHKIUU
i=1
(uTak, MBI TpOBapbupOBagu npexuue C;, OTKy/a U HA3BAHIE METOJIA).

IToncraBum X B TaKOM BH/JIe B HEOJHOPOJTHYIO CACTEMY:

Zn:C{(t)XZ- + i:ci(t)%xi = Ai:CZ-(t)Xi + &.

Tak kak %X i = AX,; (BeomuuM, uro X ; YAOBJIETBOPSIOT OJTHOPOJHOMY yPaB-

HeHI/Ho!), HOJIMEPKHY ThIE cJlaraeMble YHUYTOXKAIOTCA U YPABHEHUE YIIPOILACTCH:
Y Cit)X;=.
i=1

DTO BEKTOPHOE yPABHEHUE PABHOCUILHO CUCTEME

2. Ci(t) zi = f,(2),

i=1

2. Cilt) zai = fa(1),

i=1

"

z CUt) 2ni = falt).

\

[TockosibKy ompejenuTesieM CUCTeMbl siBjisieTcss BpoHcKuan W #£ 0, cucrema
Cy(t)
uMeer ejnHcTBennoe pemtenne C' = : . Haxojst u3 cucrembl 1 uHTerpu-
Cn(t)
pyst Cl(t), mosyuaem Cy(t) = [Cl(t)dt + C; (C; = const). Ocraéres TOAbLKO
n
nojgcrasuth 311 C;(t) B Boipaxkenne X = > C;(t) X;, u pelienue HeOJHOPOI-
i=1
HOII cucTeMbl HaiiJIeHO.

[Tpuwmep. Peurs HeojiHopojinyio cucremy

de __

dar Y,
dy _ _ 1
i = T+ .



20 I. CUCTEMBI AN®PEPEHIIMAJIBHBIX YPABHEHNI

=Y,

z(t) = C,cost + C,sint; y(t) = —C, sint + C, cost.

BapbupyeMm 11pOM3BOJIbHbBIE HOCTOSIHHbIE:

CooTBeTCTBYOIAs OJIHOPOJIHAS CHCTEMA, {x uMeeT olIee pelneHne

z(t) = C,(t) cost + C,(t) sint,
y(t) = —C (t)sint 4+ C,(t) cost.

Cucrema na C! (t):

C!(t)cost + CI(t)sint = 0,
—C/(t)sint + C!(t) cost = ——.
Orciona  naxopum  C'(t) = —322L C’(f) =1. Iocie unurerpuposatus

C/(t) = In|cost| + C,, C,(t) = t+ C, (C,, = const). [ogcrasuss sru

BbIpazkeHust B (6), mosydaem obIree pereHne HeoHOPOTHON CHCTEMbI:
z(t) = C cost + C,sint + cost In|cost| + tsint,
y(t) = —C,sint + C, cost — sint In | cost| + t cost.
Urak, eciii obliee pelieHre OJIHOPOJIHON JIMHEHHOM CUCTeMbl U3BECTHO, TO

oblee pelleHne COOTBETCTBYIOLIEN HEOAHOPOLHON CUCTEMbBI BCEMAA MOXHO HaliTy

B KBagpaTypax

9. OagHOpOoaHbBbIE JIMHEHBIE CUCTEMBI C IMTOCTOAHHBIMU

Ko bunuenramnu

JIuHeitHoOlt cucreMoii ¢ MOCTOXAHHBIMH KOod(dduIUeHTaMHU

Ha3bIBa€TCA CUCTEMa BUJla

dz; = ,
dtl = ZCLUZL’]' + fz'(t), 1= 1,n,
j=1

UM B BEKTOPHOI popme

IX =AX + @,

npuuém Bce kKoabduruments! a;; (Marpuia A) nocrosgunbl. Bynem Takke cun-
TaTh UX BEILE€CTBEHHbI M H.
Takyio cucremy MOXKHO peliarb METOJOM MCKJIIUYEHUs, CBOJs K OJIHOMY

YPaBHEHNIO BLICIIEI'O IIOPAIKA.
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OHAKO JIJIsI O JTH O P O JI H O i JIMHEHHOR CUCTEMbI MOXKHO U HEIIOCPEICTBEH-
HO HaiiTu PyHJAMEHTAJbHYIO CUCTEMY PEeLIeHUil JIpYyruM MeTOJA0M. Dyjem wuc-

KaTb pelIeHnsA CUCTEMbI

(d
Exl = 01,0, F+ QX5 + ..+ QT )

d _
Exz = U2 X + AooT 5 + L + Aon Ty, )

d _
\ Exn = Qp1T, + Apols + R + ApnTy ,

IJIe BCE @;j IOCTOSIHHBI, B BUAJIE

¢ nocrosHubIMEU ;. [lofcraiss st mpobubie Gynknun B (7), COKparias Ha e

1 IIepeHOoCd BCe CJllaracMble€ BJICBO, IIOJIYYHUM:

(all - )\)O(l _|_ CL120[2 —I_ .« . _|_ CLanén — 0,
azlal _|_ (CI/22 - A)az —I_ .« . _|_ a2nan — 0, (8)
Apy O + o0ty + oo+ (@ — Ny, = 0.

st Toro 4rodbl dra, cucTEeMa M3 N JIMHEHHBIX OJIHOPOJHbIX YPaBHEHUH ¢ N

HEN3BECTHbIMU (/; MMEJIa HETPUBUAJILHOE PEIIEeHNE, HGO6XO,ZLI/IMO n JOCTaTO4YHO,

9TOOBI ONMPEIENTETb CUCTEMBI (8) ObLIT paBeH HyJTIO:

all - A CI/12 P Cl,ln
Aoy Qoo — )\ Qap, . 0 (9)
A Ao e Qppy — A

3 1ojiyueHHOro XapakKTepucTuieckKoro ypaBHEHUs CTEIEeHU 1 OlPEeJIeIAT0TCs
3HAUCHUS A, TPH KOTOPBIX CHCTeMa (8) MMeeT HeTPUBUAJBHBIC DEIICHUS ;.

P&CCMOTpI/IM pa3/JIn9HbIC CUTYyalllul, KOTOPbIE MOT'YT HUMETH MECTO B KOHKPETHDIX

3a/jlauax.
1. Bce kopuu A;, ¢ = 1,n, XapaKTepUCTUICCKOI'O YpaBHEHHUS P a3 J U 1 -
H bl.

[TojicraBiisist ux 11004epéiHO B cucremy (8), HailjéM HETPUBUAJIbHBIC 3HAYCHUST

i L — . . .
045-) (¢, 7 = 1,n), npu4ém BepXHUI MHJIEKC €CTh HOMED DeIeHuUsT, a HUKHUT —

HOMEpP HEM3BECTHON (DYHKIIMH,
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Hrak, B 3TOM Cilydae OJHOPOJHAN CUCTEMA %X = AX ¢ 1OCTOSIHHBIMMK

kodddulimenTaMu uMeeT cjejlyIolue n perieHui:

2 = aWeM,
) = aleM,
x,(li) = oz,(li)eAit (i =1,n).

Sameuanue. [IpoBejéHnbie paccykjieHus MOXHO O(pOPMHUTbL B OoJiee
KOMITAKTHOM M HALJISIJIHOM BHJIE, Ha 3HAKOMOM HaM SI3bIKE€ COOCTBEHHBIX BEK-

TOPOB 1 cOOCTBeHHBIX 3HadeHuil. Mbl uiem pemenue cucrembl X = AX B

Qy
Qs

suje (nojcranoska Diiepa) X = ae™, mie a = | . |. Hojcrasisem sry
dn

npobuyio dyuknuio B cucremy: ae = Aae™, orkya
(A~ AE)a =0 (10)

i, caeoBaTebHo, |A—AE| = 0. [l kaxK 1010 KOpHS A; MOy 9eHHOTO XapaKTe-
pucruydeckoro ypastenust u3 (10) naxojum coberBentbiii Bektop a'. [TockosbKy

BCE )\Z pa3JIn9Hbl, UME€EM CJICJ1YIOILY IO (bYHﬂaMeHTaﬂbHYIO CUCTEMY M3 N pelIe-
(2)
(e%%

. (i
mmit: X, = aWeM!, X, = a@e™ .. X, = a®eM! e a® = | @

(i)
Qn
O0I1iee pelieHre CUCTeMbI SBJISIETCS JJUHEeRHON KoMOMHAalell BEKTOpOB (pyH,1a-

n
MenTasipHoi cucremb: X = Y C; X

i=1

I[Tpuwmep. Peturs cucremy

dz
d_tl = 2$1 + 2$2,

dax-
& = T+ 3T9.

XapaKTepucTuieckoe ypaBHeHue

2\ 2 )
1 3. =A"—5A+4=0
umeer Kopuu A, = 1, A\, = 4, ¢ KOTOPbIMU CBA3aHbl COOCTBEHHBIE BEKTOPbI
aV = (2) u a® = (1), coorsercrsenno. Tosyuaem jpa Bekropa dyh/ia-
ventanpubix pemennii: X, = aWlet = (2)el n X, = aPet = (1)e. Ux

JTUHeliHag KOMOMHAIMA JaéT obmee pertenne: X = (?8) =0, X, +CX,
2



9. OIHOPOOHBIE CUCTEMBI C ITOCTOAHHBIMI KOSO®OUITMEHTAMNI 23

nJjiun, B KOMIIOHEHTHO# 3aluCu:

z (t) = —2C € + Ce,
z,(t) = Ce + Ce'.

2. KopHu XapaKTepUCTUIECKOIO YPaBHEHUS Pa3/IMUHbIC; CPEJIM HUX €CThb
KOMIIJI €KCH BbI €.

[TockoibKy KO3 PUIMEHTHI IIPU HEU3BECTHBIX BEIEeCTBEHHbI, KOMILJICKCHBIC
KOPHHU y XapaKTePUCTUIECKOI'O YPaBHEHUsI MOI'YT IOSBJIATLCI HEe HHaYe, KaK B
BIJIE KOMILJIEKCHO COIPSI>KEHHBIX T1ap.

Ilyctb A\, = a+1i8u A, = o — 18 — Takag nmapa. OTUM KODHAM COOTBET-
CTBYIOT (DYyH/IAMEHTAJIbHbIE PELICHNs, B KOMILJIEKCHOM BUJIE 3aIIMChIBACMbIC KaK

L2)  Boobie

X, = aWeleti®t - X = a@ele=i)t Cobersennbie Bexropnt al
roBOp#A, KOMILJICKCHbIE.

Ho BemecrBennas m MEIMas 9aCTU pelIeHUs OJHOPOIHON JIMHEWHON cucTe-
MbI CaMU TOXKE ABJIAIOTCA PEIICHUAMUA (CM. C. 15), II0O9TOMY MOXKHO IIpeodpa-

30BaTh pelleHue K BEIEeCTBEHHOMY, ropas/io bosiee yJ00HOMY Jijisl IPAKTUKH,

BUJLY.

WUrak, 1mycrb XapaKTepUCTUUECKOE  ypaBHEHUE KMEeT  BEIeCTBEH-
Hble KOPHH A, A,,...,A\; U KOMIUJICKCHO COIpPsKEHHBIE TIapbl KOpHEi
Mit1s Mit1s Mo, Nita, ... Pelllelne 3alncbiBaeTCss B CJIeLyIONIEi (Bere-

cTBeHHOM) dopwme:

X =C,aVeM + Ca®et 4+ CraPet
+ 6’k+1Re (a(k“)e)"““t) + Cu'kﬂlm (a(k“)e)"““t) +
+ 6’k+2Re (a(k“)e/\’““t) + Cu’k+2Im (a(k“)eA’““t) +...,

rjie Bce Koaddunuerntol C' Be e ¢ T B e H H bl.

Il puwmep. Pemurh cucremy

de;
U —7$1+$2,

das

T = —2x, — bz,

XapaKTepucTHIecKoe ypaBHeHne

—7—A 1

— )2 —
[ =N 3T =0
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uMeeT KOpHA A, , = —6£1%, ¢ KOTOPBIMU CBA3aHbI COOCTBEHHBIE BEKTOPBI a

= ;1) ua® = (_L,), coorsercreenno. Obuiee peutemnue:

X = (28;) = Ce (L )+ Ce (L) =
=D, Re {6(_6+i)t (ill)} + D, Im {6(_6+i)t (il )} =

_ D16—6t ( cost ) + D26—6t ( sint )

—cost—sint cost—sint

nJjiun, B KOMIIOHEHTHO# 3aluCu:

z,(t) = e %(D, cost + D, sint),
z,(t) = e %((=D, + D,) cost — (D, + D,)sint).

3. Ciydail KpaTHBbIX KOpPHEIL.
[Iycrs xapakrepucTuieckKoe ypaBHEHHE UMeeT KOPEeHb A KpaTHOCTH T > 2.

CooTBeTCTBYIONIEE ITOMY KOPHIO PEIIeHre CUCTEMbI CJIeJIyeT UCKATh B BUJIE

X@t)=| " T T eM.

oz,(ll) + oz,(f)t + ...+ a,(f)t’“_l

KoadpdunmenTor ozgj ) (i = 1,;n, j = 1,r) oUpeaesnsioTcst NpUpaBHUBAHEEM

KO3(DDUIMEHTOB IIPU OJIMHAKOBBIX CTEIeHsIX t I0C/e I0JICTAHOBKU JaHHOIO X

B CUCTEMY ypaBHEHUI.
Il puwmep. Pemurh cucremy
de;, __
. 21’1 — 1'2,
dz, __
T 41’1 —|— 6$2.
XapaKTepucTuieckoe ypaBHeHue

2—)\ -1
4 6—A

‘:(A—4)2:0

MMeeT BbIPOXK/JIeHHbIT Koperb A, , = 4 kparHoctu r = 2. Obliiee peliienue uiem

B BUJIE

)\ o an Bt 4t
X = (azz(t)) = (a2+62t) €
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¢ moJuHOMaMu crernenn r — 1 = 1, T.e. muHeiinbiMu. [lojicraBiasgeM 3TOT BEKTOP

B CUCTEMY:

(al + /Blt) 464t + 516475 = 2(0(1 + Blt)e4t - (042 + th)e4t7
(o, + B,t) 4ett + B,ett = 4(a, + B,t)et + 6(a, + B,t)e*,

cokpalaeM Ha e u neperpynnmuposbiBaeM:

{ (40(1 + 51) + 4B1t - (20_/1 - 0(2) + (251 - Bz) t’
(4, +5,) +4p,t = (4o, +6a,) + (45, +68,) ¢

[TpupaBuusast KodppuiMeHTbl IPU OJUHAKOBBIX CTeleHsX t U pellas CUucre-
My JUHEHHDbIX ypaBHeHuit Metoyiom ['aycca, mosmydaeM, HanpuMmep, BbIpaKeHHe

HEeN3BEeCTHBIX o, [, uepes a,, [,

o, = —%042 - %517
B, = —20,.
Crouiberr pelieHnst CUCTEMBI:
% _% &, — %61 _% _%
a, | a, _ 1 0
51 - 61 = Q, 0 + 61 1
B, —20, 0 —2

Ilepeobosnauas a, = C|, B, = C,, 3anumem odIiee perieHne UCXOIHON CHCTe-

Mbl juddepeHImaibHbIX yPaBHEHUN B BUJIE

n()= (-3 -3y + o) e,

z,(t) = (C’1 — 2C’2t) et

[Tpumeuanwue. Ilycrb umeercss ojiHOPOjIHAS JIMHEHAs CUCTEMA, X =
= AX ¢ cummerpuanoit marpuneir A. Torma KpaTHOCTb T KarK/0ro
XapaKTepUCTHIECKOTO THC/Ia A COBITAAeT ¢ KOJTUIECTBOM JUHEe W HO He3a -
B CHMBLX cobersennbix Bekropos o), a? .. al”). B coorsercrsuu ¢ 1.1
JIAHHOMY A OyjieT COOTBETCTBOBATL PEIICHUE

C.aWer + Ca®eM 4+ .. 4 CraleM.

1
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Il puwmep. Pemurh cucremy

de;
G = 20, +x, +x,,
des
= xr, +2r, +z,,
des
= T, to,+ 2z,

211
% % %) CUMMETPHUYHA; XaPaKTCPUCTUICCKOE YypaB-

nerne (1 — X)?(X — 4) = 0 umeer BbIpOXK/CHHBLL KOpens A, , = 1 u mpocroit

Marpuia cucrembr A = (

-1
kKopenb A, = 4. CooTBeTcTBYIOMNE COOCTBEHHBIE BEKTOPBDI ot = ( 1 ), al? =

-1 1
= ( (1)) ,al) = (%) DyHjiaMeHTaibHAs CUCTEMa PEIIeHUI:

)
X=|=t)=CX+CX,+C,X, wmm

1(t) - (_01 o 02)6t + C3€4t7
) Cet +C et
) = Cel + C,e*.

10. HeoanopoaHbie JUHENHBIE CUCTEMBI C IIOCTOSHHBIMU

Ko3(d bunmeHnraMu

Kak uzBecTHO, Jjijist pelieHusi HeoIHOPOJIHOM JInHEHOW cucTeMbl jinddepen-
[[MAJIbHBIX YPABHEHUN MOXKHO MCIIOJIB30BATH METOJI Bapualluu POU3BOJIbHbBIX
oCTOAHHBIX (i Meton Jlazpanowca — cum. C.19), ecoiu obimee perenue coor-
BETCTBYIOIIEH OHOPOIHONI CUCTEMbI ¥ 3 B € C T H 0. DTOT MeTo,1 00J1a1aeT 00JIb-
1I0M ODIIHOCTBIO U HE HPEe/IbiBJseT KaKux-jindo crenuduieckux rpedoBaHuil
K Bujly HEeojHOpoHOCTH. C JIPYToil CTOPOHBI, BHIYUC/IICEHUE KWHTEI'PAJIOB B 9TOM
METOJIe MOXKET OKa3aThCs HEIIPOCTHIM.

PaccmoTpum japyroit MeToj pellenus HeOTHOPOHONR JUHENHON CHCTEMBbI

X = AX + F(t) — meroy Jiaepa, NIPUMEHUMBI, KOIJa

(1) koadpdbunuentsr a;; (Marpura A) HOCTOSHHDI
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(2) HEOJJHOPOAHOCTH B YpPaBHEHUAX HMMEIOT BH/L ’ICGGSU’I?,O/LUHOJ\/LOGg — KOM-

6HHaL[Hﬁ 9KCIIOHEHTBI, ITOJIMHOMOB, KOCHMHYCOB U CHUHYCOB:

e [Pki (t) cos Bt + Q,(t) sin ﬁt] :

rie By, (t) u Qp,(t) — nomunomsl cremenn k; u nj, COOTBETCTBEHHO (4 —

HOMED YyDaBHEHUs B CHCTEME).

HacTHoe pellleHre HEOHOPOJHOM CHCTEMbl OYJIeM KOHCTPYUPOBATDH, UCXOJIsd

U3 TOr'o, KaK BbBITVIAJAT KBA3UIIOJIMHOMDBI B Ka2KJI0M K3 ypaBHGHI/Iﬁi

Ti(t) = e™|R., . (t) cos Bt + T () sinBt|, i=1n,

m-+s m-—+s

riae R(t) u T'(t) — nosunombl crenenu (m+s) ¢ HeonpejeaEHHbBI MU

Kosd bunuenrawmu; m=max{k;, n;};

( 0. GG KONMPOALHOE “UCA0 T = Q + 13 HEe BCTpevyaeTcs
' cpeJin KOpHell XapaKTEepUCTUIECKOTO YPaBHEHUS;
| GG T BCTPEUYAeTCs O LM H pas
s=1{ 7 CpeJu KOpHeil XapaKTePUCTHIECKOIO yPaBHEHHs;
o CCIMT JIBA XKL bl BCTPEIACTCH
' cpeJin KOpHell XapaKTEepUCTUIECKOT'O YPaBHEHUS;

\

Mrak, 9uc/io § sIBJISI€TCs IOKAa3aTeJIeM HAJUINs WA OTCYTCTBUSL P €3 0 H & H -
Ca B CHUCTEME; S €CTb KPaTHOCTb MOSIBIEHUS T CPEAN XapaKTEPUCTUHECKNX YN
cen .

[Ipumeuvanue B ciaygae ojgHOTrO JjuHeRHOrO JuddepeHinaibHOro
yPaBHEHHUsI C IOCTOSTHHBIMU KO(DDUIMEHTAMI 9aCTHOE PEIIEHUE HEOHOPO[HO-

I'o ypaBHEHUs B MeTOJie Diljiepa OThICKUBACTCS 110 (hpOpMYyJIe
Z(t) = e | Ry, (t) cos Bt + T, (¢) sin ﬁt] t5

Takum 00pa3oM, yuéT KPaTHOCTH COBIAJICHHUS T U A\ 3aKJI0YaeTCs 3JIeCh B JI0-
OaBjieHMM PE3O0OHAaHCHOTI' O MHOXUTEd t°) & He B IOBBIIIEHUU CTEleHU

OJIMHOMOB 11pu cos St u sin [t.

8310 ¢ YIIECTBEHHO Cyx)aeT chepy NIPUMEHUMOCTH METOa Dijiepa: JAJeKO HE BCe (DYHKITHH

ABJIAIOTCA KBA3UIIOJIMHOMAMM.
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Il puwmep. Pemurh cucremy

& = 4z —y+e¥(t +sint),

% = x + 2y +te* cost.

st cooTBeTCTBYIONIEH OJIHOPOJIHON CUCTEMbI XapaKTepUCTUUECKOE yPaBHEHUE

‘4—A -1

| Z_A‘:(A—$2:O

MeeT BBIPOXK/JICHHBII KOPeHb A, , = 3 KPaTHOCTH 1 = 2.

Obi1iee perienre 0 JHO P OJTH O CUCTEMBI UIEM B BUJIE

o (T(t)\ _[(at+b\ 3
X“(ﬂﬂ)“(d+d)e'
[TojicraBiisiem 3TOT BEKTOP B CUCTEMY:

ae3 + 3(at +b) €3 = 4(at + b) €3 — (ct + d) e*,
ce3t + 3(ct +d) €3 = (at + b) 3t + 2(ct + d) €.

ITocne Bcex mpeoOpa3oBaHUil UM pelIeHUs] JIMHEHHON CHUCTEMbl OTHOCHUTEIHLHO
a, b, ¢, d monyuaem: a = ¢, b = ¢+ d (c u d — NPOU3BOJIbLHBIE KOHCTAHTHI).

Toria obiee perenne 0JHOPOJIHONR CUCTEMBbL:

T = (ct+c+d)e™,
7= (ct +d)e*.

B ucxosinoit cucreme jinddepeniipalibHbIX ypaBHEHUE HEOJIHOPOJIHAS YaCTh
IEPBOTO YPABHEHUS HE SIBJISICTCS € JI M H bl M KBA3UIIOJMHOMOM (B CAMOM JIeJIe,
OHa BKJIIOYaeT KaK cjaraeMoe ¢ TPUTOHOMeTPpHYecKoi (pyHkIiumeil sint, Tak u
caaraemoe 6e3 Heé, 4TO HEBOBMOXKHO B OJIHOM KBA3UIIOJMHOME).

B coorercrun ¢ npuniunoM cyneprosuiun (cm. C.18) perumM orjesibHo

Jl B € HEOJHOPOJHbIE CUCTEMbI:

T = 4x —y+te¥, r = 4x —y+ e¥sint,
y = x+2y y = x4 2y+tedcost.
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s nepsotl cucmembl: s emopotll cucmembl:
Konrposbroe auciio Konrposbroe auciio
t=a+if=3=X\_; t=a+if=3+iF#N\ ;
KparHnoctb coBmajienus t u A: | KparHocrsb coBnajieHus v 1 A:

s=2; m=1; s=0; m=1;

m+ s =3. m+s=1.

YacTHOoe pelrerune nepBoit YacTHOoe pelrerue BTOPOit
HEOJIHOPOJIHOM CUCTEMDI: HEOJIHOPOJIHOM CUCTEMDI:

i, =P (t)e* = T, = R, (t)e¥sint + S (t)e’ cost =
= (8% + 0t* + et + () ¥ = (vt +§)edsint + (pt + o)e¥ cost;
. = Q1) = g, = T,(t)e" sint + V, (t)e¥ cost =
= (nt® + 0> + st + p)e. = (tt +v)e¥sint + (pt + x)e* cost.

3nech OykBbl P, (), R, S, T, V ¢ unjekcamu 0603HAYAIOT [TOJUHOMBI COOTBET-
CTBYIOIIEH MH/ICKCY CTEIICHU ¢ HeOlIPEeIeJICHHBIMU KO3 (PUIMEHTaMU; 'PeuecKue
OyKBBI 7, 0,...,p, X — Heoupejeacaabie Koapuiuentor. Mtoro tpedyercs
HAWTH 1€ CTHA /I aTh KOIDOUIMEHTOB, 9TO, KOHETHO, SBJISICTCS HEJIENKON
pobJIeMOii (OIpeIesisIIoTest ORI, KAK U BCerjia, NpupaBHuBaHueM Kodddumen-
TOB IOCJI€ TOJICTAHOBKN 3allMCAHHBIX MPOOHBIX (DYHKIMI B COOTBETCTBYIONINE
HEOJ[HOPOJIHbIE CUCTEMbI; He OyjieM 9TUM 3Jiech 3aHnMarhest ). B 3ajiadax, ors-
I'OMIEHHBIX PE30HAHCOM M CYIIEpIIO3UIUeil, MeTo/| Ditjiepa He JIaéT IPEeuMYyIIecTB
110 cpaBHEHUIO ¢ MeTojioM Jlarpanxka. B OoJiee npocThIX 3ajia4ax MpUMEHEHUE
ero OlpaB/aHHoO.

OkonuaTesibHO, 00IIee pereHrne NCXOHON HeOHOPOIHOM cucTeMbl Jindde-

peHInaJIbHbIX ypaBHeHI/Iﬁ 3allullieM B BHUJIE:






Cnasa 11

JIEMEHTHI TEOPUN YCTONYMBOCTU

1. YcroituuBocTb 1Mo JIdmyHOBY

Teopus ycTOIYNBOCTH JIBUKEHUST 3aHUMAETCS UCCITIEIOBAHUEM BJIUSHUS BO3-
Mylaonux (PakTopoB Ha JIBUKEeHUe MarepuaJsibHoil cucreMbl. [Toj Bo3myIa-
oM (pakKToOpaMu IIOHUMAIOTCH CUJIbI, HE YUUTbIBAEMbIE [IPU OIUCAHUU JIBU-
JKeHUs BCJIEJICTBUE UX MAJIOCTU MO CPABHEHWIO ¢ OCHOBHBIMU CUJIAMHU.

Bimsnue MaJibIx BO3MYIIAIONKUX (PaKTOPOB Ha JIBUYKEHHE MaTepUabHOM
CUCTEMbl HEOJIMHAKOBO JIJIsi Pa3J/InuHbIX JiBUxKeHnuit. Ha ojiHu JiBUKEeHUST 9TO
BJIMSTHUE HE3HAUUTE/IbHO, TaK 4TO BO3MYIIEHHOE JIBUXKEHUE MaJiO OTJIMYaeTCs
OT HeBO3MYIIEHHOTO. HampoTus, Ha JpyTruxX NABUKEHUIX BIUSIHUAE BO3MYIIEHUI
CKA3bIBAETCS 3HAUYUTEJHHO, W BO3MYIIEHHOE JBUKEHUE CUJIBHO OTJIUIAETCS OT
HEBO3MYIIEHHOT'O, KaK Obl MaJibl HUA ObLIM BO3MYIIAIONIME cUJibl. JIBr2KeHust 1ep-
BOT'O POJIa HA3BIBAIOTCS YCMOUUsvMU, JIBUKEHUST BTOPOIO pojia — Heycmod-
YUBHLMUL.

Teopust ycroitunBoCcTH yCcTaHaBJIMBAET HPU3HAKHU, [TO3BOJISIIONINE CY/JUTH O
TOM, OyJIeT Jiu paccMaTpUBaeMoOe JIBUXKEHUE YCTONYUBBIM WMJIM HEYCTONUINBBIM.
[TockobKy B JEHCTBUTENILHOCTH BO3MYTIAIONTHE (PaKTOPBI BCEryia HEN30eKHO
IPUCYTCTBYIOT, 3aJ/iada YCTOWYUBOCTH JBUKEHUS UMEET OUYeHb BayKHOe Teope-
TUYECKOE U IPAKTUYECKOe 3HaUYEeHUeE.

Boripoc o 1ipupojie BO3MyIIeHUit uMeeT JiBa, aclieKTa.

1. Ponb nneanuzanuym mpu mOCTPOEHUN MOJIETH.

s BOBMOXKHOCTH MATEMAaTHIECKOTO OMUCAHUS PeaJbHOrO IMpolecca Hen3-
OEXKHO MPUXOJUTCS YIPOIIATh U WJIeAJIM3UPOBATHL €ro, Bbljielisis HanboJiee cy-
HecTBeHHble (pakToOphl U OTOpachiBas BropocreleHHbie. Bo3nukaer Boipoc 00
YJIAYHOCTU BBIOOpaA, YIPOIIAIONIMX Tpernooxkenuit. Heyurénnbie dhaKTophbI,
BO3MOXKHO, CUJIbHO BJIUSIOT Ha U3ydaeMoe sBJieHue, MeHss He TOJbKO KO -

JMUIE€CTBEHHDbBIE, HO JJazZKE Ka41€CTBEHHDbBIC €ro XapaKTECPpUCTHUKHA. B
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Puc. II.1. K omnpenesnennto ycroitunBoctu 1o JIgmyHoBy.

KOHCYHOM CUYETE 3TOT BOIPOC PEHIaeTCA IPAKTUKON — COOTBETCTBUEM ITOJTyYeH-
HbIX BbIBOJIOB OIIBITHBIM JIAHHBIM, HO BCE K€ BO MHOI'MX CJIydasdX MOKHO yKa3aTb
YCJIOBUS, 1IPU KOTOPbIX HEKOTOPbIE YIPOIIEHUs 3aBEJIOMO HECOCTOATEJIbHDI.

2. BiusgHaue morpentnocTu m3MepeHni.

Ecau mekoTopoe sBJEHUE ONUCHIBACTCA CUCTEMO muddepennnabHbIX
ypaBHEHUN ¢ HAYAJIbHBIMU YCJIOBUSMU, KOTOPbIE OOLIYHO sABJISIIOTCH PE3YJibTa-
TaMU U3MEPEHUI U, CJIeJIoOBaTe/IbHO, HeUn30eKHO IOJIyUYeHbl ¢ HEKOTOPOH 110-
IPEIIHOCTHIO, TO €CTECTBEHHO BOZHUKACT BOIIPOC O BJIUAHAU MAJIOTO U3MECHCHHUS
HAaYaJIbHbIX 3HAYCHUI HA MCKOMOE DEIICHUE.

Ecjin cKoJib yroJiHO MaJible U3MEeHEeHUs! HavyaJbHbIX JIAHHBIX CIIOCOOHBI CUJIb-
HO U3MEHUTH PelleHure, TO Pe3yJ/abTaT, Oolpe/lesdeMblil 3aBeJJOMO HETOYHBIMU Ha-
JaJIbHBIMU JAHHBIMUA, OOBIYHO HE MMeeT HUKAKOTO MPUKJIAJHOIO 3HAUYEHUs U

JlazKe HpI/I6JH/I}KéHHO HE MO2KET OIIMCbIBaTb M3y4da€MO€ ABJICHHC.

1. OcHoBubIe onpeaeaeHnd. Paccmorpum juddepennualibHOe ypaBHe-
rue | mopsgka z(t) = f(t, z). llycrs & = ¢(t) — ero gacTHOE perenue, omnpe-
JlesisieMoe HauallbHbIM yeioBuem ¢(t,) = ¢,, a © = 9(t) — gdacrHoe perienue,
OTBEYAIONIee U3 MEeHEHHOMY HadalbHOMY yCioBuio Y (t,) = 1, ¥, # @,

Pewenve o(t) Hasbisaetcs yemotivuevim no Jlanymosyl, ecnm Ve > 0
3 §(e) > 0 — Takoe, 4To u3 HepaseHcTBa |p(t,) — ¥(t,)] < () cnepyer:
lo(t) —(t)| <e VEt>1t,.

D70 03HATAET, UTO pelenns, OIU3KIe B HATAJbHDLIH MOMEHT BPEMEHHU, OCTa-

OTCsI TAKOBBIMHU U B JasibHeiinem (cm. puc. I1.1).

lA.M.ﬂﬂnyHOB (1857-1918), pycckuii MareMaTuk U MEXaHUK, OCHOBOILIOJIOXKHUK COBPEMEHHO Teopuu
ycroitanBoctu. B OypHO pasBuBatorieiicsa B mOCTeTHIE ABAIATD JIET HEJTHHEHHON M XaOTHIECKON TUHAMUKE
u3BecTHb! "mokazaresu Jlsoyrosa", "sxcmonenta Jlanyrosa", "paszmeprocts JlsmyHoBa" — cBUIETEIHCTBO

IPpU3HaHUA €TI0 (byH,I[aMeHTaJH)HOI‘O BKJIa/Ja B HAYKY.
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Ecan pewenne ¢(t) ycroitumso m 39, > 0 — Takoe, 4TO W3 yCnoBus
p(t,) — ¥(E,)] < 0, cnepyer: lim |p(t) — (¢)| = 0, To pewenne HasbiBaeTcs
acumnmomumecky yemotuueoim no Janymosy?.

D10 03HAaUAET, YTO peleHus, OJU3KKE B HAuaJbHBI MOMEHT Bpemenu i,
K ACUMIITOTHYCCKH YCTORIUBOMY DEIICHUIO, HE TOJbKO OCTAIOTCs OJIM3KUME K
HeMy mpu ¢ > t,, HO U HEOTPAHWYCHHO NPHUOIMKAIOTCA K HEMY C TedeHHeM
BPEMEHH.

Pewenne, He obnagatolee CBONCTBOM YCTORYNBOCTY, HAa3bIBAETCS HEYCMOTUU-
BLIM.

Heycroiiusble penenns JIIIb B PEJIKUX CIIYIasiX PEICTABISIOT HHTEPEC B

NPpaKTUICCKUX 3adadax.

2. YcTOoYMBOCTb PpENIEHUS CUCTEMbI. AHAJOIMYIHO OIPEJIEISTIOTCS

YCTORIMBOCTh U ACUMIITOTHICCKAS YCTONINBOCTD DEIICHUST CUCTEMbl  Z;(t) =
= filt, z,, z,,...,z,) (i=1n).
e1(t)
Pewenne ®(t) = : Ha3blBaeTCA YycTolymBbiM no JlanyHoBy, ecnu
en(t)
Ve > 0 4 6(e) > 0 — rakoe, 4to n3 HepaseHcTsa |p;(t,) — ¥i(t,)| < d(e)

cnepyet: |pi(t) — ;i (t)] <e Vt>t, (i=1,n) (cm. puc.11.2).

[Ipumep 1. McenenoBarh no onpeieseHuio yCTORIMBOCTD PEIIeHust Tud-
dbepenuanibioro ypasienus @ = —a?z, a # 0, OIpeJessseMOro HadabHbIM
ycaosuem z(t,) = ,.

Obr1r1ee perenue SToro ypaBHeHus ecrb (t) = Ce=* Tlo HAaYaJbHOMY YCJIO-
Buio z(t,) = Ce~%" =z, orkyna C = z,e” ", Torma qacrhoe pemenne gud-
(bepeHrasbHOrO yPABHEHMsI, COOTBETCTBYIONIECE HOCTABJECHHOMY HAYAIbHOMY
yeaosuio, ectb () = z,e”® ) VerohumBocrs 9T0r0 perienus 1 Hajl0 uc-
CJICJIOBATD.

Namennm navaibroe yejaosue: x(ty) = . OueBUHO, YTO HOBBIM YACTHBIM
peleHreM HCXOJIHOTO ypaBHeHust Oyaer dynkiys Z(t) = :i:voe_“Q(t_tO). [Tpu s 10 -

00 M 3HAUEHMM Ha9aJibHOLO OTKIOHEHUs |T, — T | ¢ TedeHueM BpEeMeHH

Mocrosuoe nosropenue ¢aoB "mo JlsamnyHoBy" — He HPOCTO JAHb MAMATH BbIIAIOIIEI0CH yIEHOr0, HO U
crpemiieHue K MareMarudeckoil rounocru. Ecrb, naupumep, nonsrue opburaibHoil ycroituusocru (ycroituu-
Bocru no Ilyankape) — GoJiee obIIIEe, YeM MOHATHE YCTORYIUBOCTH 110 JIAMYHOBY : BCAKOE pelIeHre, yCTONIuBOe

no JIsnyHoBy, ycroiunso u no Ilyankape, Ho obparHoe HeBepHO [1].
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Puc. 11.2. K ompejeienuto ycroiauBocTy (BEpXHUiT PUCYHOK) M ACHMITOTH-
4ecKoii ycroitunBocTu (HUzKHUIT PUCYHOK) 110 JIsmyHOBY B cirydae JByXKOMIIO-

HEHTHOI'O peIIeHnA.

MOJLYJIb pasHocTH AByX pemenuii |z(t) — &(t)] = |z,e=® 1) — F e=0*(t=t)
= e ) |z — | 0.

Urak, pemierue nexo iHoM 3a1a49u Ko aci MITOTHU Y€ CKHU Y CTO i -
91 BO 10 JIamynosy.

Mpumep 2. To ke jnis sapaun Komn & = ez, a #0, z(t,) = =,.

Obrriee perenne ypaBaenus ectb x(t) = Ce®t. Jlaxke mpu CKOJIb YTOJHO
MaJIoif pasHocTH |z, — T,| < § B HAYAJbHBI MOMEHT BPEMEHH [TOCTEIICHHO Pa3-

_ 2(4_ 2(4_ ~
t=to) a*(t=t)| = e”(t=t) | — & | yBesnunsa-

nocrb |z(t) — Z(t)] = ‘:L’Oeaz( — €
eTCst ¥ JIOCTUIACT ¢ TeUYCHUEM BPEMEHHU IPOU3BOJILHO OOJIBIIOIO 3HAYCHMUSI.

Pemenne nexonoit 3agaun Komu neyctoit 1umBo no Jlamynosy.

[Ipumep 3. To xe s 3agaun Ko z = 0, z(t,) = x,.

Pemenue pannoit 3agaau Komwm: z(t) = x, = const. [Ipu gpyrom nauajibHom
ycaosun x(t,) = T, mojydaeMm HOBoe UacTHOE perenue Z(t) = £, = const.
I[Iycts B nagasbublii Moment Bpemenn |z, — z,| < d. Torma Vt > t, ocranercs
|z(t) — Z(t)| < e =06.

Pemenune ycroiumBo, HO HE aCUMITOTHUYECKHU, TaK KaK

|z(t) — z(t)| = |z, — z,| /0 upn t — oo.

MIpumevanue 1. dua cucremnr z = fi(t, z,,...,x,), ¢ = Ln, uc-

cJIeJIOBAHUE HA YCTOWIMBOCTD perienus x; = Z;(t), 4 = 1,n, MOXKHO cBecTH
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K HCCJICJOBAHMIO HA YCTOMYMBOCTL TPUBUAJbHOT O PEHICHUT — MoK
noxos (0, 0,...,0), paclosioKeHHO B HaYas e KOODJMHAT.

Jist 910r0 BBEJEM HOBBIE TIepeMeHHble y; = x; — T;(t), uMerIIme CMbIC
OTKJIOHEHHW I CTapbiX [MEPEMEHHBIX x; 0T QYHKIWM T;(t), Ompeessonux
MCCIIElyeMOe Ha YCTONIMBOCTD penleHue.

B nosbix [IEpEMECHHBIX CUCTEMa IIPUHUMACT BH/J]L

Y; = _5;_%' + fi(t; y, +7,(1), v, + 2,(t), ..., Y + a_:n(t))’ i =1n.

Bumecro uccieioBatusi yeroitauoctu perienusi ; = Z;(t) MexopHo# cucrembl
MO>KHO MCCJIeJIOBaTh Ha YCTOMUMBOCTL TP U B M aJi b H O € peIleHre HOBOM Cu-
CTEMBI.

B pasibHeiiem 0yjieM neciieoBarh yeTORIMBOCTD TOJBKO TPUBUAIBHBIX Pe-
[ICHUT.

[Ipumeaganue 2. ByueMm rakke orpaHHINBATHCA PACCMOTPEHUEM YCTOM-
qUBOCTU cHCTeM B HOpMasbHON dopme. Kax mbr 3naem (C.4), muddepenru-
aJIbHOE YpaBHEHHE N-T'0 MOPSIJKA MOXKHO CBECTH K CHCTEME M-I'0 MOPsijiKa B

HOpMaJILHOM bopMme.

2. IIpocreiinme THOBI TOYEK MOKOS

PaccMOTpUM 371eMeHThl ocHOBaHHO# JIAnyHoBbIM 1 Ilyankape® kauecmeen-
ot meopuu dupdepenuuarvonoir ypasHenut, N3ydarolieil cBoiicTBa pelIeHnii
JnddepennnaibHbIX ypaBHeHUin O6€e3 HaXOXK JJeHUsl CaMUX Pelle-
H 1 1. OJJHUM U3 PA3/IE/I0B 9TOI TEOPUN SIBJISETCS U3y YCHUE 0CO0IT Moyer ud-
depeHnmraJbHbIX YpPaBHEHUH, T.€. 110 CYIIECTBY U3YUeHHE IIOBEJCHUS CeMeiCTB
MHTErpaJbHbIX KPUBBIX B OKPECTHOCTU OCOOBIX TOUEK, YTO UIPAECT BaXKHYIO POJIb
B JIMHAMUKE CUCTEM, B YaCTHOCTU, B BOIIPOCAX YCTOMUMBOCTU JIBUIKEHUSI.

Sasaua, nocrapiennas [lyankape, cocrosijia B TOM, 9TOObI, HE MHTEIPUPYSI
cucremy JudpepennuantbubIX ypaBHeHHil { Zj _ igz; , ICCJICJIOBATD [IOBEJICHIe
ceMeiicTBa MHTErpaJbHbIX KPUBBIX Ha BCeil miockoctu £y TOJILKO 1O € B O i -

crBaM (yHKILUA, CTOAIUX B lIPaBbIX YacTsAx. B cepuu pabor, HavYaThIX B

3AHpI/I [Tyankape (H.Poincaré, 1854-1912), dbpanu,. maremaruk, dusuk u dusocod. Ero paborst B 06sia-
CTH MATEMATUKU U MEXAHUKHU B 3HAYNTEILHON Mepe OLpPEeAe/II/IM Iy TH COBPEMEHHOro X passurud. [lyankape
OJTHOBPEMEHHO ¢ DHHINTEHAHOM M HE3aBUCHMO OT HETO C(POPMYIMPOBAJ OCHOBHBIE MTOJOKEHUS CIIeIUATBHOM

TEOpHH OTHOCHUTE/IbHOCTH.
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1878 1., Ilyankape jocTur OOJIbIINX yCIEXOB B 3TOM HalpaB/jennu. OH KJaccu-
durmpoBasl 0cobbie TOYKU U UCCIE/I0BAJL [IOBEJIEHUE MHTEIPAJIbHbIX KPUBBIX B
X OKPECTHOCTH.

PaccmoTpuM KpaTKO HOJy9eHHbIE UM Pe3YIbTaThl.

[lycTb nMmeercs cucreMa JIByX OJJHOPOJIHBIX JIMHEHHBIX JuddepeHnaabHbIX

ypaBHeHI/Iﬁ C IOCTOAdHHDBIMHK BEHICCTBCHHbBIMU KOS(l)(l)I/HlI/IeHTa,MI/I

r = a,r+a,y,
(11)

y = a,r+a,y, a;j = const,

upuuénm det A = | g2 g2

£ 0.

Cucrema obsiajiaer TpuBu aJi b H bl M pemenuem x = 0, y = 0. [Tockosb-
Ky npu ¢ = y = 0 npasbie yactu oboux ypasuenuii (11) obparatores B HyJIb,
B Touke (0, 0) kommouenTsl ckopoctu =, y = 0. Takum obpazom, HaTAIO KOOD-
aunar (0, 0) saBisteTcss moukol nokoA.

DazoBbie TpaekToprn cucreMbl (11) MOXKHO pacecMaTpUBaTh KakK WHTEDAJIb-
Hble KpHUBbIE OOBIKHOBEHHOI'O JudDepeHnajbHOr0 ypaBHEHHS, I0JIyIaeMOIo

JC€JIEHHNEM BTOPOEC ypaBHEHME CUCTCMbI Ha I1€PBOE:

d_y — a21$ + a22y .
dz  anz+any’

(12)

BpEMsi BXOJIUT B HErO JIUIIh HessBHO. B touke mokos (0, 0) cipaBa B 9TOM ypas-
0

HEHWW TOSBJIAETCS HEONPEIeIEHHOCTD BUJIA, [6] , TO3TOMY TOYKA TOKOS SBJIsIET-
cst 0coboti mowkot ypaBuenusi. VI, xors, BooOIIe roBOPst, Yepe3 KaxK1ylo TOUYKY
i1ockocTr £y HPOXOJUT € JIU HC T B € HHa s UHTerpajibHas KPUBasi, HO OT-
rocuresbao ToUKH (0, 0) MBI 9TOr0 yTBEpXKIATh HE MOXKeM. B Heil HapyieHo
YCJIOBUE TEOPEMbI CYIIECTBOBAHUS U €/IMHCTBEHHOCTH, TIOITOMY allpHOpU depes
Touky (0, 0) MOXKeT He HPOXOJUTh HU OJIHA MHTErpaJibHasi KPUBAs ypaBHEHMsI
(12), mm TOSBKO OfifA, WIIH OoJiee OfHOi.

Uccnemyem yeroitauBocts TpuBuaibHOrO perierust ¢ = y = 0 cucrembr (11)
M PACIOJIOKEHUE TPACKTOPUil (MHTErpajibHbIX KPHUBBIX) B OKPECTHOCTH ITOIf
TouKHU 11OKOst. Kak OyjieT 1oka3zaHo, uccjiejlyeMblie CBONCTBA, OLPEJIEITIOTCS X a, -

PAKTEPUCTHUIECCKUMHU IYUCJTaMu MaTpuinpl A.
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[IpuMenss moacTanoBKy Diyiepa 7 = a. e, y = o, e, IpuxoaM K Xapak-
1 Y 2 9

TECPUCTUICCKOMY YPAaBHCHUIO

a,, — A a,

\ = A2 — (ay; + ag) ) + @11&22 — al2a212 = 0. (13)

— det A£0

a a

21 22

[TockonbKy mocennee ciaraeMoe B YPaBHEHHH IO CJIEJTAHHOMY IIPEJIIOJIOXKe-
HUIO OTJIMYHO OT HYJsI, A =0 He g BJdeTCsI KOPpHEM XapaKTePUCTUIECKOTO
ypaBHEHHUSI.

Paccmorpum pasjimdHbie Cilydau.

1. Kopun xapakrepucruaeckoro ypapaenus (13) A, A, BemecrBeH -
Hbl U pa3JudHbl [Iycrb UM COOTBETCTBYIOT COOCTBEHHbIE BEKTOPbl Q¢ =

=(3;)HB=(§

). Tora ob1ee pelieHne CucTeMbl

1
2
— ;L'(t) _ At Aot
X = (y(t)> = Cae™" 4 C,Be
2(t) = Coaet +C,8M,
JIH v v (14)
y(t) = Ca,eM +C,Be"",
riae C| , — MPOU3BOJIBHBIC KOHCTAHTHI.

1. Ecoim A, < 0, A\, < 0, To touka nokost (0,0) acuMurToTuIeCK "
ycroiiuupa. B camom jienie, ¢ Tedenuem Bpemenu obe skcroneHTbl B (14)
CTPEMSATCS K HYJIO U, 3HAUAT, epeMentas Touka (z, y) — (0, 0).

Eciu u3z (14) uckimoants apryment ¢, To nosydentas GyHknus y = ¢(z)
JACT TPACKTOpUIO JBrxKenus Ha mwiockocrn xOy. [pu t — oo marepuanbHas
TOYKA, HAXOJMBIIAsCS B HAYAJIbHBI MOMEHT ¢ = {, Ha POU3BOJILHO OOJILIIOM
PACCTOSIHAU OT Hadvajia KOOPMHAT, CKOJIb YIOJHO OJIU3KO HOJOWIET K HEMY.
[Iyankape Ha3BaJj TAKYIO TOUKY HOKOH YCIMOUUUGHIM Y3.A0M (em. puc.11.3a).

Bee rpaekropun, kpome ojiHoit, numeror B Touke (0, 0) 0By KacareabHyio,
KOTOPast WJET BJOJIb TONO COOCTBEHHOI'O BEKTOPa ¢, JJIsi KOTOPOIO XapaKTe-
PUCTUIECKOE 9UCJIO0 A, — MeHbIee 1o Moayaio (u3 asyx). Ogaa Tpa-
eKTOpH HapaJle/ibHa, BTOPOMY COOCTBEHHOMY BEKTOPY (3, COOTBETCTBYIOIIEMY

0OJIBLIIEMY 110 MOJLYJIIO XaPAKTEPUCTUICCKOMY YUCILY A, .

AHaspanus HUZKECJIEIYIONUX OCOOBIX TOYEK — €10, POKYC U T.J. — TOXKE BBEIEHBI UM.
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»(©0)

6)

Puc. I1.3. TIpumeps! ycroitausoro (a) u neycroituusoro (6) yzuaos. Hlrpuxo-

BBIMH JUHAIMH IOKA3aHO MMOJOKEHIE COOCTBEHHBIX BEKTOPOB.

2. Ecoim A, > 0, A\, > 0, 10 Touka nokosi (0, 0) — neycmotiuuewd ysea, r.K.
eM2t 5 0o pu t — +00. DTOT CIIyHail MONyYaeTCA U3 IPEBIIYITIEr0 UHGEpCU-
eti (obpamienuem) Bpemenu ¢t — —t. [losromy TpaeKTOpuy UMEIOT I P € XK H U il
BUJI, C IPOTUBOIIOJIOKHBIM HallpaBjieHueM JiBrxkenus 110 Hum. Ha puc. I11.36 11o-
KasaH LHPUMep HeyCTOYnBOroO y3ia °.

3. Ecim A, < 0, A, > 0 (wmm maobopor), to Touka mokosi (0, 0) Toxe
HeyCTOM 94 Ba, TaK KakK OJfHa U3 KCIOHEHT B (14) crpemuTes K OeCKOHEU-
HOCTH 1IpU § — +00.

Eciu A, > 0, 1o Touka, 6umskasg k (0, 0), 1o rpaekropun x = C, 3, y =
= C,B,eM (wmy = % T — 9TO TpsiMast!) YXOIUT B OECKOHETHOCTD.

Nmeercst euHCTBEHHAS TPACKTOPHS, [0 KOTOPOI TOYKa JIBUKETCS B HAIIPAB-
JleHnn Hadaga KoopjuHar nupn t — +oo: x = CaeMt y = Ca,eMt. 1o
npsiMast y = o3 x

Touka mokosi — cedao (cm. puc. 11.4). @azoBbie TpaeKTOpUE ABJIAIOTCS TH-
nepbostamu. JIBe I p st M bl €, Ha KOTOPBIX JiexKaT (ha30BbIe TPACKTOPHUN, Ha3bI-
BaloTcs cenapampucamu ceiiia’; onn pasjensior runepboibl PasHbIX BUJIOB.

Eciu C, # 0u C, # 0, To npu t — £00 TOUKa BCEr/ia MOKUJIAET OKPECTHOCTh

navasia koopunar (0, 0).

2. Kophu xapakrepucrudeckoro ypashetust (13) KOMIIJ€KCH bl €:

A, =pEig (g #0). ycrs um coorsercrByiorT (KOMILIEKCHBIE) COOCTBEHHbBIE

5I[nﬂ pacuéros (LpOBeJEHHbBIX 3/eChb U HuXKe B akere MATHEMATICA) MCLOJIb30BAHA U H & s CUCTEMA,
auddepennuatbHblX ypaBHeruil o cpaBuenuio ¢ puc. I[.3a, mosromy n3menenune He CBOAUTCHA TOJ bKO K
00pAaIIeHnIO0 CTPEJIOK.

60 narunckoro separatriz — "pasnensromniasa’.
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@) k\/
/)

// x(1)

4{)

Puc. I1.4. Cengo.

y@) @)
/
x(t) \@r\’\\ x(t)

/NS

a) 0)

»

(@

]

Puc. I1.5. TIpumeps! ycroitausoro (a) u neycroitausoro (6) dokycos.

BEKTOPbl Q¢ = (33) uf = (g: ) Ob1iee pereHue CucTeMbl

X = (;8) = C aeM + C,BeM!

MO2KHO 3allMCaTb B BE€IIECTBEHHOM BH/I€, BbLJICJIAA BCIIECTBECHHYIO U MHUMYIO

JaCTH IIPpEeJCTaBJICHHOI'O KOMILJIEKCHOI'O pEIICHMA:

z(t) = e’ (B, cos qt + B, sinqt),

(15)

y(t) = e’*(D, cosqt + D, sin qt),

rjie B, , — 1npousBoJibHbIC KOHCTAHTbI, a [, , 4yepe3 HUX BbIParKaloTcs.

2
1. ITycrb xapakrepucruyeckue uucia A, = p £ig, p <0, ¢ # 0. Torya
B (15) skcnonenta e’ — 0 npu t — 00, a BTOPOHl MHOXKUTENb (B CKOOKAX)
HePUOIMICCKII 1 orpaHudeHHbIil. Pa30Bbie TPACKTOPUU IIPEICTABJISIOT CODOIt
C 1M P aJl ¥, aCUMIITOTHYECKH HaBuBaiomuecs Ha 1ouky (0, 0) npu t — oo.
D10 yemotuuewil poryc; tpuBnaibioe pemenune x = 0, y = 0 sBisercs

ACHMIITOTHIECKN YCTORINBOI TOUKOM 1moKos (cM. puc. [1.5a).
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»0

G\
D

Puc. I1.6. Ilentp.

2. Ecm A, = pxig, p >0, q# 0, o uusepcueii spemenu t — —t
noJrydaeM npejply it coydait. Ocobast Touka — neycmotuusud goryc (cm.
puc. [1.50).

Sawmeuanue. [Ipu nocrpoennn ocoboii TOUKU THIIA, «(POKYC» HAJIO0 OIIPe-
JICJIUTh  HATIPABJICHUE 3aKPyUHBAHUS WHTEIPAJTBHBIX KPUBBIX (M0 9aCOBOI
crpesike ui potuB Hed). st 9T0ro, BO-1epBbIX, UCCJIEyeM YCTOHIMBOCTD
0CcOOOI TOYKHK 110 3HAKY p = Re()\m), U, BO-BTOPbIX, OIIPejie/isieM, B KaKOM
HAIIPABJICHUN BOKDPYT OCODOH TOUKM IPOUCXOAUT JIBMXKEHUE II0 TPACKTOPHUSIM.
JlocTaToIHO MOCTPOUTH B MPOU3BOJILHON TOUKe (x, ¥) BEKTOP cKopocTd (T, ),

1exo/ist u3 cucrembl (11).

3. Ecm A, = =iq, p = 0, To moaydalorcs 3aMKHYTBHIE
MHTErpaJibHble KpuBbie — 3yiuiichl ¢ 1eaTpoM B (0, 0). Ocobas Touka Ha3bIBa-
ercst yenmpom (cm. puc. [1.6).

DTa TOYKA MOKOsI YCTOWYHMBA, HO HE aCHUMITOTHYECKH, TaK
KaK MaTeprajibHas TouKa jiprmkercs BOKpyT (0, 0), octaBasich Ha IEPUOJATICCKH
U3MEHSIOMEeMCsT K O H € 9 H O M PACCTOSIHUAN OT Heé, He MPUOJINKasCh Ha OecKo-
HEYHO MaJloe paccrostiue (910 Obiia Obl ACUMIITOTHYECKAS YCTORIUBOCTD) U HE
YAAJISACH HA OECKOHETHO DOJIBINOE PACCTOSTHUE (HEYCTORIUBOCTD) TIpH £ — 00.

3amedanue Majble n3menenns koahduimentos a;; cucrems (11) mo-
I'yT HPEBPATUTH HEHTP B (POKYC (yCToﬁqHBblﬁ uJim HeyCToﬁqHBblﬁ). HeiicrBu-
TeJibHO, yesoBue p = 0 xKEcTko u He o4deHb dusndHo. [IycTb p cKOJIb yrojHo

MaJIé, HO OTJIMYIHO OT HYJIsI; TOIJIa BMECTO IEHTPa IOSBUTCA (POKYC.
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»@®

(@)

x()
x(t)

\ a) 0)

Puc. I1.7. Tlpumeps! ycroituuBoro (a) u HeycToifauBoro (6) BHIPOK/IEHHBIX Y3JI0B.

3. Kopuu xapakrepucruaeckoro ypasuenusi (13) kpaTubie: A, = A,.

Obrmiee perenue cucrembl (11):

z(t) = (Cie, + C,Bt) M,
y(t) = (C,a, + C,B,t) eM.

I

(16)

1. A, = A, < 0. 3a cuér skcronenrst B (16) z(t), y(t) — 0 upu t — oo.
Touka 110Kost (0, 0) ACUMITOTHUIYECCKN YyCTOHINBa. DTO yCTONINBbI
euipoorcdenmvits yzea (M. puc. I1.7a). OH 3aHEMACT TTIPOMEIKYTOTHOE TTOJIOKECHIE
MEXK/1y y3J0M U (POKYCOM, TaK KaK IIPH CKOJIb YTI'OJHO MAJIOM U3MEHEHUN KO-
dburpenTos a;; cucremst (11) coBrnagaonue BeliecTB e HH bl € KOPHH
MOI'YT CTaTh Pa3JIUYHBIMU BEUECTBEHHBIMU UIK KOMIIJEKC-
HO CONPAKEHHDBI MU KOPHIMHU.

2. A, = A, > 0. C nomouipio uuBepcun BpeMenu ¢ — —t 1epexojuM K IIpe-
JbULYIIEMY CJIydato. DT0 HeyCTORUnBbil 6viposicdennoii yzea (em. puc. I1.76).

3. Ciydail coBIaAONMX KOPHEil HMeeT MEeCTO He TOJIBKO Jijist cucTeMbl (11),

HO 1 JIJId CUCTEMbI CIIeIINaJIbHOI'O BHUJa

T = ar,
y = ay.

3/7ech XxapakTepucTuieckne ducyaa A, = A, = a. lesa Bropoe ypaBnenue na

1epBoe, MOy YUM g—g = %, orkysa y = kx. Pa30Bble TPAGKTOPUU — IIPsIMbIE,

IPOXO/JAIINE 9€pe3 Havda/JI0 KOOP/JUHAT.

Ocobasi rouka — dukpumuueckut ysea (cm. puc. I1.8), Koropsiit Moxer ObITH

ACHUMITOTHYIECKH ycToiuuBbIM (A, = A, < 0) u neycroituuspim (A, = X, > 0).
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»(®

x()

Puc. I1.8. HeycroiiunBblit JTUKpATHYECKUN y3eI.

SBamMeuanue. Mol paccMOTpeJIn BCE€ BO3MOXKHDBIE KOM6I/IH8J_[I/II/I BeJIMYNHDBI

¥ 3HAKOB XapaKTePUCTHIeCKUX auces st cucreMnl (11). Coyqait A, = 0 win

£ 0.

— __|la a
A, =0 HEeBO3MOXKeH, Tak Kak, 110 ycjaosuto, det A = | g+ 422

[Ipuwmep. dna cucremor
r = T — 1y,
y = 2r + 3y
OIIPEJICIUTD TUIl TOUKHU OKOS.
[Tockoubky 11pu £ = y = 0 KOMIIOHEHTbI CKOPOCTH T U i OOPAIAIOTCs B HYJIb,
rouka (0, 0) siBisteTcst TO YK O 110 K 0 5. XapaKrepUCTHIECKOe ypaBHEeHKe

1-A -1

— \2 _ —
o s [=N a5 =0

MMeeT KOMILJIEKCHO COIPS2KCHHBIe KODHU A, , =247 C TOJTOXKUTEJIbHO I
BermecTBennoil qactoio. [losromy ocobas Touka (0, 0) sBisgerca meycToii-

YUBBIM POKYCOM.

Bawmedanue Paccmorpennas cucrema (11) coctout u3 /ByX ypaBHEHUI
C JIByM$I HEM3BECTHBIMU (DYHKIUSIMU.
st cucreMbl OHOPOAHDBIX JUMHEHHbIX JuddepeHnaibHbIX yPaBHEHUIT 1n-10
HOPSLJIKA,
dei —Zn:a z; (i=1n)
dt — R 7
C HOCTOAHHBIMU KO3( DUnnenTaMn a;; Crpase/InBbl aHAJOIHIHbIE BHIBOBI 00
yeroituuBoct 0coboii touku (0, 0,...,0) B 3aBUCMMOCTH OT BHJIa XapakTe-

puctuieckux uucesi. [opopsit 06 o600 énnoMm y3jie, 0000 EHHOM

dokyce u T.J1.
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4. Pe3iome 110 TUnam Todek mokod. 1. Ecim Bce KopHE XapaKTepUCTH-
YE€CKOIro ypaBHEHUA MMECIOT OTPpUIaTECJbHYIIO BEICCTBCHHYIO aCTb, TO
BCE€ pemicHudAd CUCTEMbI a CU MIITOTHUYIEC€CKHU YCTOI'/JI‘{I/IBBI.

2. Ecyin xoTs ObI OJIUH KOPEHb XapaKTePUCTUICCKOI'O YPaBHEHUsI UMEeT II O -

JJOXK HNTEJIb HY O BEHNECTBEHHYIO 9aCTb, TO BCE pellleHud HEe 'y C T O 94U B BbI

cosqt )

(B camom Jiesie, perieHust OyJlyT UMETh BUL eM i et { sin gt

3. Eciiu xapakTepucTuieckoe ypaBHEeHUe UMeeT [IPOCThIe (HGBblpO)K,zLeHHble)
KODHH ¢ HYJI€BOI# BeINECTBEHHONW YacThio (T.e. YMCTO MHUMBIC WJIH DaB-
HbIC HYJIIO KODHH), & OCTAJbHbBIC KOPHH, €CJIH TAKOBBIC HMEIOTCS, ¢ O T P U 1T a -
Te€eJ bHON BEeIECTBEHHON 1aCThIO, TO BCE PELICHUSI CUCTEMbL Y C T O M1 4 U B bl ,

HO HEe aCHUMITOTHUYECKUHU.

3. Meron dbynkmmit JIsmyHoBa

MeTtog BbISsICHEHUSI YCTORYMBOCTI TN HEYCTOMYNBOCTMN PELLEHNSI CUCTEMbI ANd-
pepeHuManbHbIX YpaBHEHN, B KOTOPOM Hafo 3HaTb oDllee peleHne CUCTEMbI
(0bbIvHO MoNyvaemMoe B BuAe HEKOTOPOTO psifa), HA3bIBAETCA NEPELIM MEMOIOM
Janynoea .

st cucTeMbl € MOCTOSHHBIMU KOI(MDMUITUEHTAMHI JIOCTATOYHO 3HATH HE 00-
1iee perieHue CUCTeMbl, a Jikillb 3HAKW BEIECTBEHHbIX 4YacTeil XapaKTepucTu-
YECKUX YUCeI.

Bmopoti memod Jlanynosa (metog dpyHkunii J1sinyHoBa) OCHOBaH Ha NCnosb-
30BaHMM NOAXOAALMM 0bpa3om mnomobpaHHoi ¢ynkuutd Jlanynosa. Bo Bropom
MeTojie He TpedyeTcst 3HaTh HU ODIIEro pelieHus CUCTEeMbl, HU KaKoi-1nb0 ero
XapaKTEePUCTUKHY.

Panee Mbl BBOJIMJIM JIJIsI KBaJIpATUIHBIX (DOPM IIOHATHE 3HAKOOIPEICIEHHO-
cru. st pagsibHeiinero npuiérces 0000IUTh 9TO HOHSITHE,

®ynkuyns V(z,, ©,,...,T,) HA3bIBAETCS NOAOAHCUMENLHO ONPEIEAEHNOT B

n
H-okpecTHocTn Havana koopauHat (T.e. B obnactu Y. z? < H), ecnn dbyHkums
i=1

7I/IHow:LaL K HEMY OTHOCHAT cOjiepyKanue m.4 — CM. HHUZXKe.
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NOJIOXKNTENbHA BO BCEX TOYKAX 3TON OKPECTHOCTWN, 3a NCKITKOHEHNEM Ha4dasia KOOp-

AUHAT, rae oHa obpallaeTcs B Hyb:

Ve, z,,...,z,) >0, ecin fo > 0,
i=1

V(0,0,...,0)=0.
[Ipumep. B upocrpancrse nepeMeHHbx T, T,, T, Gynkuua V = z7+

+27 + 7 NOJIOXKUTEJIBHO OLPEJIe/IeHA.
Oyuxnusa U = x7 4z B TOM 2Ke IIPOCTPAHCTBE SIBJSCTCS JUILD 3HAKOTNOCTNO-

ANHOT, HO HE IHOJIOXKUTEJIBLHO OLPEICJEHHOM, TaK KaK OHa O0palaeTcs B HYJIb

wHe ToJubko BrTouke (0, 0, 0), HO 1 Bo Bcex Toukax ocu Oz,.

B nmpocrpancTBe nepeMeHHBIX T, X, MOCTeHdAs (PYHKIUS ABJSETCS MOJO-

KUTEJIbHO OIPEJICJIEHHOM.

Paccmorpum asronomuyio® cucremy auddepeHnnaibubiX ypaBHeHHit

4 i=Tm, (17)

E = fi(xla Loy vy l’n),
nupudaém  f;(0,...,0) =
cucrembl. [ycrs V(z,, z,, ...,
ryMeHToB. [ToJIHyI0 NPOU3BOIHYIO 110 BpeMeH!

0, T.e. Ha4YaJJI0O KOOPJMHAT €CTh TOYKa MOKOS

T,) — mddepenippyemas QyHKIUS CBOMX ap-

dV "~ 0V dz; "~ oV
yrle ;8_:131 5 = ) a—xifl(xl,xw...,xn)

Oy/leM Ha3bIBATDH MPOU3BOANOH B cuay cucteMbl (17).
Teopemsbr JIamynoBa. [Ipusejiém nanbosiee mpocrbie GOPMYJIUPOBKUA TEO-

pem JIsiyHosa.
1. Teopema JIamynosa o6 ycroitauBoctu. Ecau cywecmeyem dupdepenu-

pyemas Gynryus’ V(z,, z,, Tp), Y00BAEMBOPAIOWAA 6 OKPECTIHOCTIU Ha-

WaAa KOOPIUHAM, YCAOCUAM:
a) pynxyua V(x,, ©,, ..., T,) N0A0ACUMEILHO ONpEdeset;

0) npouseodnas 6 CurYy CUCEMbL %—‘t/ = Z; g—; filz,, ..., z,) <0,
mo mouxa noxoa (0,...,0) cucmemv (17) yemotvusa.

8HaHOMHI/IM, 4TO HTO O3HAYAELT OTCYTCTBUE s B H O il 3aBucumocTu upasbix dacreii f;(...) or t. Pasyme-

eTCcs, 3aBUCHUMOCTD OT BPEMEHU depe3 MOCPEJICTBO L1, . . ., Ly OCTAETCS.

90ma naspsaerca dyuknueit JIsmyHosa.
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2. Teopema JlanynoBa 00 acMMITOTHYECKON ycToiumBocTu. Fcau cyuie-
cmeyem Jupdepenyupyeman dynxyus V(x,, ©,, ..., x,), ydosiemsoparowan
6 OKPECTHOCTNU HAY%AAG KOOPIUHAM, YCAOBUAM:

a) pynkyua V(r,, x,, ..., T,) NoL0ACUMEILHO ONpedesena;

0) npoussoduaa 6 cuary cucmemo, - Z o filz,, ..., 2n) <0, npuném

v _ oy
w=0mounvro npur, =x,=...=x, =0,

mo mouxa nokoa (0,...,0) cucmemw, (17) acumnmomuuecku yemotivusa.

3. Teopema JIsmnynosa o #eycroitunpocru. Feau cywecmseyem duddepen-
yupyeman gynryus V(z,, ©,, ..., x,), ydosiemeoparowas 6 oKpecmmuocmu wa-
YANA KOOPIUNAIM, YCAOBUAM:

a) V(0,...,0) =0, u ckoav y20dno 6.Au3K0 0M HA4AAG KOOPIUHAN UMEIOMCA

mouku, 6 komopwx V(x,, x,, ..., x,) > 0'

0) npouseoduan 6 cuary cucmemo, - Z 5 filmy, . xzn) > 0, npuém

v
dt

cucmemu, (17) neycmotnusa.

= 0 moavko npu v, = x, = ... = x, = 0, mo moura noxos (0,...,0)

[Ipumeaanune. OOmero Meroja HaxoxXKjeHus GpyHKnuu JIsdmnyHosa He
cymectsyer . B npocrefiumx ciaydasx eé ciejiyer HCKATb B BUJE
V =az®+by?, V =az* + by*, V = az? + by* u r.u., nopbupas najiexaiium
0o0pa30M IOCTOsIHHBIE a 1 b.

[Tpumep 1. Paccmorpum cucremy

dey . _ 3 2
ddt - T, + LTy,
des 2 .5
dt 2:172 + L X,
Uccaepyem ycroituusBocts TpusBuajbhHoro pemenns r, = 0, z, = 0. Ilycrs

dpyuknust JIsnynosa V' = xf + :L’f st He€ pousBOJHAS B CUJIY CUCTEMbI

dV oV oV
E - a?-ﬁ(xl’ $2) + 8_2172f2($1, xz) -

1

= 2z, (_371 + a:f’ xf) + 2z, (—23:2 + a:? xf) = —23:? — 4:1:3 + 23:?3:3 + 2:1:?:1:6

108 e, MHEHHUE, 9TO MoCTpoeHue GpyHKIuu JIAmyHoBa CpOIHE UCKYCCTBY; B 9TOM Jeje HeT aOCOJIOTHO

HAJIEKHBIX PDEKOMEHIAluil, BayKHbl (DaHTa3usd U UHTYUIUs (1, HE B IIOCJIEHIOI0 OYePe/ib, OIbIT).
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B HeKOTOpOﬁ OKPECTHOCTHU TOYKH IIOKOA 3HaAK % oupeneJAaeTcd 3HaKOM KBa-

JIpaTUIHON (POPMBI —233? — 4:1:3 < 0 (e#cTBUTEbHO, [OCIELYIONIE CIarae-

MbI€ COJIep:KaT IepeMeHHble B BBICIINX CTEMeHIX, 9TO JJIsd YUCesl U3 OKPECTHO-

CTH HYJI JIMIIb YMeHbIIaeT pe3yﬂbTpr}0mon pesimanny ). [lostomy B janHoil

okpecrHocru Touku (0, 0) S ¢TPOro MeHbIe HyJisl 3a MCKJAIUYEHUEM HadaJia,
v _ C JI s

koopunar, rje - = 0. Cama cbyHKLU/IH SIYHOBA, B 9TOM OKPECTHOCTH 110J10-

JKATEJILHO olpejesena. BoInoHenbl yeaoBrus BTOPoil TeopeMbl JIgmyHoBa, T.e.

ocobast Touka (0, 0) acuMOTOTHIECKN yCTON 14 Ba.

[Tpumep 2. Paccmorpum cucremy

dey, 2 4 ,.4
ddt - 33; 332 + 2‘31:1 'f2’
axa _

dt ajl L, x1 LE2 :

Uccaepyem ycroituusocrs Touku 1nokost z, = 0, x, = 0. Hcubitaem onars V' =

= xf + :L'f [TpousBojiHasi B cujly CUCTEMbI

dv. f LoV oV
dt Oz,
_ 02 4.4 4 _
—23:1( T, T, + 2% 3:2) —|—2x2(:1:1:1: T, ) —23: (291:1 3:2).
%‘t/ ompe/iessercs 3nakom muoxkurens (2z, — x,). Ho B okpecrroctn mna-
Jajia KOOpPJMHAT 3TOT 3HAK MOXKET OBbITh P a3 JI M 1 H bl M, MOITOMY <] dv He fAB-

3HaK

JISIeTCsl 3HAKOOIPEJIeJIEHHON (PyHKIIMEH.
202
Orciona caepyer, uro gyukiust Jlstnynosa Vo = z7 4z sbibpata Hey jia -
H 0. OHa He 1O3BOJIIET CJIEJaTh KaKue-Jim00 BbIBOJbI 00 YCTOWYMBOCTU TPUBU-

aJibHOrO pemienus. Ciejyer HOIbITaThC HaiiTh 60J1ee MOJAX0IAILY 0 (DYHKIIMO.

Paccmorpum V' = 2:[:? + xf Huist aroit pyukimu

dvV. oV oV
E = %fl + %fz = 4531(—561 563 -|—2:L’f:l:;1) -|-2£L’2(£L'?£L'2 - :L'f:l:?) =

1 2

= —22°22(1 — 2’22 (4z, — 1,)).

1

Bciofly B HEeKOTODOil OKPecTHOCTH Hauasa KoopauHar 9 < 0. Kpome Toro
ar = g

cama pyHkius Vo= 2:1:? + xf HOJIOXKUTEJILHO OlpejiesieHa, B 9TOW OKPECTHO-
cru. Boiiojinenbt yejioBus 11epBoit reopembl JIsiynosa. TpuBuaJjibaoe peienue

CUCTEMbl YCTO M 94 BO.
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3aMerum, 4TO, HOCKOJLKY % obpalaercss B HyJib U B TOYKAX, OTJIMIHbBIX
OT HadaJia KOODJMHAT, YCJIOBUs TeopeMbl JIsiyHoBa 00 aCUMITOTH 4e€ -
CKO Il YyCTOHYMBOCTH HE BBIIOJIHEHBI, U CJIeJIaTh BBIBOJL 00 aCHUMIITOTHYECKOI

ycroiiunpoctu pemlenusd r, = x, = 0 Heab3d.

[Tpumep 3. Paccmorpum cucremy

% = —azr, + xf’,
des 3
= bx, + x, a>0,0>0.

Uccnenyem yeroitunoctb Toukn nokosd z, = 0, ¢, = 0. ITycrs V' = b:cf + a:z:f.

HpOI/IBBOﬂHaH B CHUJIy CHUCTEMbI

% = 2bz, (—az, + 2°) + 2az, (bz, + 2°) = 2(bz* + ax?).

Cama dbyuknus JIamyHoBa U €€ MpOM3BO/IHAST B CHJIY CUCTEMbI MOJOXKHUTETHHO
olpejiesieHbl. BullosiHensl yeiaosud TpeTbeil TeopeMbl JIdnynosa. Pemenne z;, =

=z,=0 nHeycroiiuuso.

4. UccaenoBaHWe HA YCTOMYMBOCTH II0 MEPBOMY HPUOJINKEHUIO

[Iycrs umeercst aproHoMHast HeJiMHe i Ha g cucreMa, guddepeHimaib-

HbIX YPaBHEHUU

dz; L

Ty :fi(a:l,:t:z,...,:cn), i=1,n, (18)
npuaém f;(0,...,0) = 0, u Tpebyercst UCCAEOBATH YCTONIUBOCTD TPUBUATHHO-
ro peleHuda T, = ¢, = ... = o, = 0.

[Tycrs Bee dyukuuu fi(...) sBusiorcs juddepeHiupyeMbiMi 10 CBOUM ap-
I'yMEHTaM B OKPECTHOCTH HadaJja KOOpJuHAT. Torja MOXKHO Pas3J/ioKUTh WX B
psiiet Maksopena, u cucrema (18) mpumer Bu;

— = — x; + Ri(x,,...,x,). 19
dt Z (933]' J < Z( 1) ’ nl ( )

YaCTHBbIE
IIPOU3BO/THBIE
B HyJIe

~~
0, CJIarae€Mble BBICHIEro
nopdakKa MaJOoCTH
no .

I[lycrn (3{;) ‘0 = a;; = const; cucrema (19) npumer Buj

dZL’i -
E:Zaijxj—l—Ri(xl,...,xn). (20)

j=1
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CaMO MOHATHE YCTOWYMBOCTH MBI OTHOCHM K HU3YyYEHWIO CBONCTB peIeHUl
CUCTEMbL B CKOJIb YI'OJIHO MaJ/IOil OKPECTHOCTH HadaJlla KOOPJAUHAT, T.€. pac-
cMaTpuBaeM MaJble T, T,,...,T, BCTECTBEHHO cUMTaTh, 4TO JI00ABKN
Ri(z,,...,x,) KaK OECKOHEYHO MaJIble BBICIIEIO MOPSJIKA MAJOCTH 110 CPaB-
HEHHUIO C JIMHEHMHBIMU CJlaraeMbIMU a,, T, + ...+ G;p%p B IPABbIX YacCTAX CH-
creMbl (20) He OYEHDb CHJIBHO WJIM JIAYKE COBCEM HE BJIMSIOT Ha YCTONYMBOCTD
WJIM HEYCTOWYMBOCTb TPUBHAJIBHOIO pellleHus £, = ... = , = 0. [losromy ka-
JKETCs BeChMa TIPABJIONO00HBIM, UTO eCJIi HeJIuHeHbIe 100aBk R; (T, . .., x;,)
oTOPOCUTH ¥ 3aMeHUThH cuctemy (18) cucmemoti nepsozo npubsusicenus (i

AUHEAPUS06aHHOT CUCTEMOT)

n

dZL’i
E = ZCLU L, (21)

TO pemienue , = ... = &, = 0 ncxoxHoit cucremnl (18) OyaeT ycTORUINBBHIM
TOTJIa, KOTJ[a, OHO YCTOWIMBO I JinHeapu3oBaHHoii cucrembl (21). Uccsemo-
BaHue yCTONYUBOCTU PELICHUN J1JIsl JIMHEHHON CUCTEMbI (21) ABJISIETCSL 3a/ia9eit
3HAUYUTEILHO DoJiee JIEIKO, deM JiJist HEeJIMHEHHON CUCTeMbl, U B YaCTHOM CJIy-
Jae JTUHEHHON CHCTEeMbI ¢ MO CTO S HH Bl M U KOIPDUITUEHTAMEA ITOT BOIIPOC
paccmorper Hamu panee (cm. C.42).

Ho unccnegoBanuit A.M. JIsimyHOBaA 9TO IPOCTOE U €CTECTBEHHOE PACCY XK 16~
HUE HE BBI3HIBAJIO CEPHE3HBIX COMHEHUM, XOTSI CTPOIrOro 00OCHOBAHMUST 3aKOHHO-
CTH BBLIBOJIOB He OBLIIO.

Sacayroit JIanyHoBa gBiisieTcsd, B 9aCTHOCTH, TO, 9YTO OH MOKa3aJl, B KaKUX
CJIydasiX 10 yCTOWYMBOCTH TPUBUAJBLHOIO PEIIECHUsI CUCTEMbI 11€PBOI0 MPUbJIN-
YKEHMST MOYKHO CJIeJIaTh BbIBOJI 00 yCTONYIMBOCTH TPUBUAJBLHOTO PEIICHUST HEJTH-
HEHHON CHCTEeMBI, a B KaKUX CJIydadx Tpedyercs JOMOJHUTENHHOE MCCIIEI0Ba-
HIUE, TAK KaK BBIICHUJIOCH, 9TO B 00IIEM Cydae Majble g00aBku Ri(z ..., x;,)
CylmecrBeHHO BJIHUsIOT Ha IOBejieHue perennii cucrembl (18) B okpect-
HOCTH HadaJja KoopaunaT. MoKeT 0Ka3aThCs, YTO TPUBHAJIbLHOE PelleHnue CUucTe-
MBI [IepBOTo npubsmkenns (21) yeroitanso, a jits uexo ol cucreMsr (18) oo
HEYCTONIMBO, T.€. IPOBEJEHHOE BBIIIE PACCYK/ICHUE, HECMOTPs Ha, KaXKy LY IOCs
1IPaBJIONO00HOCTD, B ODIIEM Cjiydae H e Be P H O.

JIATYyHOB IPUIIET K CJIETYIONIUM BbIBO/IAM:
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Cucremy (18) Mok HO 3aMeHUTDH cucreMoit (21), uccaeays ycToitm-
BOCTbB 110 IIePBOMY HIPHOJINKEHUIO, €CJIIH:

1. Bce KOpHM XapaKTepPUCTUUYECKOI'O yPaBHEHUA Jijld CUCTEeMbl 11epBOI'O 1pu-
Osnmkenust (21) umeror OTpUILATEJ b H bl € BEHIECTBEHHBIC YaCTH; TOI/A
TpUBHAJbHAS TOUYKA MOKOS &, = ... = &, = 0 Hesmueiinoi cucremor (18)
ACUMITOTUYECKHU YyCTONIUBaA.

2. xors Obl OJIMH KOPEHb XapaKTePUCTUIECKOro ypaBHeHust cucrembl (21)
uMeeT 11 0J 0K UTEeJ bHYIO BeECTBeHHYI0 4acTh; TOLJia TOYKa 110KO:
z, =...= 1z, = 0 Hesumueiinoi cucremsr (18) meycroiiausa.

Kpurtungeckuit ciaydaii

3. Ecim cymecrBylor KOpHU XapaKTepUCTUUIECKOI'O yPaBHEHUA C HYyJIe -
B O i BENECTBEHHO TaCThIO, & OCTAJbHBIE KOPHU (€C/I OHU €CTh) MMEIOT OT-
PHULATEJLHYIO BeIleCTBEHHYIO YacTh, TO UCC/IeJ0Balue yCTOMYNBOCTH 110 ePBO-

My HPUOJIMKEHUIO H € B O3 M 0K H 0, T.K. Ha, YCTORYUBOCTH HAUUHAIOT BJIUSATD

HesimHelinble Braajbl Ri(z,, ..., x,).

[Ipumep 1. UccaepoBarh 10 mepBoMy HpUOJIMKEHAIO YCTORIUBOCTD TPH-

BUAJILHOrO pemenus £ = ¢y = 0 cucreMbl
b — A4y —2e*tY,
< = sinaz + In(1 —4y), a = const.
Cucrema 1epBOro npudJIMKEHUsI:

% = —2xr — y + R/(z,v),

d

¥ = ar — 4y + Rz, y).
XapaKTepucTuieckoe ypaBHeHKe:

—2-X -1
=\ +6)+ (8 = 0;

W 4 +6A+ (8 +a) = 0;

XapaKTepUuCcTuieCKue YucJa:

A,=-3+VI-a

Paccmorpum gacTHBIE ciydan B 3aBUCUMOCTH OT 3HAUYEHUS TTapaMeTpa a:
1. Eciu @ > 1, 10 nojiydarorcsi KOMILJIEKCHbIE XapaKTePUCTUUECKUe YnC/Ia ¢
OTPUIIATEJBHON BEIIECTBEHHOH YacThio (—3); TPUBUAJIBLHOE DEIICHUE a C U M -

NTOTUIECKUN YCTOUIUBO.
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2. Ecrm —8 <a <1, 10 A

pemieane aCUM MIITOTHUYI€E€CKHU yCTOﬁ‘IHBO.

, BEIIeCTBEHHBI U OTPUIATEJIbHDBI; TPUBUAJILHOE

3. a = —8; Torja OJ{HO U3 XaPaKTEPUCTUUCCKUX dUCEe/ 00pallaeTCs B HYJIb.
OT0 KpUTHUIECKHU I cirydail, Korja nepBoe NpubJIKeHue HeT p U M e -
HU M O.

4. a < —8; Torjja NOJIyYAIOTCs BEIIECTBEHHbIE A | , Pa3HbIX 3HAKOB. Tpusn-
aJIbHOE pelleHne HeyCTO U 94U B O.

[ITpumep 2. UccienoBaTh  yCTOWYWBOCTD  TPUBUAJLHOTO  pPEIIEHUS

x =1y = 0 cucrembl

G = - +y -z

3/1eCh cucTeMa MepBoro MPUOJINKEHIST UMEeT BH/I

dr __
dar —r + Y,
dy
Kophun xapakrepucruueckoro ypasenusd A, = 0, A\, = —2 — KpuUTHUeCKUi

ciyuaii! Ilo cucreme mepBoro mpubIMKeHUsT HEJb3s CJIeIaTh KaKHX-JTHOO BbI-
BOJIOB 00 YCTOWYMBOCTH TPUBUAJIHHOTO PEIICHUS NCXOIHON CUCTEMBI.
Bocnosibzyemest BropbiM Merojiom JIstiiynosa. Ilycrs dynkiust Jlsiiynosa

V = 2% + y?. [IpoussojiHas B CHILy CUCTEMbI

dV 9
— = —2(x — — 4%y
olpejiesieHa OTPHUIATENbHO, TOIJIa KakK caMa (pyHKIuA V' — [HOJOKUTEJIHHO

olnpeJie/IEHHasd. SHAUYUT, TPUBUAJILHOE PEIIeHre WCXOJHOW CHUCTEMBI & C | M -
NTOTUIYECKU YCTOUYIUBO.

JIerko npoBepuTh, 4TO CUCTEMA, 1IEPBOI'O IPUOJIMKEHUST UMeeT olliee pelie-

Hue
—2t
z(t)=C, + C,e
_ —2t
y(t) - Cl - 026 ’
rjae Cl 5 HpOI/IBBOJIbeIe IHOCTOAHHBIC. OTCIO,[La CJIe,ZLyeT, qTO TpI/IBI/IaﬂbHOG

peHleHI/IGSTOﬁCI/ICTeMbI YCTOﬁqHBO, HO HEe aCUMITOTHYECCKHU.
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Urak, pemenne HeJMHERHONR CUCTEMbI YCTOUYMBO a CUMITOTH 9 € C K W,
a pelleHue JIMHeaPU30BaHHONW CUCTEMbl — H€ aCUMIITOT U 4 e ¢ K u. Heju-
Heftnble JI00aBKu —$y2 u —ny U3MEHUJU XapaKTep ycronuau-

BOCTH.

ABtop ormedaer 3acayru cryaeHToB V. Copokuna u M. [ToakopbITOBOIl, yKa3aBIINX Ps/I
OIle4aTOK U HETOYHOCTEH B KHUI'E U CIIOCOOCTBOBABIIUX TEM CAMBIM YJIYYIIEHUIO JaHHOI'O

(BTOpOrO) €€ M3aaHusl.

BaMeuaHud ¥ HpeIoKeHsd MOKHO IIPUChLIATH 10 aapecy andreas@r66.ru



Bubamorpaduiecknii cnmcok

|1] Kapmios H.B. Kosebanus, sosabl, crpykrypet / H.B. Kapsos, H.A. Kupu-
yenko. M.: ©USMATJINT, 2003. 496 c.

2] Crenanos B.B. Kypc nuddepennunanbubix ypasuenuii /| B.B. Crenanos.
M.: @usmarrusz, 1959. 468 c.

13| TaBpunos H.M. Metosnbr Teopun 0OBIKHOBEHHBIX JudpDepeHnna bHbIX
ypasuenuit / H.W. F'aspumos. M.: Beicmr. mik., 1962. 316 c.

[4] Marsees H.M. Merojpl unrerpupobatusi 00bIKHOBeHHbIX Jiuddepeniiu-
asnbibix ypasraennit / H.M. Marsees. M.: Boici. mik., 1967. 564 c.

|5] Dabcroabir J1.9. Juddepenuaibabie ypaBHeHHs ¥ BADUATIHOHHOE UCIUC-
genue / JI.9. Dubcrosbi. M.: Hayka, 1969. 424 c.

6] Honrpsirun  JI.C.O6bikHOBeHHbIE  juddepeHinaibble  ypaBHeHusi /|
JI.C. TlouTpsarun. M.: Hayka, 1970. 332 c.

|7] Epyrun H.I1. Kuaura miasg arenus: mo obiemy Kypey guddepeHnuaabHbIX
ypastenuit / H.II. Epyrun. Munck: Hayka u rexnuka, 1972. 664 c.

8] Kapramés A.IT. O6bikHOBeHHbIE jiuddhepeHIaibHble yDABHEHUS U OCHOBbI
papuaruonnoro ucaucienus / A.Il. Kapramés, B.JI. Poxnecrsenckuit. M.
Hayxka, 1976. 256 c.

|9] Bubukos FO.H. O61uii kypc 00bikHOBeHHbBIX JiudDDepEHInaibHbIX yPaBHe-
uuit / FO.H. Bubuxos. JI.: Usj-Bo Jlenunrp. yu-ra, 1981. 232 c.

|10] ®emoprok  M.B. O6biknosennbie uddepennuaibubie  ypaBHeHUs [
M.B. ®enopiok. M.: Hayxka, 1985. 448 c.

[11] Byrpos 4.C. Beiciiast maremaruka: uddepeninasibhbie ypaBHeHUsI.
Kparubie unrerpasibl. Psijipl. QyHKIMU KOMILIEKCHOIO [EPEMEHHOro /
A.C. Byrpos, C.M. Hukosbckuit. M.: Hayka, 1985. 464 c.

|12] Bormanos FO.C. Kypce muddepentuanpabix ypasaenuit / FO.C. Bormanos,
C.A. Mazanuk, FO.B. Ceiponi. Munck: Yuisepcitankae, 1996. 288 c.

[13] Marsees H.M. O6biknoBentbie juddepeHimaibibie  ypasHeHus /

H.M. MarBees. CII6.: Cuenuajibuas jureparypa, 1996. 372 c.

51



52 BUBJIMOIPAOMYECKUI CIIMCOK

|14] Tuxonos A.H. uddepenrmanbubie ypasaenus / A.H. Tuxonos, A.B. Ba-
cunbeBa, A.I'. Ceemnukos. M.: Hayka. DUSMATJINT, 1998. 232 c.

[15] @uiunios A.®. Beejenue B reoputo juddepeniuaibibix ypaBHenuii /
A.®. Ouynnmos. M.: Eguropuan YPCC, 2004, 240 c.



OryiaBJjieHue

Inasa I. CUCTEMbBI AMOOEPEHIIMAJJIBLHBIX YPABHEHUI

1.

ool WD

© =N

10.

OcHOBHBIE OIIpeJIe/ICHUSI

[eomerpuueckasi MHTEPIPETALNS PEIIEHUH CUCTEMbI

Mexanndeckasi THTEPIPETalisi PEIIeHUN CUCTEeMbI

Sajiaua Ko it cucreMbl B HOpMaJibHOM (bopme

Pemenne cucrembl cBenénreM K OJHOMY yPaBHEHHIO BBLICIIErO
HOPSIJIKA,

Metos nHTErpupyeMbIX KOMOUHAIIMI

CucreMbl JIUHERHBIX JuddepeHnuaabHbIX ypaBHEHN

Metroj1 Bapuaiuu mpor3BOJILHBIX HOCTOSHHBIX

OIHOPO/IHBIE JIMHEHHBIE CUCTEMbBI ¢ IMOCTOSIHHBIME KO3MDDHUIIMEeHTAMI
HeonHopoiabie JIMHEHHbIE CHUCTEMbI C IIOCTOSHHBIMU

Ko urmenTaMu

Tnasa II. QJIEMEHTBI TEOPUN YCTONYMBOCTU

1.

2.
3.
4

Yeroituuoctb 110 JIsinynoBy
[Tpocreiitiine TUIIBI TOYEK MOKOsT
Meron dyuknumii JIsmynosa

UccnenoBanue Ha yCTOWIUBOCTD 110 TIEPBOMY TPUOJIMZKEHUIO

Bubsinorpaduieckuit crmcox

53

S, Ot Ot LW W

10
13
19

26

30
30
34
42
46

ol



Yuebrnuk

SEHKOB Andpeti Bavecaasosuwy
CHUCTEMBI IMM®PEPEHIINAJBHBIX YPABHEHNIT
1 SJIEMEHTEI TEOPUN YCTONMYNBOCTU

Opurunan-maxer: A.B. 3enkos

I Ne 06263 or 12.11.2001 r.

[Tojcano B nevars Dopmar 60 x 84 1/16
Bywmara tutiorpadcekast Odcernas nevarn Yet. ned. Ji. 3,26
Ya.-uzm. . 2,4 Tupax 3akaz Llena "C"

Penakmuonno-uznarensckuii otaesn 'OY BIIO YI'TV-VIIN
620002 Ekarepunbypr, yji. Mupa, 19
Tunorpacdusa YI'TY-VIIN. 620002 Exarepunoypr, yi. Mupa, 19



JUHEWHASA AJTEBPA C NPUJNOXEHUAMHU

CUCTEMBI
AN®PEPEHLIMA/NBbHbBIX YPABHEHMU

3/IEMEHTbl TEOPUU YCTOUYUBOCTHU

JUHEWHASA AJTEBPA C NPUJNOXEHUAMHU




	обложка
	титульный лист
	оборот титульного листа
	текст
	обложка задняя


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


