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T'naBa 1. DjieMeHTHI JUHCHHOH aJIreOphl

1. J/Iuneinbie HpPOCTPAHCTBA

Bo mMHoOrux pasgenax MaTeMaTHUKU U3Y4YarOTCS MHOKECTBA 3JIEMEHTOB, ISl KO-
TOPBIX OIPEAEIICHBI OEpPALMU CIO0KECHUSA U YMHOKEHUSI HA YUCII0, HAIIPUMEP, MHO-
KECTBO BEKTOPOB, MHOKECTBO MATPHIl OJTHOM Pa3MEPHOCTH, MHOKECTBO HENPEPHIB-
HBIX HA [a,b] GYyHKIMA U T.O0. B KaXI0M MHOXECTBE 3TH OIEpaIiii OMPEICISIOTCS
[I0-CBOEMY, HO UMEIOT OJHU U T€ K€ CBOMCTBA, KOTOPBIE MO3BOJSIOT U3Y4aTh UX C
€IMHOW TOYKH 3PEHUS.

1.1. Onpenenenne JTMHECHHOIO NPOCTPAHCTBA

Onpedenenue. MHOXECTBO L HA3bIBACTCS JIMHEWMHBIM MIPOCTPAHCTBOM, €CIIH JUIS
JIFOOBIX €ro DJIEMEHTOB X,Y W JUIA JIFOOOr0 NEWCTBUTENBLHOIO YHCIA OIIPCJICIICHBI

cymMMa X +Y W NIPOHU3BEJCHHUE « X , MPUHAJICKAIINE MHOXECTBY L H YHIOBJIETBO-
pAroIME CIEAYIOINM aKCHOMaM:

1) X+Y=Y+X,

2) X+N)+Z=X+(Y+2),

3) cyiecTByeT HyJIEBOM 3JIEMEHT ¢, TAKOM 9TO X +6 = X,

4) cymecTByeT IPOTUBOIIOJIOKHEIN 3JIEMEHT — X , TaKOM, 9T0 X +(-X) =4,

S5) 1x=x,

6) a(BX)=(aP)X,

T aX+Y)=aX+aY,

8) (@+P)X=aX+pX.

Hpumep 1.1. MHOXECTBO MaTpHI] pa3MEpoM mxn OOpa3yloT JIMHEIHOE Ipo-
CTpaHCTBO. JICHCTBUTEIBHO, ONEpAllMM CIIOXKEHUS MaTpHI] M YMHOXKCHUS MaTpUIIbI
Ha 49MCJI0, HE BRIBOJIAT U3 JJAHHOTO MHOXECTBA MAaTPHI] M YAOBJICTBOPSIOT BCEM aK-
CHOMaM, IIEPEUYUCIICHHEIM B OIPEJICIICHUN JIMHEHHOro IpocTpaHcTBa. HyleBoi aiie-
MEHT 3TOT'0 IIPOCTPAHCTBA €CTh MATPUIIA C HyJIEBEIMU 3JIEMEHTaMU.

Ilpumep 1.2. n-MepHBIE BEKTOPEHI, T.€. MATPHIILI — CTPOKYU M3 n 9HCEN 00pa3yroT
JIMHEHHOE MPOCTPAHCTBO KaK MHOXKECTBO MaTpHII pazMepoM 1x n . HyneBoit ajeMeHT
3TOTO MPOCTPAHCTBA €CTh BEKTOP C HYJCBBIMU KOOPIMHATAMHU.

Ilpumep 1.3. MHOXECTBO R, n-MEpPHBIX BEKTOPOB C ITOJIOKUTEIBHEIMUA KOOP/IH-

HaTaMM He oOpasyloT JIMHEeiTHOe IPOCTPaHCTBO, T.K. JUIL BEKTOpa X M3 MHOXECTBa
R BEKTOp o X TIpH o< WMEET OTPHIIATCIIEHEIC KOOPJIMHATEI M, 3HAYUT, HE TIPH-

+
HAIJIC)KUT MHOXCCTBY R, .

Ilpumep 1.4. MHOXECTBO MOJIMHOMOB CTENEHH, HE MTPEBOCXOAIIEH 7, 00pa3yroT
JIMHCWHOE MPOCTPAHCTBO, T.K. CYMMa TaKWX ITOJIMHOMOB ¥ MPOU3BEICHNUC MMOJIMHOMA
HA YHCJIO CHOBA SBJIAIOTCH TMOJMHOMAMH CTCIICHHW, HE MPEBOCXOAIICH 7, MpUYICM
BBITIOJTHSIOTCS BCE aKCHOMEBI JIMTHEHHOTO MPOCTPAHCTRA.




Ipumep 1.5. MHOXECTBO TTOJIMHOMOB CTEIICHU n HE SBISETCA JIMHEHHBIM IIPO-
CTPaHCTBOM, T.K. CyMMa IIOJIMTHOMOB P,(x)=x" -5 ¥ Q,(x)=—x" +8 CTENCHU n HE

ABIACTCA ITOJIMHOMOM CTCIICHH 71 .

Ilpumep 1.6. MHOXeCTBO (yHKIIMI, HENIPEPLIBHEIX Ha OTpe3Ke [a,b], 00Opasyer
JIMHEWHOE IPOCTPAaHCTBO, TaK KaKk CyMMa JIByX HEIIPEPHIBHBIX (PYHKIIMI U IIPOU3BE-
JICHUE HETPEphIBHOM (PyHKIIMM Ha 9HCIIO €CTh CHOBA (PYHKI[MN HENPEPHIBHEIC, IIPH-
YEeM BBITIOJIHAIOTCS BCE aKCUOMEI JIMHEWHOT0 ITpocTpaHcTBa. HyneBoi 3j1eMeHT 3TOro
IIPOCTPAaHCTBA €CTh (PYHKIIVS, paBHas HYJIIO B Ka)KJ[0M TOYKe OTpe3ka [a,b].

1.2. JInneHas 3aBHCHMOCTD JJICMEHTOB

Onpeoenenue 1. dneMeHTH X, X,,...,X, JUHEHHOTO MPOCTPAHCTBA HA3LIBAIOTCS
JIMHEWHO 3aBUCUMEBIMH, €CIIM CYMIECTBYIOT 9MCIIA ¢,C,,...,¢, (HE BCE PaBHBIC HYIIIO)

TAKHC, UTO
aXitceXy+..+c, X, =0.

Onpeodenenue 2. JdneMeHTH X, X,,..., X, JUHEHHOTO MPOCTPAHCTBA HA3LIBAIOTCS
JUHEHHO HE3aBUCUMBIMM, €CJT PABEHCTBO
aqXitcepXy+.+c, X, =0
BBITIOJTHACTCS TOJBKO I ¢, =¢, =...=¢, =0.

IHpumep 1.7. 1loxaxeMm, 9T0 n— MEPHBIE BEKTOPH £ =(1,0,0,...,0), E, =(0,1,0,...,0),..
E,=(0,0,0,...,1) SBISFOTCA IMHEHHO HE3ABUCUMBIMHL. J[J151 3TOTO paccMOTPUM paBEHCTBO

ClEl + CZEZ +...t+ C}’ZE}’Z = 9 .
BeKTOp ,E, +CyE, +...+ ¢,E, TIO IIPaBUJIaM JICHCTBHS ¢ BEKTOPAMH UMEET KOOP/IMHATEI

n-n
(CppCpp-eesCy) » @ HYJIEBOM BEKTOp € MMeeT KoopauHaThl (0,0,0,...,0). DTH JIBa BEKTOpa
PpaBHEI, TOJIBEKO €CIM ¢ =c¢,y =...= ¢, =0, YTO ¥ 03HAYAET, YTO BEKTOPHI £, E,,..., E, - JIH-
HEWHO HE3aBUCUMBEI.

I/IHOI‘I[a JJIA UCCIICTOBAHHNA JIMHCHHOM 3aBHUCUMOCTH OKa3bIBACTCS YI[O6HOﬁ
cicayrouias TcopcMa.

Teopema 1.1. DnemeHTH X, X,,...,X, JIMHCIHHOTO IPOCTPAHCTBA SBISAIOTCS JIM-
HEIHO 3aBUCUMBIMHI TOTJ[@ ¥ TOJIBKO TOT/Ia, KOT/Ia XOTSA OBI OMH U3 DJIEMEHTOB SIBJIS-
eTcs IMHEIHOM KoMOUHaIMeN pyTHX.

Jloxazamenvcmeo. Heobxooumocms. 1lycts X, X,,..., X,

— JIMHEWHO 3aBUCHUMBEL
Toraa cymecTBylOT 9Mcna ¢, ¢,,...,c, (He BCE paBHBIEC HYIIO, HalpUMep, ¢, = 0), Ta-
KM€, UTO ¢ X;+ X, +...+¢,X, =0 . Tak Kak ¢, #0, TO U3 3TOTO PaBEHCTBA MOXXHO BbI-
pa3uths X, 9epe3 X,,.., X, :
C C
Xl :_FZXZ_"'_?MXH )
1 1

T.C. X, ABIAETCA TUHEIHON KoMOUHaImen X,,..., X, .




Jlocmamounocms. IlycTh X, sSBASETCA JIMHEHHOW KoMOMHammen X,,..,X

n?

T.C.
X=X, +...+4,X, . 1lepeHecs Bce BEKTOPHI B OJIHY 4acCTh, ITOJIy9UM

D)X+ A4LX+..+4,X,=6,
YTO U 03HAYAET JIMHCHHYIO 3aBUCUMOCTD JIEMEHTOB X, X,,..., X, , Tak Kak kooduimeHT
IpH X, OTIMYEH OT HYJIA.

Ilpumep 1.8. Bextopsl X,=(3,6,9,12), X,=(1,2,3,4), X;=(1,1L1) HBIAIOTCA IIU-
HEIHO 3aBUCUMBEIMH, TaK Kak X;=3X,+0-X; , T.c. BEKTOp X, SABIAETCA JIMHEHHOM
KOMOMHaIMe! BEKTOPOB X,, X; .

IHpumep 1.9. Briscuuth, OyJayT Ju BEKTOpH X, =(2,-2,1,0), X,=(-1,4,-32),
X;=(30-,-2), X,=(-1,10,-8,2) nuHelHO 3aBUCUMEIMUA. Eci J1a, TO cpeau HUX
BHIOpATh JTUHEHHO HE3aBUCUMEIC BEKTOPHI ¥ BRIPA3UTH Yepe3 HUX BCE OCTATHHBIC BEKTOPEL.

Pewenue. JIns vuiccienoBanvsg JUHEHHON 3aBUCUMOCTH WJIM HE3aBUCUMOCTHU BEK-
TOPOB CJIEJIyET paCCMOTPETh PaBEHCTBO

o Xj+ e Xy + o3 Xs+c Xy =0. (1.1)

Ecmi 0oHO BO3MOXHO TOJIBKO IIPH HYJIEBBRIX koadduimenTax c,c,,c;,c,, TO BEKTOPHI
X1, X,,X;, X, ABIAIOTCS JIMHEHHO HE3aBUCUMBIMM; B IIPOTUBHOM CITydac 5TH BEKTOPHI
— JINHEWHO 3aBUCUMBEI.

IloscraBuM B paBeHCcTBO (1.1) KOOpAMHATEI BEKTOPOB X, X,, X;, X, (MX yjnoOHee 3a-
ITUCATh B CTOJIOITHI, @ HE B CTPOYKH):

2 -1 3 -1 0
-2 4 0 10 0

Cl 1 +C2 _3 +C3 _1 +C4 _8 = O (1.2)
0 2 -2 2 0

Ecmm pacimcaTtb 3TO PAaBCHCTBO ITO KOOpJAHWUHATAM, TO IOJIYYUM UCTLIPC JIMHEHHBIX
OTHOPO/HBIX YPABHCHUA C YCTBIPbMA HCU3BCCTHBIMMU ¢;,C),C3,C4+ Pemas CUCTCMY MC-

tojioM ["aycca, 3ameM mMaTpuily ko3¢ (UIIMEHTOB NIPY HEU3BECTHRIX U ITyTEM 3JIe-
MEHTapHBIX IIpeoOpa3oBaHMii IOTydUM HyJIH HIDKE U BRIIIE TJIaBHOM JMaroHalIu:

2 -1 3 1) (4] [As ) 247y () [ A5
2 4 0 10|_|[4| [t | |03 3 9| |3 38| _
1 -3 -1 -8 |7 |4 24, + 4 0-2-2-6| |8, | |1p+1p |~
o 2 -2 2) ||, oi-t) |s) (200

4 244 4 By+ o83
oY T3l o2 [ PPl 10 0-1

B HOJIY‘ICHHOﬁ SKBUBAJICHTHOM MaTpHUIIC ICPBLIC TPH CTOII6IIa ITPHA HEN3BCCTHRIX

C1,Cy,C; OOPA3YIOT €IMHUYHYIO MaTpPMILy; CIICI0BAaTEIBHO, HEU3BECTHRIC c;,C,,c; SAB-
JSA0TCA 0a3MCHBIMM M MOTYT OBITH BEIp@KEHBI depe3 CBOOOIHOE HEM3BECTHOE c,.
Jns aToro 3anviieM cUCTEMY YpaBHEHUH, COOTBETCTBYIONTYIO ITOJYICHHOW MaTpHIIe:



CI_C4:O, CIZC4,
CZ +2C4 :O, niin CZ :_2C4, (1-3)
C3+ C4:O, C3:_C4.

Ilpu ¢, # 0 TIONy49MJIM HEHYJIEBOE PELICHUE c,C,,c3,¢4 CUCTEMEI (1.1). O10 11 03HauaerT,
YTO BEKTOPHI X, X,, X3, X, — JTMHEIHO 3aBUCHMBEI.

IIpu ¢, =0 paBenctBo (1.1) mpumMer BUA: ¢ X;+c,X,+c;X3=0 , a U3 paBeHCTB (1.3)
CIIEJIYET, 9TO ¢, =, =¢; =0 . DTO 03HAa4YaeT, 9T0 BEKTOpPH! X;,X,,X; — JMHEHHO HEe3a-
BHUCHUMEL.
Ilpu ¢, =1 w3 paBeHctB (1.3) momyaum ¢, =1, ¢,=-2, ¢;=-1, a u3 paBencrsa (1.1)
BBIPa3uM BEKTOp X, 4epe3 JIMHEITHO HE3aBUCHUMEIE BEKTOpa X, X,, X;:

Xy=— X~ Xy— 03Xy WA X, =—X,+2X,+ X, .

3ameTuM, 9TO ecim OBl OB1TO 2 6a3MCHBIX HEM3BECTHRIX (HampuMep, ¢, M c,) 1 2 CBO-
OOJTHBIX HEM3BECTHHIX (¢, M c,), TO BEKTOPH X, U X, ObUIM OBI JIMHEHO HE3aBUCH-
MBI, a JUIS BRIpaXXEHMS X,M X, depe3 X, M X, HyXHO ObUIO OBl pacCMOTpPETH JiBa
caydas: ¢; =1,¢, =0 1 ¢; =0,¢, =1.

1.3. ba3zuc. KoopaunaTsl 3jieMeHTA B IAaHHOM 0a3Hce

Onpedenenue. 1lycts B TMHEITHOM MPOCTPAHCTBE L CYHIECTBYET n JIMHEHHO He-
3A8UCUMBIX IIEMEHMOB E|,E,,..., E, , TAKNX, 910 KAJICObLE 1emenm X U3 L A6nAemca

ux JuneuHou kombunayueu, T.c. X =aF,+a,E,+...+a,E,. Torga npocTpaacTso L

HA3BIBAIOT n —MCPHBIM, 3JIECMCHTHI £, E,,..., £, Ha3bIBAIOT ba3ucom IIpOCTPAHCTBA L,
agucia a,a,,...,a, Ha3bIBalOT KOOPJAMHATAMH 3JICMCHTA X B Oasuce ELEy,.. E,.

IHpumep 1.10. n-mepueie BekTOpHl £ =(1,0,0,..,0) , E,=(0,1,0,..,0), ... ,
E, =(0,0,0,..,1) ob0pa3yrorT 6azuc B IPOCTpPAaHCTBE R, n-MEPHBIX BEKTOPOB, T.K. B
11.1.2 OGBUIO MOKAa3aHO, YTO TW BEKTOPHI JUHEHHO HE3aBUCUMEI; KpOME TOTO, JII000i
n-MEpHBIN BEKTOP A =(q,d,,...,a,) SBIAETCA JIMHEIHON KOMOWHAIMENH 3THUX BEKTO-

POB: A=aFE, +aE,+...+a,E,. B npoctpanctBe R, 6azuc E,,E,,..., E, Ha3bIBacTCA €C-

n—n-*

TECTBEHHBIM 0a3MCOM, T.K. KOOPJIMHATHI BEKTOpA ¢;,d,,...,a, B 3TOM Oa3uce coBIajia-
IOT C TEM HaOOPOM 7 YHCENl, U3 KOTOPEIX COCTOUT BEKTOP.

IHpumep 1.11. Haiitu 6a31c ¥ pa3MEpHOCTs MPOCTPAHCTBA MHOTOWICHOB CTEIICHH,
HE IPEBOCXOMAILEH 7.

n

Pewenue. MHOTOWIEHHI 1,x,x%...,x" CTEIIEHH, HE NMPEBOCXOMAIIECH 7, ABIAIOTCA

JIMHEWHO HE3aBUCHMBIMHM, T.K. PaBEHCTBO ¢y-1+¢-x+¢y x> +...+¢, x" =0 BO3MOXKHO
TOIBKO NpU  c¢y=¢=¢,=..=c,=0. Kpome Toro, moboii MHOrO4WIECH
P(X) = ay+ ax +ayx* +...+a,x"  ABISETCS JIAHEWHOW KOMOWHAIMEH MHOTOYIEHOB

2

1,x,x%..,x" . 3HAUMT, 5TH MHOTOWIECHKI 00pa3yroT 6a3uc B MPOCTPAHCTBE MHOTOWJIC-




HOB CTCIICHH, HE TIPEBOCXOJAIICH ». Tak kak 6a3uc COCTOMT U3 7 +1 MHOTOWICHA, TO
n+1 €CTh pa3MEPHOCTh ATOTO MPOCTPAHCTBA.

OT™eTnM JIBe BaXKHBIX TEOPEMEI.
Teopema 1.2. PaznoxeHue 31eMeHTa 1o 6a3UCy eIMHCTBEHHO.

,ZZOKGS’ameﬂbCWl@O. HYCTB HMCHOT MCCTO JIBa PA3JIOXKCHUA 3JICMCHTA X 1o 6a3ncy:

n-n?
X = blEl +b2E2 +... +bnEn «
Brravras 3TH paBeHCTBa, NONYYUM 6 =(a,—b) Ey +(ay— b)) E, +...+(a,—b,)E, .
Tax xak snemeHTsl 6asuca £, E,,..., E, TTHEHHO HE3aBUCUMEI, TO 3TO PAaBEHCTBO BO3-
MOXHO TOJNBKO TIpH a;—b =0, a,—-b,=0,..,a,—b,=0. 3HAYUT a,=b;, a,=b,,..,
a, =b, ¥ pa3noxeHue 1o 6a3ucy e IMHCTBEHHO.
Teopema 1.3. B n-MepHOM IIPOCTPAHCTBE JIIOOBIC n JIMHEHHO HE3aBUCHUMBIX 3JIe-

MEHTOB 00pa3ytoT 6asuc.
JlokazaTelsCTBO 3TOM TEOPEMBI MOXKHO OITyCTUTh. M3 TEOpEMEI clielyeT, 9To B

n -MEPHOM TIPOCTPAHCTBE CYIIIECTBYIOT Pa3IYHBIE 0a3iChl, HO BCE OHU COCTOSIT U3 71 JICMEHTOB.

Ilpumep 1.12. 1lycts B IpOCTpaHCTBE R, BEKTOpPHI E|, E,, E; 00pa3yroT 6azuc.
Iloxazate, 9T0 BEKTOpHI E| =E,, E) =E +E,, E; =E, +E, Takke obpa3yroT Oasuc
IIPOCTPAHCTBA R;.

Pewenue. B cury TeopeMsl 1.3 JlocTaTogHO ITOKa3aTh, YTO BEKTOPH!L | ,E,, E;
JTUHEWHO HE3aBUCUMEI. J{JI1 3TOr0 pacCMOTPUM PABEHCTBO ¢, +c,E, +¢3E; =0
IlogcraBum BMeECTO E; ,E;,E; WX BBIPAKCHMA: C\F, +cy(E, + E))+c(E + E;) =0 .
IleperpynmpoBas cilaraeMei€, NOMYIUM: (¢ +¢, + G)E + B, + ¢;E; =0 .

Tax xak BexTopH Ei,E,,E; 00pa3yroT 6a3zuc u, clie/l0BaTeIBHO, JIMHEHHO HE3aBUCH-
MBI, TO ¢+, +¢3=0, ¢, =0, ¢;=0. OTClo/1a CIEAYET, 9TO ¢;=c,=c3 =0, TO €CTh BEK-
TOpHI E; ,E,,E; JUHEHHO HE3aBUCUMEI U, 3HAUWT, B CHITy TeopeMsl 1.3 obpa3yror bazuic.

1.4. 3amena 0a3uca

W3 aHAIIMTHYECKO# TEOMETPUN M3BECTHO, UYTO PEIICHHE MHOTHX 3aj1ad 00Jier-
YaeTCs, €CIIM BRIOpaTh yH00HEI 6a3uc (yIo0Hyo cucTeMy KoopJiMHat). 3aMeHa Oa-
3uca 3¢ peKTUBHA TAKXKE U P PEIICHNH 3a/1ad B 7 -MEPHOM IPOCTPAHCTBE.

Ilycts E,E,,...E, — cTapsii 6asuc, £ ,E,,..,E, — HOBBIA O6a3uc. Paznoxum xa-
JKJIBIHA DJIEMEHT HOBOTO Oasuca 1o ctapomy 6asucy

E =pyE+..+p, E,,
Ey =p,Ei+..+p,LE,,

3Ty CUCTEMY MOKHO 3aIlicaTh B MaTpUIHOM popme:



P11 P12+ Pin
(P12 A E 0 /000 T — wm E'=E-P|. (1.4)

Pu1 Pn2 -+ Pun

Martpuiia P COCTOMT U3 PAaCTiONIOKEHHBIX O CHOI0UaM KOOPOUHAM 3/1eMEHMO8 HOBO20
ba3uca BcTrapoM Oasuice M Ha3hIBACTCA Mampuyell nepexooa OTCTaporo 6asvica K HOBOMY.

YcTaHoBUM CBSA3b MCXKJTy KOOpJHMHATAMH JJICMCHTA X B CTapOM M HOBOM 6asu-
cax. 3anuiieM PAa3JI0KCHUC IJICMCHTA X B CTApOM M HOBOM Oasucax:

X=x1E1+...+x E X:xi El’ +...+X;1E;1 .

n—n3

OTH paBEHCTBA MEPEIUIIIEM B MAaTPUIHOM BHUJIC ¥ BO BTOPOM M3 HUX BOCIIOJIB3yEeMCS
dbopmynoii (1.4):

U

X X

1 X
X(El...En)L....} ,  X=(F ..E) e (El...En)-P-L...'.}.
xﬂ xi’l

Xn

B CUIIy CIMHCTBCHHOCTH PA3JIOKCHMA JJICMCHTA X IIO 6a3ncy E,..E, IOIIy4UM

X X 1 X X
{....JP- ... |. Torma Pl-{....JPI-P- S =
Xp )C' Xn x' )C’

n

WTak, ¢ MOMOIIBIO MaTPHUIIEI NIepexojia P MBI TOMYUIWIN CICIYIOIIYIO CEA3b MEHCOY
KoopOuHamamu snemenma X 8 Cmapom u Hoeom bazucax:

X X X X
(....J—P- S O —Pl(....J : (1.5)
xn x;l x,’1 xn

Ilpumep 1.13. B 6a3uce E,,E,,E; 3a/laH BEKTOp X =2E, - E, +5E;. Haiitu koop-

JITHATHI BeKTopa X B Oasuce E| =FE, B, =E+E,, Ej =E +E;.

Pewenue. B 0azuce E,E,,E; BEKTOpHl X, Ej, E;,E; WMEIOT KOOPJWHATEHI
X=2,-15), E =(1,0,0), E5 =(11,0), £; =(1,0,1). 3anucsBas KOOpJMHATEI BEKTO-
pOB E,,E,,E; B CTONOIIEI, TOJlydUM MaTpUIly niepexoja P ot basuca E,E,,E; x Oa-

1 11
3UCy Ep,Ey,E; : P:[g %) (ﬂ Haiiyiem ob6paTHyr0 MaTpHILy:

111[100) (4 4 100[1-1-1
(P|E)=|010(010|=|4,|~| 4 =lo10/0 1 0|~(E|P").
001/001) (4, 4 001/0 0 1

1 -1 -1

Taxum o6paszom, P! :[0 1 0 |. Teneps KoOp/IMHATHI BEeKTOpa X B HOBOM Oazuce
0 0 1




x| x) (1 -1 —1)( 2] (-2
Haiijiem o popmyite (1.5): |x, =P '-|x,|=0 1 o0 |-1|=|-1].
X ) 0 0 1)|5 (5
YkaxeM U JIpyroit cnoco6 pemnieHus 3Toro npumepa. Beipazum BeKTOpH HOBO-
ro 6asuca gepe3 BEKTOpPHI cTaporo Oasuca (B JaHHOM IpUMEpPE 3TO CJIENaTh JIETKO; B

JIPyTHX IIpUMepax 3TOT CIIOc0O MOXKET BBI3BATh TPYAHOCTH):
E1=E{ ’ E2=E’2 _E1=E’2 _Ei s E3=E§ _E1=E§ _Ei .

TOI‘I[a BCKTOD X ITpUMCT BUJI:
X =2F, —E, +5E =2F, —(E, — E))+5(E; — E|) = —2E,—E, +5E} .

Iomryunmm pasznokenue BekTopa X B Oasuce £ ,E),E; .

2. EBKINI0BO IPOCTPAHCTBO

Ilonstue CKAJIIAPHOT'O ITPOMU3BCICHUSA MOXKHO BBCCTH HC TOJIBKO JUJIA TCOMCTpHU-
YCCKUX BCKTOPOB, HO U JJIAA 3JICMCHTOB JIMHCHHOTO ITpOCTPaHCTBA. TOI‘I[a ITOJIYy4YuM
TaK Ha3bIBACMOC CBKIIMJIOBO IIPOCTPAHCTBO.

Onpedenenue. JIvueitHoe TPOCTPAHCTBO HA3LIBACTCS E6KAUOO6HIM, €CIIU JUIS
JFOOBIX €T0 DIIEMEHTOB X W Y ONPECIICHO CKAIAPHOe npou3eedenue, T.c. JICHCTBY-
TEIBHOE YMCII0, 0003HaTaeMoe (X,Y) | yJIOBICTBOPSIONICE CICAYIONAM CBOMCTBAM:

D) (X,Y)=(¥,X),

2) (AX,Y) = A(X,Y),

) (X +Y,2)=(X,2)+(Y,Z),
4)(X,X)=0, (X,X)=0< X=0.

Ucnonb3yst cBoiictBa 1) — 3), HETPYIHO JOKa3aTh JOTIOJHUTEIILHBIC CBOMCTBA:
(X, AY)=A4(X)Y), (X, Y+2)=X,)+(X,Z2).
JlencTBUTENBHO, (X,AY)=(AY,X)=A(Y,X)=1(X,Y),
(X, Y+2)=(Y+Z,X)=(Y,X)+(Z,X)=(X,Y)+(X,Z).

Ilpumep 2.1. B nipocTpaHCTBE T€OMETPUUYECKUX BEKTOPOB CKAISIPHOE IPOMU3BEIE-

— —

HHE BEKTOPOB ¥ U )y BBOAHTCS CICIYIOLIUM 00pazoM: (X,¥)=|X|-| ¥|-cos(X,y). D10
CKaJIAPHOE IIPOM3BEICHUE YIOBIETBOPSET CBOMcTBaM 1) — 4).

Ilpumep 2.2. B nipocTpaHCTBE n-MEPHBIX BEKTOPOB R, CKAJSIPHOE IIPOU3BE/ICHUE
BEKTOPOB A4 = (a,,a,,...,a,), B=(b,b,,...,h,) MOXKHO OIIPENEIUTH CIEAYIOLIUM 00pa30M:
(4,B)=ab,+ab,+...+a,b,.

HeTpyaHo npoBepuTh, YTO OHO YJIOBJIETBOPSIET CBOMCTBaM 1) — 4).

Ipumep 2.3. B npoctpanctBe (GyHKIUN, HEMPEPBIBHBIX Ha OTpe3Ke [a,b], CKa-
JIIpHOE MPOU3BECHNE IBYX PYHKIMN f(f) U g(f) MOXKHO OIPEACTUTh CIIECIYFOIIFM 00~

b
pazoM: (f,g) = j f(#)- g (t)dt . Herpy1HO IIPOBEPHTH, 4TO OHO YZIOBIETBOPSIET CBOKCTBaM 1) —4).
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C noMoIIbI0 CKAJIIPHOTO MPOU3BEICHUS BBEJIEM MOHITUE OJIMHBL HJIIEMEHTa X

X|=J@x.x |
[Tokaxkem, 4TO 17151 SIEMEHTOB €BKJIMJIOBA MPOCTPAHCTBA, TAK K€ KaK U JJISI TEOMET-
pUYECKUX BEKTOPOB, CIIPABEIJIMBO HepaseHcmeo Kowu-bBynakoeckozo:
jen)| < x[-|7] |
JI71s1 3TOTO pacCMOTPHUM CKAJISIPHOE MPOU3BEJEHUE dJIEMEHTa X +¢Y Ha caMo cels U
BOCHOJIB3YEMCSI CBOMCTBAMH CKAJISIPHOTO MPOU3BEACHUS:

0S (X +tY, X +tY)=(X,X)+2t (X, V) +*(¥,Y).
[Tonmyynnm HEOTpULATENIBLHBIA KBaJpaTHBIA TpPEXWwIieH OTHOcuTenbHO ¢. CrenoBa-
TEJIBHO, €r0 JUCKPUMHUHAHT D <0, T.c. D=4(X,Y)* —4(Y,Y)-(X,X)<0. Orciona

2 <| x| v u |(xon|<|x|-|7].

B eBxin0BOM MpoCTpaHCTBE M3 Bcex 0a3McOB Hambojee ynoOHBIM SIBISIETCS
opmozonanvHblii H6a3zuc, T.e. 0a3KUC, COCTOSIIMN M3 MONAPHO OPTOrOHAJBHBIX dJie-
MEeHTOB. OTMETHM, YTO JIBa EMEHTa X, Y Ha3bIBAKOTCS OPTOrOHATIGHBIMH, €CITM MX CKATIPHOE

npom3BeNicHne (X ,Y) paBHO HymoO. Ecnu 2ieMeHThl opmozonansnozo 06a3vica MMEIOT
OJIUHbL, PAGHbIE eOUHUYE, TO fa3uc HA3BIBACTCS OPMOHOPMUPOBAHHBIM.

[Tone3HbIM sIBASIETCS CIEAYIOMUN (DAKT: CUCTEMA OPTOTOHAJIBHBIX HEHYJIEBBIX
3JEMEHTOB X, X,,..., X, SBJISAETCS JUHEWHO HE3aBUCUMOW CHUCTEMOU. JleHcTBUTENb-

HO, IYCTb ¢, X|+ ¢, X, +...+¢, X, =6 . YMHOXHUM 3TO PaBEHCTBO CKAJIIPHO HA X :

Tak Kak (X,,X;)=0,..,(X,,X;)=0 u3 YCIOBUA OPTOTOHAJILHOCTU CHUCTCMBbI
X, X,,...X,. 3 paBeHcTBa ¢,(X,,X,)=0 mma X, =0 ciaenayert, 4ro c¢, =0. AHalord-
HO, YMHO)KasI TIOCJICIOBATSIIBHO MCXOIHOE PaBEHCTBO HA X,,..., X, , HOIy4MM ¢, =0,...,c, =0.
CrienoBaresibHO,  paBeHCTBO ¢, X +¢,X, +...+¢,X, =0  BBIIOJHSEIC  TOJIBKO  IIpU

¢, =c¢,=..=c,=0,4T0 U 0O3HAYAET JUHECUHYIO HE3AaBUCUMOCTb CUCTEMBI X, X,,..., X, .

Ilpumep 2.4. [lycth B IpOCTpaHCTBE R, CKAJSIPHOE MPOU3BEJIEHUE BEKTOPOB OII-

pEAEINIeHO TakK, KaK yKa3aHo B npumepe 2.2. Jlokazarb, YTO BEKTOPbI
1 0 0

1
El = 0 N E2 = 0 ,...,E = 0
0 0 1
00pa3yloT OpTOHOPMHUPOBAHHBIN 0A3UC B IPOCTPAHCTBE R, .
Pewenue. B npumepe 1.10 Ob10 MoOKa3aHO, YTO BEKTOpPHI K, E,,...,E, 00pa3yroT

0a3uc B nmpoctpaHcTse R, . [IpoBepuM, 4TO BEKTOpHI E|, E,,..., £, — OPTOTOHAJIbHBI:

(E,Ep)=1-0+0-1+..+0-0=0; aHQIOTWUYHO (E;,E,)=0 0pu i # k.

Haiinem jumny Bextopa E,: |E|=/(E|,E)=1:1+0-0+..+0-0 =1.
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AHaJIOTUYHO, JJIMHBI OCTaJbHBIX BEKTOPOB Takxke paBHbl 1. CiegoBaTeabHO, BEKTO-
pHl E|,E,,...,E, 00pa3yloT OpTOHOPMHPOBAHHBIN Oa3uC.

3. JIuHeiiHbIe OIIEPATOPHI
3.1. llonaTHE JNHEHHOTO ONEPATOPA

Ilycte L,, L, — TMHEWHBbIEC IPOCTPAHCTBA.

Onpeoenenue 1. [TpaBuio, 1o KOTOPOMY KaxJA0My 3JIEMEHTY X W3 IPOCTPAHCTBA
L, CTaBUTCS B COOTBETCTBHUC DJICMCHT Y M3 INPOCTPAHCTBA L,, HA3bIBACTCS OIEPATO-

pOM A, NEHCTBYIOIIMM U3 MPOCTPAHCTBA L, B IPOCTPAHCTBO L,. ITpu aTOM 3anmucel-

BalOT A(X)=7Y W Ha3bIBAlOT Y 00pa3oMm 3jieMeHTa X ,a X — MpooOpa3oM JieMeHTa Y .

Onpeodenenue 2. Onepatop A HA3bIBACTCS JIUHEUHbBIM HA L, €CIU
AN AN
1) A(AX)=A1-A(X) nns nr0O60ro 37eMeHTa X U3 L, U Jr000ro uncia A,

A N N
2) A(X,+ X,)= A(X,)+ A(X,) nis TFOOBIX JIEMEHTOB X, X, W3TPOCTPaHCTRA L .

OTH JiBa paBEHCTBA MOXHO OOBEAUHUTD B OJIHO:

AAX +puXy)=1AX)+pA(X,).
HeTpyaHo mokasaTh CIIpaBeIIMBOCTh U O0Jiee OOIIEro YTBEPKACHHS:

IHpumep 3.1. I1ycth A — mMaTpulia pa3MepoM nxn, X — BEKTOP-CTOJOEI U3 MPO-
cTtpancTBa R,. Omnepatop 4 omnpejeneH cieayomuM obOpazoM: A(X)=4-X. Uc-

IMOJIB3YyA 3TO OIPCACIICHUC U CBOICTBa YMHOXCHHA MaTpUull, UMCCM:
AAX, +pu X)) =A4-(AX + u X)) =A(4- X))+ p(4-X,) =2 A(X)) + p A(X;) .
3HAYMT, ONIEPaTOpP A SIBJIACTCS JIUHCHHBIM OTIEPaTOPOM, ICHCTBYIOIIMM U3 R, B R,,.

Ilpumep 3.2. Ilyctb omepatop A4 OIpEIENeH CIEAYIOIUM 00pa3oM: KaxIAOMy
BEKTOPY X =(x;, X,) OH CTaBUT B COOTBETCTBUE BEKTOp Y =(3, x,). DTOT OIeparop

HE SBJISIETCS] TMHEHHBIM. JleiicTBUTEIbHO, 00pa3oM BeKTopa A X =(Ax,, Ax,) SBISIET-
Csl BEKTOp A(AX)=(3, Ax,); BTO )K€ BpeMs A A(X)=41(3, x,)=34, Aix,), T.C.
AAX) % L A(X).

3.2. MaTpuna JuHeiHHOro onepaTopa B pMKCHPOBAHHOM 0a3uce

[lycte L — nuHeEWHOE n-MEpHOE MPOCTPAHCTBO; E|, E,,...,E, — (UKCHUpOBaH-
HBII 0a3uc B L; A — JIMHEHHBIN omepaTop, JACHCTBYIOIIMK M3 MPOCTpPAaHCTBA L B
A
IIPOCTPAHCTBO L; X — BEKTOP U3 IPOCTPAHCTBA L; Y — ero obpas, T.e. ¥ = 4(X).
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Paznoxum BekTop X 1o 0asucy: X = xE, +...+x, E,, W BOCIOIB3YeMCs JINHEHHOCTBIO

A A A A A
oneparopa A: Y= A(X)= A(x\E,+..+x,E,)=x; A(E))+...+x, A(E,) . 3alIAILLIEM 3TO
PaBEHCTBO B MaTpUUHOU (popme:
X
A A A
Y = A(X):{A(El)...A(En)} | 3.1

Xn

A A
Paznoxum BekTopbl A(E)),..., A(E,) 0o 0a3ucy E,, E,,...E,:

A(E)=a, E +..+ta, E,,

3anuiieM 3Ty CUCTeMY B MAaTpUYHOM dopme

[E(El)... Q(En>j (EpEy) | o . (.2)

Marpuna 4= ............. , COCTaBJICHHas W3 Koopounam o00pa3o6 6a3ucHwvix

6exmopoé A(E)),..., A(E,), 3allICAaHHBIX MO CMONOYam, HA3bIBACTCS MAaTPULICH JIU-

A
HEeWHoro oneparopa 4 B 6azuce E,E,,...E,.

Matpuiia onepaTtopa cBsizaHa ¢ BbIOOpoM Oazuca. [Ipu nsmenenuun 6azuca usz-
N
MEHUTCS U MaTpuiia oneparopa. MoXKHO MOKas3aTh, YTO MaTpulia A4 ornepaTtopa 4 B

0azuce E,,..,E, u Marpunia 4’ 3TOro ke oneparopa A B Apyrom Oasuce E| ,..,E,

CBSI3aHbI (POPMYJIIOi

A=P"'-4-P

: (3.3)

rae P — marpuula nepexona ot Oa3uca E,..E, K 6a31/Icy El’ o El

oy Loy

YcTaHOBUM CBSI3b MEXKAY KOOpAMHATaMH oOpas3a Y u mpooOpas3a X . U3 paBeHCTB
(3.1) u (3.2) umeem:

X . Vi
Y=(E..E,)-A-| ... |. C Ipyrou CTOpOHbL, Y = y,E +..+ y,E, = (El...En)-[....J :
X, Yn
Torna 3 eAMHCTBEHHOCTH Pa3JIOKEHUS BeKTopa Y mo 6asucy E,, E,,...,E, CIEeIyeT:
N 2] _ o
|=A4 || wm Y=4-X| 3.4
Yn Xn

rae X,Y — ecTh CTONOLBI KOOPJAMHAT BEKTOPOB X,Y B Gasuce E,,E,,....E, . Ilomyuen-
HOE paBeHCTBO (3.4) BhIpa)kaeT CBSI3b MEXIAY KOOpIMHATAMH o0pa3a Y u mpoobpasa X ;
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A
OHO SIBJIIETCSI KOOPAUHATHOU (popMoii 3anucu paBeHCTBA Y = 4 (X). OTMETUM, 4TO

KOOPAMWHATBLI BEKTOPOB U MaTpuiia orcparopa A pacCMaTpruBaAOTCA B OJHOM Oasuce
E,E,,..E,.

IlIpumep 3.3. Onepatop A Ha IIOCKOCTH XOY OTpakaeT BEKTOPbl OTHOCUTEIBHO
NPAMO# y = x U pacTArMBaet nx B 2 pasa. Haitrn Matpup! oneparopa A B Gasuce 7, / UB
Gasice E,=3i+j, E,=2i+ ). Haifti 00passI BeKTOpOB x=3 i~ j U ¥ =2E,+E,.

Pewenue. 1). Jlis oTbICKaHUS MaTpPULbl OllepaTopa A B Gasuce {,] HAJO0 HAWTH

oGpasbl A(7), A(j) BeKTOPOB i, j . Ilog neiicTBUeM omepatopa A BEKTOP 7 OTpKACTCS
OTHOCHTEIILHO IPSAMOH y = x (TIOMY4aeM BEKTOp / ) U pacTaruBaercs B 2 pasa (puc.l), Te.

AG)=2)=0-i+2-].

KoadduimenTs (0,2) pa3noxeHus BEKTOpa A(7) 1o 6asu-

cy ?, ; COCTAaBSIT MEPBbII CTONIOCI] MATPULIBL A OrepaTopa ,2 ) 2( ’?)“ y=x
AHaJIOTHUYHO, 12 ()=2i=2-i+0-J. Koadurmentsr (2,0) co- -

CTaBSIT BTOPO CTOJIOCIT MATPHITHI A Orieparopa A Tz oOpazom, ’ Z _

B Gasuce i, j OrepaTop A VMECT MATPHITy A = ((2) é) ‘ 4 (J)

2). Uckomas marpuna A’ omnepartopa A B Gasuce
E,, E, Haxomares 1o dopmyrte (3.3):
A=P"' 4P,
rie P — MaTpHIa IIepexofa oT 6asmca i, K 6asucy E,, £, . Matpuiy P momydnM,

S — 3 2
3aMuChIBasi KOOPAUHATHI BEKTOPOB E,, £, B CTOJIOLBI: Pz(1 J.

T
B, B T

Haiinem oOpaTHyro MaTpuiy: P = Lo Il =2 Torna

det P le P22 1\-2 3 — 3

o (1 =2\ (0 2\ (3 2\_[-10 -6

A=r 'A'P‘(—l 3) (2 0) (1 1)‘( 16 10)'
3). Haiinem o6pa3 y BekTopa x =3i- ;. 3allHIIEM CBA3b MEXIY KOOPIMHATAMHU BEK-
TOpa y ¥ BEKTOPA x , HCIIOJIb3ys PaBeHCTBO (3.4):

b 4. X \_(0 2 . 3 _[(0-3-1-2) (-2
v, ) =4 x5 )72 o)\-1)7\2:3-1.0)7\ )
Takum 06pasoM, y= A(X)=-27+6j. AHAIOTMYHO Haiizem 06pa3 j BEKTOpa ¥':

)= ()-036 oM7)
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3.3. CoOcTBeHHDBIC 3HAYCHNS H COOCTBCHHBIC BEKTOPhI JHHECHHOI0 oneparopa

CoOcTBeHHBIEC 3HAYECHHS U COOCTBEHHBIC BEKTOPHI (DJIEMEHTHI) JUHEUHOTO
orepaTopa UMEIOT pa3HooOpa3Hble MpuMeHEeHHUs. OHU HCTIONB3YIOTCS ISl UCCIIEIO-
BaHUSl YCTOMYMUBOCTH CUCTEM, JJI PEUICHUS 3a/1a4 TEIJIONPOBOAHOCTH U AU dy3uH,
JUTS KCCIIETIOBAHUS KPUBBIX M MIOBEPXHOCTEH BTOPOTO MOPSAKA U T. 1.

A
Onpeoenenue. Ilycth A — JUHEWHBIA OIEpaToOp, MCUCTBYIOIIUM B JMHEHHOM

npocrtpancTBe L. Ecomum A(X)=AX, roe 4 — JAEUCTBUTEIbHOE 4YHCIO, X #0, TO X

€CTb cobcmeerHblil 3n1emenm (COOCTBEHHBIN BEKTOp) omepaTtopa A, a A — COOTBET-
CTBYIOIIIEE EMY COOCMEEHHOe 3HAUEHUe.

IlIpumep 3.4. B muiockoctn XOY omneparop A OTpa)kaeT JItoOOM BEKTOP CUMMET-
PUYHO OTHOCHTEJIBHO MPSIMOM y = x W PacTAIUBAET BEKTOp B 2 paza.
Haittu coGcTBeHHBIE BEKTOPBI M COOCTBEHHBIE 3HAYCHHS OTepaTopa.

Pewenue. PaccMoTpuM BEKTOp b, JIeKaIIuil HA TIPSAMOiL

y =x. lIpn oTpakeHMN OTHOCUTENBHO 3TOU MPSAMOU BEKTOP b
OCTAETCsI HEW3MEHHBIM M 3aTE€M PacTAIMBaeTCs B 2 pasa, T.e.

N — N A
A(b)=2b.3HauuT, b — COOCTBEHHBIN BEKTOP oneparopa 4,
A =2 ero coOCTBEHHOE 3HaueHue. PaccMOTpuM BEKTOD ¢,
MEPIEHAUKYJISIPHBIA IPsAMOM y = x . [Ipu oTpaxkeHnn OTHOCH-

TEJILHO MPAMON y = x BEKTOp ¢ 3aMEHUTCS Ha -, 3aTEM pac-

Puc.2

A
TSAHETCS B 2 pa3a, T.e. A(¢)=—2¢.3HauuT, ¢ — TaKke coOCT-
BEHHBII BEKTOp OIEpaTopa, A =—2 €ro COOCTBEHHOE 3HAUYECHHE.

PaccmoTpuM crioco6 oThICKaHUSI COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX 3HAYE-

HUH oreparopa 4 B n—MEpHOM IpocTpaHcTBe. [IycTh 4 ecTh MaTpuiia oneparopa A
B Oazuce E,,...,E,, X — CTOJOEI KOOpAMHAT BEKTOpa X B TOM e Oa3uce, £ — eau-

HUYHAS MATpULA. 3aIHLIeM PABEHCTBO A (X)=AX, ONpeselsomee COOCTBEHHbII
BEKTOP X, B KOOpAMHATHOH (opme: 4-X =AX, unn A-X = AE-X . Ilepenecem
AE-X B JEBYIO 4acTh M BHIHECEM X 3a CKOOKH: (A—AE)X =6 . DTO €CTh OJHOPOAHAS
CHCTEeMa JINHEHHBIX YPaBHEHUM, 3allCaHHas B MaTpUuHOi hopme. OHA UMEET HEHY-
leBoe pelleHHe X TOraa W TOJNBKO TOIAA, KOTAa ONIpEleiuTelb CHCTEMBbI
det(A—AE)=0 paBeH Hym0. YpaBHeHHUE det(A—AE)=0 CIIy)KUT JUIs OTBICKaHUs COO-

CTBCHHBIX 3HAYCHUMN A , €TI0 Ha3bIBAIOT XAPAKTCPUCTUICCKHUM YPABHCHUCM.

Takum 06pa3zom, Uil OTBICKAHUSI COOCTBEHHBIX BEKTOPOB X M COOCTBEHHBIX 3HA-

YEHUI A oreparopa 4 ¢ MaTpule A Caeayer:
1) HaiiTu 1eficTBUTENBHBIE YNCTIA A U3 ypaBHEHUS det(A4—-AE)=0,

2) MOJICTaBUTh HAWJICHHBIC 3HAYEHUS A B MAaTPUYHOE YpaBHEHHUE (A—ZE)}=¢9 U
HAUTU HEHYJIEBbIE PELLICHUS X.
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MosHo n0Ka3aTh, YTO MPU MEPEXOJe K ApyroMy 0a3nucy XapaKTepUCTHUECKOE ypaB-
HEHUE, a 3HAYUT, U COOCTBEHHBIC 3HAUEHUSI A HE MEHSIOTCS.

IHpumep 3.5. Haiitu coOCTBEHHBIC BEKTOPHI JIMHEHHOTO OorepaTopa A, 3aJaHHOTO

I 0 2
B HEKOTOpPOM Oasuce matpulied 4={0 3 0].
0 0 O
Pewenue. 1). HaiineMm coGCTBEHHBIC 3HAUCHNUS U3 YPABHEHUS |4 — AE| =0:
-2 0 2
|[A-AE|=| 0 3-1 0|=(1-4)-3-2)-(-1)=0.
0 0 -4

N3 3T0or0o ypaBHEeHUs MOJIyYUM TpU COOCTBEHHBIX 3HaUEHUS 4, =0, A, =1, 1;=3.
2). Haiinem coOCTBEHHBI BEKTOp X I COOCTBEHHOIO 3HAYEHUS A, =0 M3 ypaBHe-
HUS (A- 4, E)} =@ . 3anuuieM 3TO ypaBHEHHUE

(1 0 2} (M} {0] {x1+2x3—0,
B MaTpuyHoM Buje (0 3 O |-| x, [=| 0| HJIM B KOOPAWUHATHOM BHUJIC

0 0 0)\x 0 3x,=0.
Nmeem 2 ypaBHEHHs C 3 HEU3BECTHBIMH. 3aQUKCUPYEM OJHO HEM3BECTHOE x;, IO-
JOXKUB xy;=c. Torma x,=-2¢, x,=0. Mbl MOJy4YHMJIU MHOXKECTBO COOCTBEHHBIX
—2c -2

BEKTOPOB X=| 0|=c| 0|, oTIMUaIOMUXCA HA MOCTOSHHBIH MHOXKHTEIb c (t.e.

c 1

KOJUIMHEAPHBIX IPYT APYTY).
3). HaiizeM coGCTBEHHBIN BEKTOP Y Ul COOCTBEHHOIO 3HAYEHHs A, =1 U3 ypaBHe-

HHst (A=A, E )-Y =6 . 3anuIiem 970 ypaBHEHHE

2y3 = 0,
0 0 2)\(»n 0
B MaTpU4YHOM Buze (0 2 O]y |[=|0 UM B KOOPJAMHATHOM BUJAC 2y, =0,
0 0 —1)\y, 0 3 =0
—y, =0.

Petenue sToit cuctemsl: y, =0, y, =0, y, — J1000€ YUCIIO0, HAPUMED, y, = c. Takum

_ c 1
oOpazoM, 1 1, =1 NOJy4YUM MHOMXKECTBO KOJUIMHEAPHBIX BEKTOPOB Y = {OJ = c-{OJ.
0 0

_ 0
4). AHanornyHO HalJeM COOCTBEHHBIN BEKTOp Z =c-{1} IUIsI COOCTBEHHOT'O 3Haye-

HUS Ay =3 W3 ypaBHEHUS (A—A; E)Z =6,

HetpynHo npoBepuTh, 4TO COOCTBEHHBIE BEKTOPHI X,Y,Z JTUHEHHO HE3aBUCHMBI.

Mo>HO J0Ka3aTh, YTO T€ CBOMCTBA COOCTBEHHBIX BEKTOPOB, KOTOPhIE Mbl OOHa-
PYXXIWIH B KOHKPETHOM MPUMEPE, UMEIOT MECTO U B ob1ieM ciaydae. Chopmynupyem
3THU CBOMCTBA;
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1) ecmi X — coOCTBEHHBIM BEKTOp JIMHEMHOTO oliepaTopa A, COOTBETCTBYOIIWM
COOCTBEHHOMY 3HAYEHUWIO A, TO BEKTOp c-X , Tie ¢ — JI000€ HEHyJIeBOE YMCIIO,
TaKXKE ABJACTCS COOCTBEHHBIM BEKTOPOM, COOTBEICTBYHOIIIM COOCTBCHHOMY 3HAYCHUIO A ;

2) cobCcTBEHHBIE BEKTOpa OllepaTopa A, COOTBETCTBYIONIME Pa3IMIHBIM COOCTBEH-
HBEIM 3HAYCHUSM, IMTHEHHO HE3aBUCHMET;

3) omepatop 4 B 6a3uce M3 CBOMX COOCTBEHHBIX BEKTOPOB X, X,,..., X, (€CiIH 3TOT

A 0..0
A
6a3uc CylIeCTBYET) MMEET MATpUILy A = 0 4.0 , THe A,,4,,..,4, — cobcT-
0 0.4

BCHHBIC 3HAYCHNSA, COOTBETCTBYIOIIME COOCTBEHHBIM BEKTOpPaM X, X,,..., X,,.

ITosicaum 31U CBOMCTBA.
1). Iycts X — cOOCTBEHHBIH BEKTOP € COOCTBEHHBIM 3HaUCHVEM A . B ciity mvHeiHOCTH orieparopa A
A(c-X)=c- A(X)=c-AX = A-(c X).
Crie/ioBaTeIThHO, ¢- X €CTh COOCTBCHHBIN BEKTOP OriepaTopa A ¢ COBCTBEHHEIM SHAYCHHEM /. .

2). Jlns pOCTOTHI OrpaHUYMMCS JIByMsI COOCTBEHHBIMM BEKTOpamMu X, X, ¢ coOcT-
BEHHBIMM 3HAYCHUSIMHU A, U 1, (4, = 1, ). lIpeanonoxum, 910 X, M X, — JMHEHHO

3aBUCUMEI. TorJla OJMH U3 3TUX BEKTOPOB MOXKHO BBEIPA3WTh Y€pe3 JAPYyroi, Hampu-
Mep, X; =c-X,. Ho BeKTOp c¢- X, — COOCTBEHHBI! BEKTOP C COOCTBEHHBIM 3HAYCHUEM

A,, @ X, — COOCTBEHHBII BEKTOp C COOCTBEHHRIM 3HaueHueM A ,. ClenoBarensHo,

A1 = A4, YTO IPOTUBOPCYUT YCIIOBHIO.
3). Illycts X,, X,,..., X, — 6a3uc U3 coGCTBEHHBIX BEKTOPOB oleparopa A . Torma

A(X)) =4 X] =24, X; +0- X, +...+0- X, ; KOOPIUIMEHTH pa3ioxenus A, 0,..,0 oOpazy-

n?

IOT TIEpBBIA cTONIOEN MaTpuilbl omeparopa 4 B Oasuce X, X,,..,X,. AHaJIOTMIHO

A(Xy) =X, =0-X; + A, X, +...+0- X, ; K03¢dUIIMEHTH pa3ioxenus 0, 4,,0,..,0 00-

n?

pa3yloT BTOpOii cTONOEI] MaTpHIILl oniepaTtopa 4 B 6asuce X;, X,,..., X, ¥ T.1I.
B eBKIIHI0BOM IpOCTpPaHCTBE 0CO00 BaXKHYIO POJIb UTPAIOT ONEpaTOpPhI, MaTpH-

11l KOTOPEIX B OPTOHOPMHPOBAHHOM Gas3uce cummempuunsl 1.€. A’ = A; Takue ole-
paTophI Ha3KIBAIOT cummempuunsimu. OHU 00J1a]1a10T PSIIOM IOJIE3HBIX CBOWMCTB!

1) cuMMeTpudHEIi orepaTop A , JCHCTBYIOIICH B 7 —MEPHOM EBKIWIOBOM IIpO-
CTpaHCTBE, IMEET 7 BEIIECTBEHHBIX COOCTBEHHBIX 3HAUCHMIA;

2) coOCTBEHHBIC BEKTOPHl CUMMETPUYHOTO OIIEpaTopa, COOTBETCTBYIOIIME pa3iiid-
HBIM COOCTBEHHBIM 3HAYEHUSAM, OPTOTOHAIILHE,

3) cylecTByeT OpTOHOPMHUPOBAHHKIN 6a3uc U3 COOCTBEHHBIX BEKTOPOB CUMMETpWY-

HOTO oriepaTopa 4, B KOTOpOM MaTpHIla ONiepaTopa MMEET JMaroHaIbHEIA BU]T.
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JloxazaTenbCcTBO 3TUX CBOMCTB MOXHO OITyCTHTh. DT CBOMCTBA OYIyT MCIOIb-
30BaHbI IIPY U3yYEHNUH KBAJIPaTUIHEIX (HOpM.

4. Kpaaparuunbie popMbI

KBajpaTianeie GOpMEBI MCIIONB3YIOTCS JIIS MCCIIEAOBaHUA (PyHKIMHA HECKOJIb-
KHMX IIEPEMEHHBIX Ha IKCTPEMYM, JUI MCCIIE/IOBAHNS KPUBBIX U ITOBEPXHOCTEH 2-T0
IIOpSAJIKa ¥ B pAJIe JPYTUX BOIIPOCOB.

4.1. Onpepnesienue kBaapaTu4aHoii ¢popmel. Pazinunsie GopMbl ee 3anucu

Onpeoenenue. 1lyctb 4 — CUMMETPUYHBIN ONEpPaTOp, NEUCTBYIOIIUNA B 17 —MEPHOM

€BKJIMAOBOM IIPOCTpaHCTBE L, . DyHKIUA F(X)=(X, A X), ONpeieIeHHAasl HA IPOCTPaH-

CTBE L, , Ha3bIBACTCS K6AOPAMUYHOU OPMOI, COOTBETCTBYIOIIEH omepaTopy A .

[Iycth B pUKCHUPOBAHHOM OPTOHOPMUPOBAHHOM 0Oa3uce BEKTOp X HUMEET KO-

OpIUHATHI X,,...,X,, BEKTOp 4 X =Y HUMeeT KOOPAUHATHI y,...,y,. BBEIEM CTOJIOIbI

v

(Y1) = [N
KoopauHar X =| ... |, Y=|... |. Torma
Xn Yn
A\ yl —7 —
FX)=(X,AX)=(X,Y)=xy,+.tx,y,=(0x1..x,)| . [=X -Y.
Yn

Ilycts A4 — matpuua oneparopa A B6asuce £, ,...E,. Takkak Y = 4 X ,T0 Y = A- X . Torna

FX)=X -A4-X .

[Honyunnu mampuunyro 3anvch KBaapaTudHoil popmel B 6asuce E,..., E,. OTMeTHM,

YTO TaK KaK Oneparop 4 — CUMMETPUYHBIN, TO €TI0 MAMPUUA A — CUMMEMPUUHAA.
Hapsiny ¢ Matpu4HO# 3anKchio KBaApaTHUHOM (DOPMBI UCIIONIB3YIOT €Ie U KO-
OpPAMHATHYIO 3aMUCh. JIJIsl IPOCTOTHI OTPAaHUYMMCS ABYMEPHBIM CityyaeM. Torna

}:(ﬁlja }T:(‘xl x2)’ A:(allalzja

2 ay Ay
e - a,, a X a, (X, + a;,x
— A4.X = J%1 ). (M) = X Xy |
FX)=X -A4-X=(xx,) (a a ) (x)—(xlxz) (a P
21 422 2 21X T Xy

2
=X X) T A XXy Ay XX + Ay Xo Xy = z ajj X X -
ik=1

Tak kak MaTpuua 4 sABJIAETCS CHMMETPUYHOMU, TO a,, = da,,. [loaToMy

2 2
F(X)=a, x{+2a,xx,+a,,x;.

OTO ecTb KOOPOUHAMHAA 3ANUCH KBAIPATUIHON (HOPMBI B IBYMEPHOM MPOCTPAHCT-
Be. AHAJIOTUYHO B n —MEPHOM IIPOCTPAHCTBE KOOPOUHAMHAA 3ANUCH KBAIPATUYHOM
(bOopMBI UMEET BUT:
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n
F(X)= D ayx;xp, TIE a;; =qy,.
ik=1

Ilpumep 4.1. Haiitu maTpuily KBaapaTuaHOU (HOpMbI
F(X)=11x] +5x5+2x3 +16x,x, +4x,x3—20x, x;.
Pewenue. B xBagpatnunoit opme K0dPGUIUEHT TIPU x,x, PaBEH a,, =11, K0d]-
(ULUEHT NPU x,x, PABEH a,, =5, KOAPPUIUEHT TP x,x, PABEH a;; =2. YUUTHIBAS,
YTO dp =dy U Ay X Xy +ay Xy X =24, X, X,, AMEEM 2a,, =16 U a,, =8. AHanorny-

HO, KOO (ULMEHT NpPHU x,x; PABEH 2a,;; =4 U a3 =2 ; KO3QPUIMEHT pH x, x; paBeH

18 2
2a,,=-20 U a,; =—10. Torma Matpuiia KBaIpaTuiHO! (POPMBI IMEETBUIL, A =|8 5 —10)|.
2-10 2

4.2. llpuBeeHne KBaAPATHYHON (POPMBbI K KAHOHUYECKOMY BHY

[Iyctb B 1aHHOM OpPTOHOPMHUPOBAHHOM 0Oasuce KBaapaTuuHas (opma

. n .

F(X)=(X, AX) umeer BUT. F(X)=XT.-4-X = > a;;x;x,. Tak Kak 4 — cUMMeTpHU-
k=1

HBII OIEpaTop, TO CYLIECTBYET OPTOHOPMHUPOBAHHLIM 0A3UC M3 €ro COOCTBEHHBIX

BEKTOPOB, HA30BEM €r0 KaHOHUYECKUM OazucoM. B sTom Gasuce marpuia 4 orepa-

TOpa A WMEET JMAroHalbHbIA BUL: €€ dJIEMEHTBl aj; =A;, a’;, =0 npu k#i. B op-

n
TOHOPMHPOBAHHOM 0a3uce U3 COOCTBEHHBIX BEKTOPOB F(X)= Y a) x} x/, , T He-
i,k=1
HYJIEBBIMU Oy/IyT TOJIBKO ClIaraéMble ¢ MHAEKCcoM k =i. [losToMy kBagpartudHas opma
MPUMET TaK Ha3bIBAEMbIil KAHOHUYECKUTL 6UO:

n n

_ ror2 12 12 r2 12

F(X)—Zail-xi —z/lixi =4 X+ A, x5+ A, X
i=l1 =1

3necb Ay, A5,..,A4, — COOCTBEHHbIC 3HAUECHHUS MAaTPHIIBI KBaIpaTUYHOU (HOPMBI,

x} ,x5,...,x’, — KOOpJMHATHI BEKTOpa X B 0a3uce n3 COOCTBEHHBIX BEKTOPOB ATOI MATPHITHL.

Jl1st mpuBeieHus KBaapaTUuHOM (hOpMbl K KAHOHUYECKOMY BUJTY CIIEYET:
1) 3ammcaTh MaTpUIly KBaJpaTUIHON (HOPMBEI,

2) HaliTh ee COOCTBEHHBIC 3HAUCHUSA A, 1,,..., 1, ,

3) 3amicaTh KAHOHHYIECKHHM B F (X ) =4, X2 + Ay X5+t A, X7

4.3. HccaenoBanue ypaBHeHHM# KPMBBIX H IIOBEPXHOCTEH BTOPOIO NOPAIKA

KpI/IBLIe M ITOBCPXHOCTHU BTOPOTO ITOPAJIKA OITMCHIBAIOTCA YPABHCHUCM:

n n
Z al-kxl-xk—i-Zbixi =c,
i k=1 i=1
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TJE€ n =2 JiI KPMBBIX U 1 =3 JUISI TOBEPXHOCTEIA.
Jns viccnieloBaHMS 1 TOCTPOCHUS 3TOM KPUBOM MITM IIOBEPXHOCTH CIIEIYET:

1) sanmcath MaTpuIly KBaJIpaTHIHON GOPMBEI 4= (a,,);

2) HaWTH COOCTBECHHBIC 3HAYCHUS 3TO MAaTPHIIET;
3) HaliTH OPTOHOPMMPOBAHHEIN Oa3UC U3 COOCTBEHHBIX BEKTOPOB (KAHOHWYECKMI 6a3uc);
4) zamcaTh B KAHOHHMICCKOM 0Oazuce KBaJpaTHIHy0 Gopmy:

n n
Z a;p XXy = Z/lixi'z =A% 243y P4 A x,
i’kzl l=1
5) 3ammcaTh B KaHOHMYECKOM Oazuce JuHelHyo dhopMy, ucnosib3ys ¢opmyiy (1.5):

n — _— — 1
Ybx;=B"X=B"P-X .
i=1

—T “ “ —T
3neck B° = (b, byyeeyb,) — KOIPPUIMEHTEI TMHEHHON QOPMBI, X = (X[, X5,.0 X)) 5

P — MaTpwlia Ilepexo/ia OT cTaporo 6asuca Kk HOBOMYy OpTOHOPMHPOBaHHOMY 0azucy
13 COOCTBEHHBIX BEKTOPOB (KOOP/MHATHI COOCTBEHHBIX BEKTOPOB SBISIOTCSA CTOJIO-
I[aM¥1 MaTpHIlsl P).

OTmeTHM, 9TO €CITM B MCXOTHOM YpaBHEHUM HET JTMHEHHOM QOpMEI, TO JIs BBIAC-
HEHUS TUIIa KpUBOM WM IIOBEPXHOCTH COOCTBEHHBIE BEKTOPHI MOXKHO HE MCKATh; JUIS
IIOCTPOCHHMS KpMBOM WJIM IIOBEPXHOCTH COOCTBEHHEIE BEKTOPHI ITpHjieTcs HaiiTh. OHH
HY>KHBI JIISL IOCTPOEHUS HOBOM CHCTEMBI KOOpPJIMHAT, B KOTOPO# IPUJIETCS CTPOUTH
KPHUBYIO WM TOBEPXHOCTh 110 UX KAHOHWYECKUM ypaBHEHUSM.

IlIpumep 4.2. VicciesioBath ¥ IIOCTPOUTH KPUBYIO C ypaBHEHUEM
5x2+6xy+5y*—16x—16y—16=0.
Pewenue. 1). 3anuieM MaTpuily 4 KBaJpaTUIHOM GOpMEI 5x° +6x y +5y7; kK03hdu-
IMEHT IPH x° paBeH a,, =5, KOOGUIMEHT P x y paBeH 2a,, =6, T.€. a;, =3,
k03 dUIMEHT ITpA y* PABEH a,, = 5. 3HAUNUT, MaTPHIA KBAJPATHIHON HOPMEI
53
3 5] '
2). Haiiiem coOCTBEHHRIC 3HAUCHUS MATPHUIIBI A :
|A—/1E|:‘5_/1 3 ‘:(5—/1)2—9:/12—10/1“6:0,

A=

3 5-4
COOCTBEHHBIC 3HAUCHUS A, =2, 1, =8.

V4

3). Jlns 1, =2 HaiifieM cOOCTBEHHEIN BEKTOP ¢, :[ '| 3 ypasuenns (4-AE)e; =0

Z

wm 6osiee moapo6HO
5-4; 3 (z1)_(0 3 3\(z1)_(0

3 5-A4)\z) \0)> \3 3)1z) \0)
3z,+3z,=0

M3 JIBYX OJIUHAKOBBIX ypaBHeHPIﬁ.
3z, +3z, =0

Ilonyuum cucremy {
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o 1
Ona mMeeT MHOXXECTBO PEIICHUI U, B YaCTHOCTH, z, =1, z, =—1. Torna e, = [ J.

. . 1
AHAIOTWYHO, JUTH 1, = 8 HalfjieM COOCTBEHHBIN BEKTOP ¢, = .

OTH cOOCTBEHHEBIE BCKTODPRBI, KaK CJIICHYCT U3 TCOpPUH, OPTOTOHAIILHEI. HOI[GJII/IB BCK-

TOPHI ¢; W e, HA UX JUIMHBL, PaBHBIE + 17 +12 = /2, TIomyanm y
OPTOHOPMMPOBAHHEINA 6azuc U3 COOCTBEHHBIX BEKTOPOB (Ka- '
HOHMYECKUH 6a3uc): Y

4). B srom Oasuce xBajparuudas dopma 5x>+6xy+5)°
IPUMET BUI: :

AX 24 2,0 2= 2x 248y 2. Puc. 3

B nmuneitHOM Popme Taxoke nepeiiieM K HOBEIM IIEPEMEHHEIM,

clIcTiaB 3aMcHY (; ) =P (; ) , TJle P — MaTrpuIia mepexojia OT cTaporo 6asuca K HOBO-

1 1 1
2l )
Toria TMHEHHas q)opMa I'IpI/IMeT cnenylomm‘/i BI/II('
_16x-16y = (16 —16)-P-[,|=(16 —-16)-- L 1 1}. 0 —32)-(%)=-16v2)".
T a1y T Y

CxuiajipIBast IOJTy9EHHBIC KBQJIPaTUIHYIO M JIMHEIHY0 (GOPMEI, IOIy9UM ypaBHEHHE

KPMBOIi B HOBOM 6asuce ¢, ¢, : 2x'2+8)'2—162) -16=0.

I[OHOJIHI/IM YICHBI, COACPXKAIINUC y' , /10 TTOJTHOT'O KBaJIpaTa:

2x2+8(y" - 242y + (+/2)?) -8(/2)* -16 =0,
x* (' -+2)’
16

4
B HOBOI#1 cHcTEME KOOPIMHAT TOJTyJHIN YPaBHCHHE DJUTHTICA C IICHTPOM B TOYKE
(0,~2) v nonyocamu a =4, b=2.

5). IloctpouM HOBEIA 6azuc ¢ :715(_} ), e, :715(1) U COOTBETCTBYIOIE HOBBIC

2x2+8(y'=2)? =32 m =1.

ocu koopauHat OX',0Y' (puc. 3). B HOBOI1 cucTeMe KOOp/IMHAT IIOCTPOMM IIEHTP,
OCH DJUTUIICA ¥ CaM BJIJIMIIC.

IlIpumep 4.3. Kakyro II0OBEpXHOCTb OIIPE/IENACT ypaBHCHUE
11x* +5y> +22° +16xy +4xz-20yz=07?
Pewenue. 1). B neBoit yacTy ypaBHEHHS MMeEM KBaJipaTudHy0 ¢popmy. Ee maTpuiry
MBI HalLIy B rpumepe 4.1:
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11 8 2
A=| 8 5 —10].
2 —10 2

2). HaiiyieM ee cOOCTBCHHBIC 3HAUCHNS U3 ypaBHEHUSA | A— AE |=0:

-2 8 2
|4-2E|=| 8 5-2 —12J—(11—/1)- S ‘—8-‘8 J10 ‘+2{8 5—/1‘2

2 10 92— -10 2-2 2 2-2 2 -10
=(11-2)-[5-2)-2-2)-100]-8-[8-(2— 1) +20]+2-[-80-2-(5- )] =
—=—1>+184% +811—18-81 =—2* (1 —-18) +81(1—18) = (1 —18)- (81— 1) =0.
ITorygaeM coGcTBEeHHBIEC 3HadeHUS A, =18, 1, =9, 1, =-9.

3). Kanonndeckoe ypaBHEeHME MOBEPXHOCTH Oy/IeT UIMETh BUJI:

X 242,y 2 42,2 =0 wma 18x'249)'2-97/2 =0 mm 2x"*+y"”* =z,

JTO ypaBHEHUME OIPEJICNACT IIUTUNITUIECKIA KOHyC. Ecim MBI 3aXOTMM TIOCTPOUTH

OTOT KOHYC, TO IIPUJICTCA HaUTH CIIIC 1 OpTOHopMI/IpOBaHHLIﬁ 6a3uc U3 coOCTBEHHEIX
BCKTOPOB MaTpHUIIbI A.

5. Cucrembl JuddepeHunAIbHBIX YPABHEHUH
5.1. OcHoBHbIe MOHATHUSA. CBeleHHEe K OJJTHOMY YPABHEHUIO

Cucrema ypaBHEHHH, CBS3BIBAIOIINX HE3aBHCUMYIO MIEPEMEHHYIO ¢, NCKOMBIC
Gyskumu x (), x,(t),..., x,(¢) ¥ UX IPOU3BOJHBIC, HA3BIBAETCS CUCTEMON OOBIKHO-

BEHHBIX JUDPepeHIINaTIbHBIX YPAaBHEHUH.
CoBOKYITHOCTb (DYHKLUH x(2), x,(¢),..., x,(¢) Ha3bIBAIOT PEIIEHUEM CHUCTEMBI,

eclii 3TH (PyHKIMK 00paIaloT KakKJ0€ ypaBHEHNE CUCTEMBI B TOXK/IECTBO.

Jliia perennst cucteMbl AU depeHraibHbIX YpaBHEHUN HHOT/AA TI0JIE3HO CBe-
CTH CUCTEMY K OHOMY Tu(dPepeHIaIbHOMY YPAaBHEHHIO, HO 00Jiee BBICOKOTO IO-
psanka. [IpogeMoHCcTprpyEM 3TOT METO/I HA IPUMEPAX.

. . U4 =z ,

IHpumep 5.1. Haiitu pemenus y(x), z(x) cucTeMbl ypaBHEHHIA: {y ,
zZ =y.
4)

Pewenue. TlepBoe ypaBHeHue mnpoauddepeHupyemM ABaXKIsl MO x: y' ' =z" U U3
BTOPOTO ypaBHEHUA MOACTaBUM Z' =y . [lodyunm onHopoaHoe nuHeiHoe nuddepen-
nansHoe ypasuenue Y =y ¢ moctosHHBIME K0d(buIHeHTaME. [T €r0 pemeHn s

COCTaBUM XapaKTEPUCTHYECKOE ypaBHEHHE k'—1=0 wiam (k2 —1)-(k2 + 1) =0. Kopan
3TOTrO YPaBHEHHUSA k ==+, k=% i ,TOITOMY y(x)=c e’ +c e +cycosx+¢ysinx. Tak kak
z=)",T0 z(x)=c e +c,e " —cyc08x —¢ysin x.
/
. . [ V=y+z+x,
Hpumep 5.2. Haiitu pemenue y(x), z(x) CHCTEMbI ypaBHEHHH < |
z =—4y—-3z+2x.

Pewenue. Ilponuddeperiupyem nepoe ypaBHeHHE 10 x: ' =) +7 +1. Uckmounm
z W3 ATOTrO ypaBHEHUs. J{JIsi TOrO MOACTaBUM BBIpAXKECHHE ISl z W3 BTOPOTO YpaB-
HCHUSI UCXOJIHOM CUCTEMBI, & BBIPOKEHHUE JUIS z W3 TIEPBOTO YPABHCHUS:
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V' =y +(-4y-3z+2x)+1=)y -4y -3() —y—x)+2x+1=-2y - y+5x +1.
[Tonyuum HeomgHopoHOE JuHeHoe auddepeniuansaoe ypasuenue (HJIAY) ¢ mo-
CTOSTHHBIMU KO3 durimeHTaMu y" +2)' +y =5x +1.

Chauvania pemuM cOOTBETCTBYIolIee ogHOpoaHoe ypaBHeHue (OJIY): ero xapakre-
PUCTUYECKOE YpaBHEHME k> +2k+1=0 MMEET KOPHU k =k, =—1, 03TOMY 0OLIEE pe-
menune OJIY umeer Bua: Y =c,e ™ +c,xe . Yactnoe pemenne HJIJIY Oyaem uckarb

B BUIE y=ax+b. [loacrasiss ero B HIIJIY nonyunm 2a+ax+b=5x+1, OTKyaa
a=5,b=-9, y=5x-9, y=Y+P=ce+cxe +5x-9.
W3 nepBoro ypaBHeHHs! HAUJEM z :

ZZJ/—y—xz(—cle_x+c2 e_x—czxe_x+5)—(cle‘x+c2xe‘x+5x—9)—x.
Urak, pemeHue CI/ICTeMLIyze‘x(c1+c2x)+5x—9, z=e"(-2¢+c,—2¢,x)—6x+14.

[Topsinkom cuctembl nud@epeHuanbHbIX YpaBHEHUN HA30BEM CyMMY TOpPSiI-
KOB BXOJSIMX B Hee ypaBHEeHU. Tak, B nmpumepe 5.1 numeem cucrteMy 4-ro nopsijika;
o0l1llee peIIeHHE HTOM CUCTEMbI COAEPKUT 4 MPOU3BOJIBHBIE MOCTOSIHHBbIE. J[Is ux
OTBICKAHMS HY)KHO 3aJaTh 4 Ha4aJIbHBIX YCIIOBHUS:

y(xo) =)o» y'(xo) =N Z(xo) = 20> Z’(Xo) =7

B npumepe 5.2 umeem cuctemy 2-ro mopsiaka; ooOliee perieHue 3TOM CUCTEMBI CO-
JEPKUAT 2 POU3BOJIbHBIE MOCTOSIHHBIE. JIJIsl UX OTBICKAaHUS HY’KHO 337aTh 2 Hadajb-
HBIX YCIOBHSA: y(x) =y, z(x)=2..

5.2. OnHopoaHasi JIUHeHHAs cUCTEMA

Paccmotpum cucreMy n-ro mopsiika U3 n OAHOPOJHBIX JIMHEHHBIX Audde-
pEHIMAIBHBIX YPaBHEHUI MEPBOro MOpsAKa:

’ '
x1=a11x1+a12x2+...+alnxn xl allalz...aln xl
’ '
x2=a21x1+a22x2+...+a2nxn o x2 a21a22...a2n x2
WM B MATPHYHOM (popme = : . (5.1
’ ’
xnzan1x1+an2x2+...+annxn xn anlanz...ann xn

3nech ayy, a5, ..., a,, — 3aJaHABIC QYHKIMHA apryMeHTa ! ; COCTABJICHHYIO 3 HUX MaTPHILY

0003HaYUM 4; X, X,,...,X, — UCKOMbIC (PYHKIIUH aprymMeHTa ! ; BEKTOP-CTOJIOEII, COCTaB-

JIEHHBIH U3 9THX QyHKIMIA, 0003HaYMM X (¢), 8 BEKTOP-CTOJIOEL], COCTABJICHHBIH U3 IPON3-
w /

BOJIHBIX 3TUX (yHKIMI, 0003HaunM X (¢). Torma cucremy (5.1) MOXKHO 3arucaTh B BUJIE

/

X (t)=4-X(1). (5.2)

JlJis cucTemMbl OJTHOPOJHBIX JMHEWHBIX MU (dEepeHINATbHBIX YpaBHEHUH, Tak

K€ KakK M JUI1 OJJHOTO TaKOr0 ypaBHEHMsI, CIPABEIUBBI CIEYIOLIUE TEOPEMBI, KOTO-
pbl€ IPUBOAUM O€3 J0Ka3aTeIbCTBA.

Teopema 5.1. Tlycte X\(t),X,(¢),..., X, (t) — nuneitno nezagucumole pelicHus
OJTHOPOJTHOM JIMHEWHOW cucTeMBI (5.2) mopsiika » . Torna ux JMHeHHAs KOMOMHAITAS
X (1)=¢ X (t)+ X, (t)+...4 ¢, X, (¢)
SIBJSICTCS] 0OUAUM PeuteHUueM YTON CUCTEMBI.
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Teopema 5.2. Ilyctb ogHOpoOnHAs auHENHas cuctema (5.2) ¢ deitcmeumeins-
Houl mampuuyeii A VMEET KOMIUIEKCHOE pemieHue X =U+i V. Torga ero neucTBu-
TeJIbHAs 4acTh U U MHUMAs YacTh V' TakKXKe SIBISIOTCS PEUICHUSIMHU 3TOU CUCTEMBI.

Cucremy (5.1) MOXHO pPelIUTh PACCMOTPEHHBIM paHee CIIOCOOOM CBEIIEHUS K
OJIHOMY YpaBHEHHIO #-ro mnopsaka. B ciaydae nocmoannvix koagppuuyuenmos
ajys Gy s es A,, PACCMOTPUM METOJ PELIEHUS CUCTEMBbI, MO3BOJSIOMINI Jlajiee aHaIu-
3UpPOBaTh YCTOWYMUBOCTD PEIICHHUS.

Bynem uckartp penieHre 0AHOPOJIHOM JIMHEMHON CUCTEMBI (5.2) ¢ MOCTOSHHOM
MaTpuleldl 4 B BUIE X =B-¢*!, re B €CTh n-MEPHBINA BEKTOP C MOCTOSHHBIMU KO-
opaunaTamu. IlosctaBuB X = B-¢*! B ypasHeHue (5.2), monydnm:

B-Aie*=A4-Be* wim A-B=AB.
DTO0 03HAUaAET, UTO B €CTh COOCTBEHHBIN BEKTOP, @ 4 €CTh COOTBETCTBYIOIIEE COOCT-
BCHHOC 3HAYCHUEC MAaTpULbI A .

Hanmomuum, 4to coOCTBEHHBIE 3HAUEHHSI A MATpPULIbI A OTHICKMBAIOTCS U3 Xa-

PaKTEPUCTHYECKOTO ypaBHEHUs det(A—AE)=0, KOTOPOE SABIAETCS anreOpandecKuM

YPABHEHHEM 71-TO MOPSAKA U UMEET /I KOPHEH, IEUCTBUTEIBHBIX WM KOMIIJIEKCHBIX.
CoOcTBeHHBIE BEKTOPHI B OTBHICKMBAIOTCS U3 YPaBHEHUS (A - /1E) -B=0.

Bo3moxHBI cileayromue ciydau.

1). Kopnu xapaxmepucmuieckoo ypasHenus A,, A, ,..., ., OCHUCHEUMETbHbl U PA3TUYHDBL.

Torga cooTBeTcTBYIONIME COOCTBEHHBIE BEKTOPHI B, B,,...,B, JTUHEHHO HE3aBUCH-

n

it t Ant

A o
Mbl M QYHKIMU X, =B,-¢"", X,=B,-¢"%, .., X,=B, ¢ ABJISAIOTCS TMHEMHO HE3a-

BUCUMBIMU PEIICHUSIMH cUCTeMHI (5.2). O0111ee pelieHrne CuCTeMbl 0y1e€T UMETh BUI:
it st Ant
X=c, B +cy-Bye* +c, By .

2). Cpeou KopHeil XapaKkmepucmu4ecKo2o YPasHeHus ecinb KOMNIEKCHbIe.
[lycTh, nHanpumep, A,=a+if. Torna A,=a—ipB. COOTBETCTBYIOIINE UM COOCTBEH-

HBIC BCKTOpBI: B;+iB,, B|—iB, W COOTBCTCTBYIOIIHUC PpPCUICHUSA CHUCTCMBI:
(BliiBz)-e(aiiﬁ)t:U(t)ii V(t). Torma U(t), V(¢) B cumy teopemsl (5.2) Takxke Oy-
YT PELICHUSIMU CUCTeMbL. MO)KHO TMOKa3aTh, UTO 3T peltieHUs Oy/TyT JIMHEHHO HE3aBUCUMbIMHL.

3). Cpedu KopHeii XapaKmepucmu4ecKo20 yPasHeHUsA eCib PAGHbIE.
Ecmu 4,=4,=..=4, , TO COOTBETCTBYIOIIIEE 3TUM KOPHSIM PELICHUE CIIETYET UCKATh B

BUJIC X =(Bl+th+...+ Bkz"“)-em. Bekrtopel By, B,,...,B; OTBICKHUBAIOTCS METOAOM

MOJICTAHOBKY JAHHOTO X B CUCTEMY YPAaBHEHHUU U NPUPABHUBAHUS KOBCI)CPI/ILII/IGHTOB
IMpHY OANHAKOBBIX CTCIICHIX 1.
dx

——=5x+3y,
. | dt
Ilpumep 5.3. Perinthb cucteMy ypaBHEHHM J
d_)t/ =3x+5y.

Pewenue. Umeem cuctemMy OJJHOPOIHBIX JTUHEUHBIX AU(PPEpEHIINATbHBIX YPaBHEHHMA
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53
C MOCTOSTHHBIMHU KO3(puimentamu. MaTpuiia CUCTEMBI Az(3 5). Ee coGcTBeHHbIE
3HA4YEHUSI U COOCTBEHHBIE BEKTOPHI HAlJIeHbI B ipuMepe 4.2:

1 1
=2, A,=8, BI:(_J, 32:@.

OO6iiee perieHue CUCTeMbl UMEET BU/I;

At Aot 1 1 X= ¢ e +c e
X=c¢-Be" +c,-Bye’? 201[ jeZt-l-cz(ljegt HHI/I{ LY

dx

EORREES
Ilpumep 5.4. Petinthb cucteMy ypaBHEHHIM p

d_)t} =2x-y.

Pewenue. Umeem cuctemy oTHOPOIHBIX JIMHEHHBIX AU (PEepeHITMaIbHBIX YpaBHEHUM

1-5
C MIOCTOSIHHBIMU KO3 puiienramMmu. Matpuna cucteMsl 4 = Nt

a). Haiinem coOCTBEeHHBIE 3HAUEHHS] MATPULIBI A :

1-4 =5 2 2
|A—/1E|:‘ 5 _1_2‘=—(1—/1)(1+/1)+10=(/1 ~1)+10=4%+9=0.
[Tomyynm KOMILJIEKCHO-CONPS)KEHHbIE COOCTBEHHbIE 3HaUEHUs A, =3i, A, =-3i.

b,

0). ns A, =3i HalijeM cOOCTBEHHbIN BEKTOp B, = U3 ypaBHEHUS (A —/IIE)-B1 =0:

2

[Moay4nnm cucTeMy M3 IBYX ypaBHeHMiA. Tak Kak ONpeIe/MIeh CUCTEMBI PaBEH HYJIIO,
TO JOCTATOYHO PACCMOTPETh OJHO M3 YPAaBHEHHUI, HAIIPHMED MEPBOE, U BHIOPATh O

HO U3 MHOXXECTBA PEILLICHUH, B YaCTHOCTH, b, =5, b, =1-3i . Torma B, = L3
—J31

1t 3it

B). 3amuiueM peuieHue X, =B,-¢’'' W, y4uThIBas, 4to e’ ' =cos3t+isin3¢, BBIIETUM

,Z[CﬁCTBPITCJIBHYIO N MHUMYIO YaCTH PCUICHUA:

_p At _[ 5 . i _[ 5-cos3t [ 5sin3t
Xi=By-e (1—31’) (cos3t +isin31) (cos3t+3sin3tj+l(sin3t—3cos3t]'

B cuiny Teopemsl 5.2 nelicTBUTEIbHAS YACTh U MHUMAs 4acTb PEILICHUS X, T.C.

= 3:cos3t y —| 5sin3¢
cos3¢+3sin3z)’ sin37—3cos3¢t)’
ABJISIFOTCSL PELIEHUSIMU CUCTEMBI, M, KAK OTMEYAJIOCh, 3TH PELIeHUs OyAyT JUHEHHO
He3aBucUMBI. [ToaTOoMy 00111ee perieHre cucTeMbl Oy1eT UMETh BHI:

_ 5-cos3t 5sin 3¢
X _Cl(cos3t+3sin3t)+cz(sin3t—3cos3tj .
x=5c,cos3t+5c,sin3t,
y =c,(cos3t+3sin3¢)+c,(sin37—3cos3¢).
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3ameTuM, uTO AN A, =—3i HCKaTh COOCTBEHHBIN BEKTOp B, W peUIeHHE X, HE HYX-

HO, TaK KaK pemeHne X,=U —iV/ NPUBOAUT K TEM K€ IEUCTBUTEIBHBIM PELICHUAM

U, V,4To U paHee.

. ' =-2x+3y,
Ilpumep 5.5. Petinth cucteMy ypaBHEHUU {xt, ey
y;=-3x+4y.

Pewenue. Imeem cucteMy OJHOPOAHBIX TUHEHHBIX AU HEpeHINaIbHbIX YPaBHEHUN

-2 3
C IOCTOSIHHBIMU Koa( duiieHTamMu. Marpuiia cucteMsl A4 =( 3 4].

a). Halinem coObcTBeHHbIE 3HAUECHUS MAaTPHILIBI A
|A—1Ek4_3;l431F42+1Ki—®+9:2?—2i+hﬂi—U2:0

[Tosryunm paBHBIE COOCTBEHHBIC 3HAUEHUS A, =4, =1.

0). 3anuieM pereHne B BUAE X = (Bt+ D)-e¢*' ¥ I0ACTABUM B ypaBHEHHE Cil_)t( =4-X:

B-e"' +(Bt+D)-2e* = 4-(Bt+D)e*.
COKpaTHM 5TO PaBEHCTBO Ha e’ U cpaBHUM KOS(PUIMEHTHI IpH ¢ 1 1°:

A-B=1B, (A-AE)-B=0,
niim
A-D=AD+B (A-AE)-D=B.

- b
Ilpn A =1 nepBoepaBeHchonpmv[erBHa:( i i)(bl =(g],m—3bl+3b2:0,omyz{a b,=b,,
- 2

-33)\(d b b
BIOPOE PABEHCTBO IIPUMET BUL; j[ lj:( IJ,I/D]I/I—3d1+3d2=b1,dzz?l—i-dl.HOZﬂOMy

-33)\dy) (b
X =(Bt+D)-e* =] |t el, WM b
(Br+D)-e [blj ' dﬁ% ¢ y= b1t+d1+?1 el

5.3. IlonsiTue 00 yCTOMYMBOCTH pPelICHUSsI

Y CTONYMBOCTD JBUKEHUS NMEET BAJKHOE 3HAUYCHHE: PAKETa IIPU CBOEM JBUKECHHUU
JOJHKHA YCTOMUMBO COXPaHATh Kypc; TYpOUHBI, TeHEPATOPHI TOJKHBI YCTOMUHBO CO-
OJr0/1aTh 3aJJaHHBIN PEKUM padOTHI U T. 1.

[Tyctb HEKOTOpOE SIBJICHUE OMUCHIBACTCS CHCTEMON Nr((epeHINATBbHBIX YpaBHEHUI

X1 fi
F(X,t) c HaYaJIbHBIMHU YCIOBUAMHU X (1)) =X, Tae X =| .. |, F=| ...

X I
HauayibHble yCliOBHSI OOBIYHO SIBIISIOTCS PE3YJIETATOM M3MEPEHUSI U U3BECTHBI C He-

KOTOPOU MOTPEHIHOCTBI0. BaxkeH ciydai, KOrja Majoe U3MEHCHUE HAYAIbHBIX JIaH-
HBIX BJICUET MAJIOE U3MEHEHUE PELICHUS, T.€. PEIICHUE SBJISICTCS YCTOMYUBBIM.

dx_
dt
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1). Pemuenue X (¢) cucremsl dd_)t( =F(X,t) Has3bIBalOT ycmouuuesim 110 JIamyHoBy, ecim

JUTSL JIEO0OTO & >0 CYIIECTBYET & >0, TAKOE, UTO [yIsi BCAKOTO PELIeHnst X (¢) TOM JKe CHCTe-
MBI U3 HEPABEHCTBA ‘f((to) — X(to)‘ < ClleIyeT HEPABEHCTBO ‘f((t) — X(t)‘ <& JUIBCEX t > .

2).Ecmemen lim ‘f((t) - X(t)‘ =0 ,TO PellicHHe X (¢ ) Ha3bIBALOT ACUMIIHOMUYECKILYCHIOUHLUGLIM.

t—>+©

Ha puc.4 peuieHue sBisieTcs yCTOMUMBBIM, HO HE aCUMITOTUYECKU YCTONYH-
BbIM. Ha puc.5 pemenue sBisieTcss HEyCTOMYUBBIM.

Puc.4 Puc.5

Ilpumep 5.6. ViccnenoBath Ha yCTOMUYUBOCTD PEILICHUE YPABHEHUS

%:kx (k:const).

Pewienue. Paznenum nepeMeHHbIE U IPOUHTETPUPYEM:

dx

T:k-dt, Inx=k-t+Inc, x=c-et.

ITycth x(t)- peleHHe ypaBHEHUs C HAUalIbHBIM yCIOBHEM x(7,)=x,. Toraa

kt

~kt —kt k(t—
x(ty)=x,=c-e . c=xy-e ° upeuenne x(t)=x,-¢ . (t=10)

-e =)CO~€ .

ITycts %(7)— peleHne ypaBHEHHUs ¢ JPYTUM HayalbHBIM YCIOBHEM X(1)) =X, . Torna

pemieHne i(t)= xo-ek (HO). OrneHrM OJIU30CTh ATUX PEIICHUM
[£(0) = (0) =% —xg|-€ 1.

PaCCMOTpI/IM HCCKOJIBKO CJIy4acB:

a) ecmu k>0, To lim |%(¢)—x(t) =% - xy|- lim ™) — o u pemenme x(t) sBmsETCH
t—+00 t—+0

HEYCTONYHNBBIM;
6) ecmu k<0, To lim |¥(¢)—x(t)=|% - xy|- lim ) =0 u pemenme x(r) sBmseTcs
t—40 t—+00

ACUMIITOTHYCCKHA YCTOﬁqHBBIM;
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) _|%,—x,| M pemenne x(1) sBusercs yc-

B) eciu k=0, TO \x(z)—x(z)\=|x0—x0|-ek(
TOMYMBBIM, TaK KaK MaJIOMy OTKJIOHEHHIO |X,—x,| PCIICHNH B HaYaIbHBI MOMEHT f,
COOTBETCTBYET MaJIO€ OTKJIOHEHUE PELICHU B 000N MOMEHT BPEMEHH f>1,; HO

IpU 3TOM lim ‘fc(t)—x(t)‘ =|%,— x| # 0, mO3TOMY pelIenue x(¢) He ABIACTCS aCHMIITO-
—>+0
TUYECKU YCTOWNYMBEIM.
Paccmotpum cucteMy TMHEHHBIX TU((epeHIMATBPHBIX YPaBHEHHUI IEPBOTO MOPSIKA:

x'l :a11x1+012x2++a1nxn+_fl(t)
/
= t

!
X, :an1x1+an2x2+...+annxn+fn(t)

[TpuBenem 6e3 T0Ka3aTENBCTBA CISAYIONIYIO BAXKHYIO TEOPEMY.

Teopema 5.3. Ilycth nana cucrema X'(t) =A-X(t)+F(t), rne A- MaTpuua 1o-
pAAKa nxn C JCUCTBUTEIHHBIMU NOCTOSSHHBIMU KO3 GUITUEHTAMH U A, — COOCTBEH-
HbIE€ 3HAYCHUSA MaTpulpl 4 (k=1,2,...,n). Torna

a) €CJIM BCE COOCTBEHHBIC 3HAUCHUS MATPUIIBI A WMEIOT OMmpuyamesibHvle NCCTBY-
TEJIbHBIC YaCTH, TO JIIDOOE PEIICHUE CUCTEMBI ACUMNMOMUYECKU YCIOUYUUBO;

0) ecnu X0Ts OBl OJTHO COOCTBEHHOE 3HAYEHUE MATPUIl 4 HUMEET HO0HCUMENbHYIO
JICHCTBUTENHHYIO YaCTh, TO JIFOOOE PEIICHUE CUCTEMBI HEYCMOUUUEO.

x,=1lx+8y+2z,
Ilpumep 5.7. ViccienoBath Ha YCTOMYUBOCTD PEIIEHUE CUCTEMBI < y, =8x+5y—10z,
z,=2x-10y+2z.

11 8 2
Pewenue. Matpuna cucremol 4 =| 8 5 —10|. Ee coOcTBeHHBIE 3HAYEHUS OBLIN
2 —10 2

HalieHsl B npumepe 4.3: A,=18, 1, =9, 1, =-9. Tak kaKk Rel,=18>0, TO Jr000€

PEUICHUC CUCTCMbI HCYCTOﬁqHBO.

dx
— = x+2y,
. dt
Ilpumep 5.8. ViccnenoBaTh Ha yCTOMYUBOCTD PEIIEHUE CUCTEMBI J
d_)t} =—4x-3y.

Pewenue. Halinem coOCTBEeHHbIE 3HAUEHUS MATPHILIBI CUCTEMBI:

-1 2
|[A-AE|= 5 =7 +24+5=0; A=-1£2i.

Tak kak ReA,=Red,=-1<0, TO JIt000€ PEIICHUE CUCTEMbI aCUMITTOTUYECKU YCTOMUHBO.
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I'naBa 2. JjieMeHTBbI MAaTEeMATHYECKOU (PUUKU

6. IlocTanoBKa 3a1a4 MaTeMAaTH4YeCKOH (PU3MKHU

MHorue gusnyeckue nporecchl (pacupocTpaHeHUs Teria, KoJeOaHU CTPYHBI,
AJNIEKTPOMATHUTHBIX KOJIEOAHUH U JIp.) OMUCHIBAIOTCS] YPAaBHEHUSMH B YaCTHBIX MPO-
M3BOJIHBIX. DTH YpaBHEHHUSI OOBIYHO BBIBOJIST MIPH YCIOBUU HEKOTOPOU HI€an3aliuu
peanbHOro npouecca.

6.1. 3agauya pacnpocTpaHeHus TemnJja
ITycts Teno (V) ¢ rpanuieil (o) HEpaBHOMEPHO HArpero; u(M,t)=u(x,y,z,t) —
TeMIlepaTypa Tejla B Touke M (x,y,z) B MOMEHT BpeMeHH ¢. BHyTpu Tena MoxxeT BO3-

HUKATh WJIM MOTJIOMATHCS TEIUIO (ITPU MPOXOKIACHUU TOKA, BCIEACTBUE XUMHUUYECKOMN
peakuu 1 T.1.); 0003Ha4YUM uepe3 F (M ,t) TUIOTHOCTb TEIUIOBBIX HCTOYHHKOB (T.€.

KOJIMYECTBO TEIUIA, BBIACIIEMOE WM TIOTJIONIAEMOE B €IMHUIIE 00BeMa 32 AMHUILY
BPEMEHH).

Omnmpasich Ha psaJ PU3NIECKUX 3aKOHOB, MOJICYUTAEM OAaHC TeTlIa B IPOU3-
BOJILHOM 00BbeMe (V) 3a IPOMEKYTOK BPEMEHH (¢, £+ At).

). Q,- temno, BbIAEASIEMOE UCTOYHUKAMU TIJIOTHOCTH F(M 1)

dQ,=F(Mt)dv-dt,  Q,=| [ F(Mt)dV |dt.
")
2). 0, - Tenyo, NEPEHOCUMOE Yepe3 MOBEPXHOCTD (o) OT 00JIee HArPEThIX yYaCTKOB

K MCHCC HAarpCThIM:

0 - ~
dQ, :—p—u do-dt=—pgradu-n do-dt, 0,=|- I pgradu-n do | dt.
on =)
31ech p— KO3((OHULUEHT TEIUIONPOBOJIHOCTH; 3HAK (—) OTPaXKaeT TOT (aKT, YTO Tell-

ou

JI0 TIepeiaeTcs OT 00JIee HArPEThIX YIACTKOB K MEHEE HArPEThIM; -, ~ [PoH3BoHAs
n
110 HaHpaBHCHI/IIO BHEIIIHEN HOpMaJIA K HOBCpXHOCTI/I (O'), BCIINMYMHA

ou ~
- pa— =-pgradu-ii €CTh INIOTHOCTH TEIUIOBOTO ToTOKA. [To hopmymne Octporpazckoro
n

0,=|- j div(pgradu) dv | dt.
)
3). O, - Termno, uayllee Ha U3MEHEHUE TEMIIEPATYPbl HA BEIMUUHY du , TPOIIOPIIHO-

ou
HaJIbHO Macce dm=y-dV (y— IIIOTHOCTb) U U3MEHEHHIO TEMIIEPATYPHI du = a—dt :
t

ou ou
dQy=c-dm-du=cy—dV dt, 0;= Icy—dV dt.
ot ot
)
31ech ¢c— KOAPHUIUECHT TEIIIOEMKOCTH.
Tax Kak TerjI0 OT NCTOYHUKOB PACXOIyeTCs Ha TIEPEHOC TeTlJIa M NU3MECHEHHE
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TeMneparypsl, 1o Q, =0, + Q5. IlloncraBus Beipaxkenus st Q,, Q,, Q5 U COKpaTUB
Ha dt, MOJIyYUM
[ F(M.t)dv=—] div(p-gradu) dV + | cyaa—udV. (6.1)
(v) (v) i
[IprMeHuM K KaXI0My HHTETPAILy TEOPEMY O CPEAHEM U IIEPEUIEM K IIPEAEILY, CTs-
ruBas Teno (V) B Touky. IIpu sTOoM paBeHcTBO (6.1) mpumeT BU:

c;/z—b;:div(p-gradu)+F(M,t). (6.2)

3nech u=u(M,t)— TeMneparypa Teja B TOYKE M B MOMEHT BPEMEHH ¢, ¢— KO-
LIUEHT TeIJIOEMKOCTH, p— KO(Q(UINEHT TENIONPOBOAHOCTHU, F (M,t) — IIOTHOCTb

TETUIOBBIX UCTOYHUKOB.
3ameuanusn
1). YpaBHenue (6.2) Ha3bIBAIOT ypaeHeHUEM MENIONPOEOOHOCHIU.

2). Ecnu teno — oonopoonoe, 1o k03PUIUEHTHI ¢, p, y — TIOCTOSIHHBI U YpaBHEHUE

F(M,t
(6.2) npumer BU: u =£div( gradu)+(—’), 15810
ot cy cy
%=a2Au+f, (6.3)
ot

. F
rae Au =div( gradu)- oneparop Jlamnaca, o’ -2 =2 Hanomunm, uto
cy cy

B HpHMOYFOHBHOﬁ CHUCTEMC KOOp,Z[I/IHaT
o’u 0*u o’u

Au=—+—+—rn, 6.4
? ot ot ©4)
B IIWJIMHAPUYECKON CUCTEME KOOPIUHAT
2 2
Au:li( %]+%8—Z+a—z, (6.5)
pop\ dp) p~op~ oz
B c(hepruueckoit cucteme KoopuHaT
2
Au :iz i(,ﬁ 8_uj+ .1 i(sinﬁa—ujvt 12 a—z . (6.6)
ro\ or or) sinf 06 00) sin“ 0 op
3). B 0mHOpOIHOM ¥ OTHOMEPHOM CITydac TIOYYHUM ypaBHEHUE TEIUIONPOBOIHOCTH TSI CTSPIKHST
ou 5 u
—=a"—+f. 6.7
ot ¢ ox? 4 ©.7)

4). Ecnu Ha MOBEpXHOCTH OAHOPOJHOTO CTEPKHS MPOUCXOIUT TEIIIO0OOMEH C OKpY-
’Karollelt cpesoi, To 1o 3akoHy HbloTOHA MIOTHOCTh UCTOYHUKOB F =h-(6—u), I1e

0 — TeMreparypa OKpy>Karomie cpesbl, 41— Kod(PPUIMEHT TEII000MeHa; TIPU STOM
ypaBHeHue (6.7) NpUMeET BU/I;
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(6.8)

5). YpaBuenue tuma (6.3) onuckiBaeT Takxke mporecc Auddys3uu, mporecc GuibTpa-
AW KUJAKOCTH ¥ Ta3a B MOPUCTON cpefie (Hampumep, GuibTpannu HeTH 1 raza B

MOJ3EMHBIX MECUAHHUKAX ).
J11st MOTHOTO OMMCAaHUsI PeaTbHOTO (PU3UUECKOTO MPOoIecca HE0OXO0IUMO 3a-
JaTh pacupe/elICHIe TeMIIepaTyphbl B HAYalIbHBI MOMEHT BpeMeHH (HadabHOE YC-

JIOBUE) U TEIUIOBOM PEXUM Ha IpaHulie (TPaHUYHBIE YCIOBHS).
Hauanwvnoe ycnosue
=o(M).

3ajaHa TemIepaTypa B HaualbHbIi MOMEHT BpeMeHH: u (M, t) ‘ /0
Tunwt 2panuyunsvix ycioseuii

1). Ha rpanune (o) noajep:kuBaeTcs 3aaHHas TEMIEpaTypa:
(6.9)

u(M, )|y (M, 7).

2). Ha rpanuny (o) nojpaercs TEIIOBOM MOTOK IJIOTHOCTH g
(6.10)

3). I'pannna (o) — Temion3onuposana (T.e. ¢=0):
(6.11)

aul .
on

(o)

4). Ha rpanune (o) NpOUCXOAUT TEIIOOOMEH C OKpY’KAIOIeH CpeJioil TeMnepaTypsl ¢

(6.12)

I10 3aKOHY HrroTona:

3ameuanue. Ecin purypa — ogHOMEpHas, T.€. OTPE3OK [a,b], TO rpanuua (o) co-

A S
p
Y
O\ 4

CTOMT U3 JIBYX TOYEK x =a, x =b. [Ipu 3anucu rpanuny-

HOTO YCJIOBHSI CIIEyeT YUYUTHIBATh (pHrc.6), 4TO
Puc.6

ou ou
—=+—IpH x=b .

ou ou rpH x = a
" on Ox
6.2. 3agaya MasbIX HONEpPEeYHBIX KOJeOaHUIT

Ilonepeunvie konebanus cmpynul

Paccmotpum cTpyHy, HATSIHYTYIO MEXKIY IByMs TOukaMu x =0, x=/. Ecnu cTpy-
HY BBIBECTH U3 TIOJIO)KEHUSI paBHOBECHS (HAPUMEp, OTTSIHYTh €€ WIH YIApUTh 110

Hel), TO CTpyHa Ha4YHeT KoJyiebaThes. byaem mpenmnonarats:
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1) nBMYKEHNE TOYEK CTPYHBI IPOUCXOAUT MEPIICHIUKYIISIPHO OCH Ox U B OJTHOU
MJIOCKOCTH (TIOTIepevHbIe KOJIeOaHus),

2) cTpyHa sBJISIETCS a0COTIOTHO THOKOM, T.€. HE COMPOTUBIISIIOIICHCS U3TH0Y,
IIPU ATOM CHJIa HATSHKCHHsI HAallpaBJIeHa M0 KacaTelbHOM K CTPYHE,

3) cTpyHa ABIISETCS yIPYro# U moaunHseTcs 3akony ['yka,

4) koneOaHus CTPYHBI — MaJIbIe, T.€. €CIIM & €CTh OCTPBIM YTOJI MEXAY OChIO Ox

¥ KacaTeJIbHOU K CTPYHE, TO BEJIMYMHON > MOYKHO IIPEHEOPEYb (a2 ~ 0).

O603Ha4uM 4epe3 u(x,7) OTKIOHEHHE TOYKH x CTPYHBI OT MOJIOKEHUs PaBHOBE-
CHsl B MOMEHT BpeMeHH . MOKHO 110Ka3aThb (BBIBOJ OITyCKaeM), YTO QYHKIHMS u(x,t)
YIOBJIETBOPSIET YPaBHEHUIO

o%u o%u
yﬁﬂﬁﬁ(m), (6.13)

rJe y— IJIOTHOCTb pacHpeleNIeHust MacChl, 7 —BEJIUYUHA CUIIbI HATSOKEHUs, f(x,1) —

T
IUIOTHOCTh BHEIIHKMX CUJI. Pa3/ennB ypaBHEHHE HA y ¥ 0003HAUMB — = g’ , [IOJIy9HUM
4

ypaBHEHUE MaJIbIX MONEPEYHBIX KOJIeOaHUN CTPYHBI B BUJIE

2 2
0 thzazabé_i_f(x,t).
ot ox /4

(6.14)

Ecmu f(x,¢) =0, TO ypaBHEHHE ONUCHIBAET C60000HbIE KOleDanusa CTpyHbl 0e3
BO3JIeMCTBUS BHEIIHUX ci. Eciu f(x,7) #0, TO ypaBHEHHE ONUCHIBAET BbIHYIHCOCH-

Hble KojleOanus CTPYHBI 10/l BO3ICHCTBUEM BHEITHUX CHIL
J171st MOTHOTO OMMCaHUsI peaaTbHOTO (U3UYECKOTo Mpoliecca HeoOX0IUMO 33/1aTh
HayaJIbHbIC YCIOBHS U TPAHUYHBIC YCIIOBUS.

Hauanvnwie ycnosusn

Hauvanbnbie YCJIIOBHA OIIMCBIBAIOT B HavyaJIbHBIM MOMEHT BPEMCHHU ¢ = 0 HavaJIb-
HOC ITOJIOKCHHUEC TOYCK CTPYHbBI U HAYaJIbHYIO CKOPOCTh

”‘;:0=g1(x), ”'t‘t:o:gz(X).

Tunwt cpanuynbix ycinoeuii
1). KoHIIbI CTpYHBI )KECTKO 3aKPETIICHBI:

u|x:0=O, u|x:,=0.

2). Ha xoHel cTpyHBI IEHCTBYET 3a/laHHasl CUJIa BEJIMYUHBL [ (1):
8_u
Oox
ou

ecit x=0, 10 -T—
ox

eci x=/[, o T

le:f(t);

x:O:f(t)'
3). Konen x=1/ cBoboseH (T.e. f(¢)=0):
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ou

— =0.
ox

x=1
4). Koner ynpyro 3akperieH ( p— Ko3(QPUIUEHT )KECTKOCTH 3aKpeIlICHUs] ):

ecian x=I[, TO (Ta—u+p-uj =0;
ox X

=1

ou
ecat x=0, TO (—Ta+p-ujx20

Ilonepeunvie Konedanus memopanl

MemOpaHoil Ha3bIBAIOT MJIOCKYIO MJICHKY, HE COMPOTUBIIAIONTYIOCS U3ruly. by-
JIeM paccMaTpuBaTh KoeOaHUsI MEMOpaHbI, B KOTOPBIX CMEIIEHUE MEePIECHANKYIISIPHO
K IUJIOCKOCTH MeMOpaHsbI (IorepeyHbie KoJaeOaHus).

O603Ha4uM 4epe3 u(M,t) OTKIOHEHUE TOUKU M MeMOpaHbI OT MOJI0KEHUS PaB-

HOBECHsI B MOMEHT BpeMeHH /. MOKHO 110Ka3aTh, YT0 QYHKUMUS u(M,t) yIOBIETBOPSET
YpPaBHEHHUIO

2
Cu ACSA) (6.15)

—2:a2 Au+———2,
ot 4

T
rac a2 =—, Jy— INIOTHOCTb pacClpcaAcJICHUsA MaCChI, T —BEeIWMYWHA CUJILI HATAKECHUS,

f(x,y,t) — MIOTHOCTb BHEIHUX CUJl, A — omneparop Jlamnaca;

2 2
B IIPSIMOYT'OJIBHOM CUCTEME KOOPAUHAT Auzj—L;vLS—L;, (6.16)
X y
y 1o ou), 1 du _0u lou 1 du
B IIOJIAPHON CUCTEME Au=——| p— [+ 5 -5 =—F+——+—5— .
pop\" Op) p 09~ dp° pPIp p°Op

[TocTaHOBKa HAYaANBHBIX U TPAHUYHBIX YCIOBHM JJIs1 MEMOpaHbl aHAJIOTUYHA
JTUM K€ YCIIOBUSM JUIS CTPYHBI.

(6.17)

VYpaBuenus (6.14), (6.15) Ha3bIBaIOT €11le BOJIHOBBIMU YPaBHEHUSIMU (OTHOMEP-
HBIM U IByMEpHBIM). K BOJTHOBBIM ypaBHEHHSIM TIPUBOISAT TAKXKE 3a/1a4u 00 AJICK-
TPOMAarHUTHBIX KOJICOAHUSAX, O KOJICOAHMIX ra3a u T.1.

6.3. 3agauu, npuBoAsMecs K ypaBHeHu0 Jlamiaca
PaccmoTrpuM cTanmoHapHoe (He 3aBUCSIIEe OT BPEMEHH) paciipe/ieieHue TeM-

ou
neparypsl B Tene. Tak kak Temreparypa u He 3aBUCHT OT BpEMEHH, TO h 0 U ypas-
t

HEHUE TEIUIONPOBOAHOCTH (6.3) IpUMET BUA  a’Au+ f =0 WK [IOCIIE JAENEHUS Ha o

Au(M)=g(M)]. (6.18)

Ilpu g(M)+0 ypaBHenue (6.18) HaspiBatoT ypaBHeHHeM Ilyaccona.

Ilpu g(M)=0 ypaBnenue (6.18) Ha3bIBatOT ypaBHeHHeM Jlamaca.
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K TakuM ypaBHEHUSIM PUBOJUT U3YUEHUE CTALMOHAPHBIX MIPOLIECCOB PA3INYHOM
¢dusndeckoil npupoibl. YpaBHenuto Jlamiaca ynoBIeTBOPSIOT IPaBUTAIIMOHHBINA U
ANEKTPOCTATUYECKUIA MOTEHIIMAJIbI, TOTEHIIMAI CKOPOCTH 0E€3BUXPEBOTO MOTOKA He-
CKUMAEMOM JKUJIKOCTH.

B xoHKpeTHbIX (pu3nueckux 3agayax oObIYHO TpeOyeTcs HailTu B o6aacTu (D)

peueHue ypaBHenus (6.18), yoBiaeTBopsitoliee Ha TpaHuile 00JaCTU ¢ TPAHUYHOMY
YCIIOBUIO OJTHOTO U3 CJIEAYIOIINX BUIOB:

1) “‘a: g, (M) — nns nepBoi KpaeBoii 3a/1auu;

ou
2y =
)811

=g, (M) — 15 BTOpoi KpaeBoi 3a/1a4u;
o

3)(g%+huj

[Ipexne yem niepertu kK metony Dypbe pelieHusi ypaBHEHUN MaTeMaTUYECKON
(bU3UKH, PACCMOTPUM JBE BCIIOMOTATEbHBIE 3aJa4H.

=g;(M) —1nsa TpeThel KpacBoM 3a1auH.
O

7. Metoa dypbe pasaesieHUA NePeMeHHbIX

7.1. Paziio:xkenue B psig Pypbe 10 OpTOrOHAJIBHOM cucTeMe PyHKIMH
[lycts f,, f55ee [ »-.. €CTh OPTOTOHAIbHAS CCTEMA (DYHKIIUN B €BKIMIOBOM

npoctpaHcTBe H . byaem npuOiamxaTh MpOU3BOJIbHYIO QYHKIHMIO f U3 IPOCTPAHCTBA

n
H nMHEHHOW KOMOMHAIMEH (IOTMHOMOM) P, = ¢\ f; + ¢, fo +..+ ¢, [y = D i fr -
k=1

n
Teopema. Cpenn Bcex TIOMMHOMOB B, = » ¢, f; TI0 OPTOTOHAIBLHOH CHCTEME
k=1
2

n
fis faseees [y 5. HAUMEHBIIIEC KBAAPATUIHOE OTKIOHECHHUE /,, =H f —ch fr | DoImHOMAa
k=1
(f: fk)
P, oT pyHKIIMU [ MMeeT MOJMHOM ¢ Kodhduirentamu Oypoe ¢, ZW.
ko Jk

Loxaszamenvcmeo. VIcnionb3ysi CBOMCTBA CKAISIPHOTO MPOU3BEICHHS U OPTOIOHAJIb-
HOCTh (I)yHKuHﬁ 1> faseees [y seer s BBIUACIIAM KBQAPATUIHOE OTKIOHECHUE

L=\ =B =(f =B =B)=(f-1)=2(f-B)+(BB) =
Z(faf)—2(fa zckfkj+[zckfka zckfkj:(faf)_zzck(fafk)+zck2 (i Sr)-
P P P

k=1 k=1

BolsicHuM, npu Kakux 3Ha4eHUsIX KOAP(ULIUEHTOB ¢;,¢,,..., ¢, KBaIPATUYHOE
OTKJIOHEHHE [, OyJIeT MUHUMAaJbHBIM. JIJIs 3TOr0 CHavaja BOCIOJIb3yeMcsl He00XO0-

JAUMBIM YCIIOBUCM 3KCTPEMYyMa

21” =0==-2(1, fx)+2¢,(fs.fx) W HaineM KpuTHye-
k
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(/s 1%)
(fer i)

CKOM TOYKEC, UCIIOJIb3YS ,Z[OCT&TO‘IHBIﬁ ITPU3HAK 3KCTpEMyMa. I[J'I}I 9TOI0 HaﬁHCM Impo-
M3BOJHBIC BTOPOI'O IopsAaaKa U COCTaBUM M3 HUX MAaTPUILY A

CKYIO TOUKY ¢} =

(k=1,2,...,n). Tenepp uccaenyem QyHKIHIO /, B KpUTHYE-

2 2 2(f1’fl) 0 0
Tl Lo, Chn s )0, 4= O 2Bf) 0
oc; Oc; oy, 0 () 2(ff )

Tax xak yriaoBble MUHOPHBI A, A,,...,A,, MAaTPULBI A TOJOKHUTEIbHBI, TO QyHKIUSA I,
B KDUTUYECKOM TOYKE UMEET MUHUMYM. TeopeMa JoKa3aHa.

Beenem nounsitue psga Oypsoe.

Psanom ®ypbe GyHKIMN f 11O OPTOrOHAIBHON CUCTEME f;, f5,..., [, »... HA3BIBA-

eTcs Pl ick fr ¢ koapdunuentamu Oypoe ¢, = (/> /e) :
P (fis i)

Cxomutcs mu psin @ypse GyHKIUH f K 3TOH QyHKIIMU? DTOT Bompoc OyneT

paccMOTPEH MO3XKE.
7.2. 3apava lltypma-JInyBuiis

W3 reoMeTpun U3BECTHO, YTO MHOTHE 3aJIa4H JIETYe PelIaroTcs, €CIu BIOpaTh
yI0OHBIN OpTOrOHaIBHBIN 0a3uc. [Ipu permennn 3a1a4 MaTeMaTHIeCcKon (PU3HKH Ta-
KUM 0a31UCOM sIBJIsieTCs 0a3uc U3 COOCTBEHHBIX (PYyHKIIMI HEKOoTOporo auddepeHIu-
aJIBHOTO OIlepaTopa, CBA3aHHOTO ¢ (U3MYECKON 3a1auei.

ITyctb dhyHkums u (M) — naBaxael auddepeHuupyema B o6macty (D) U Ha

rpaHule (o) obnacty (D)yn0BIETBOPAET TPAHUYHOMY YCIOBHIO

(aurp2t]] -0 (7.1)

Tpebyercs HaliTH coOCTBeHHBIE PyHKIIMK TU(dEepeHInaTbHOTO oniepaTopa L ,
YAOBJIETBOPSIONINE TPAHUYHOMY YCIIOBHIO (7.1), TO €CTh PEMIUTH CIETYIOLIYO 3a/1a4y:

Lu(M):/i-u(M), ME(D), 12)

o

a-u+,8-2—u
n

3anauy (7.2) Ha3siBaroT 3anaueil [lItypma-JInyBuiiis.

MEI orpaHuuMMCs CllydaeM, Koraa 001acTe (D) ecTh UHTEpBaN (a,b); onepaTop

L umeeT BUA: Lu= Au"+Bu'+Cu, 1€ u, A, B, C €cCTb (yHKIIUU OT apryMeHTa x. by-

JieM TpeAnoiarath (Kak 0ObIYHO ObIBaeT B (PU3MUECKUX 3a7auyax), YTO B TPAHUYHOM
YCIIOBHH ¢, 3 OJIHOT'O 3HaKa U OJTHOBPEMEHHO HE PaBHbI HYIIIO.

Eciu B=0, To rpannynoe ycinosue (7.1) npuHUMaeT BUI: u|,=0 U Ha3bIBaeTCS

IPAHUYHBIM YCIIOBHEM IEPBOTO THUIIA.
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ou
Ecimu o =0, To rpannyHoe ycnoBue (7.1) mpuHUMAET BU/I: 5| = 0 ¥ Ha3bIBACTCS
n
O

I'PaHUYHBIM yCIIOBUEM BTOPOT'O THIIA.

Ecnu a 20, f+0, To rpannyHOe ycnoBue (7.1) Ha3pIBaeTCs TPAHUYHBIM yCIOBUEM
TPETHEro THIIA.

Ecii Ha 01HOM M3 KOHLIOB MHTepBasa (a,b), HAIPUMEDP B TOUKE x =a, B OIEPaTo-
pe L ¢ynkiun A(x), B(x) He onpeneneHsl Wik A(x)— 0 IPH x —> a, TO CTABUTCS
I'PaHMYHOE YCIOBHE YETBEPTOro TUMA: (PYHKLUS u(x) OrpaHUYEHA B OKPECTHOCTH

TOYKH x=a.
MOoXHO 10Ka3aTh CIEAYIOIINE YTBEPKIACHUS:

1). CobcTBeHHbIE QyHKIMU onepaTopa Lu = Au"(x)+Bu'(x)+Cu(x), y10BIETBOPSIO-

1 B
M€ rpaHUYHOMY YCI0BUIO (7.1), OpTOTOHAJIBHBI C BECOM p :H exp ( I dxj , T.€. ec-
A A
b

JU u,v — COOCTBEHHbIE PYHKIUH, TO (u,v)= jp(x)-u(x)-v(x)dx =,
a

2). Eciu 4>0, C<0, To coOOCTBEHHbIE 3HAYCHUS A <0 .

3). 2=0 ecTb COOCTBEHHOE 3HaUYEHUE, & u =1 — COOTBETCTBYIOIIAsi COOCTBEHHAS
GbyHKIUS TOT/Ia U TOJABKO TOra, Koraa C =0 U TpaHUYHbIC YCIOBUS HA KOHIAX UH-
TepBania (a,b) — BTOPOro THIA (MM Ha OJHOM KOHIIE — BTOPOI'O THIIA, HA JIPyroM

KOHIIE — YETBEPTOTO THUIIA).
4). CoOcTBeHHbIE (DYHKIIMU 00Pa3yIOT MOCAEAOBATEIBHOCTD fi, foyees fry e

Jis nr060# aBak el quddepeHIpyeMon GyHKIUMHN £, YAOBIETBOPSIONIEH TpaHNY-
HOoMY ycioBuio (7.1), ee psag @ypbe M0 OPTOrOHATBLHON CUCTEME f;, f5,..es [y, CXO-
OUTCSA K f aOCONIIOTHO U PABHOMEPHO.

Ilpumep 7.1. Haiitu coO6cTBeHHbIE (QYHKIIMU OorniepaTopa Ly =", yIOBJIETBOPSIOIINE

I'PaHUYHBIM ycI0BHsAM y(0)=0, y(/)=0. HaiiTu Bec OpTOroHaabHOCTH U HOPMY COO-
CTBEHHBIX QyHKIMHA. Paznoxuth GyHKIMIO f(x)=x(/—x) B psag Pypbe 1o coOCTBEH-
HBIM (DYHKLIHSAM.
Pewenue. 1). Umeem onepatop Buna Ly =Ay"+By'+Cy, e A=1, B=0,C=0. Tak
Kak 4>0, C=0, TO cCOOCTBEHHBIE 3HaueHus A <0. Y100HO 3amucaTh OTPHULATCIBHOC
uncno A B Buje A=-u°. Torna ypasHeHue Ly = Ay OPUMET BUI: )" =—u’y |
2). [lns peteHus 3Toro 0THOPOTHOTO JIMHEHHOTO AU(PEPEHITNATEHOTO YPABHEHUS C
IIOCTOSHHBIMM KO3()(UIIMEHTAMH COCTABMM XapaKTEPHUCTHUECKOE ypaBHEHHE: k* = —z°.
Ero pemenust k =+ i, a obuiee pemenue qud@epeHnaaibHOro ypaBHeHUS

Y =¢|-COS X+, -Sin ux .
3). Bocnonb3yemcs rpaHMYHbIME yciioBusiMu y(0)=0, y(/)=0. 13 rpanudHoro ycio-

BUS y(O) =0 umMeeM: ¢, =0 U y=c,-sin ux . Tak Kak COOCTBEHHbIE (PYHKIIMU — 3TO HE-
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HyJIeBble (PYHKIIMH, OTIPEACIISIONIUECS C TOYHOCTHIO 10 IOCTOSTHHOTO MHOKUTEJIS, TO
MOYHO TIOJIOXKUTSH ¢, =1. U3 ycioBus y(l )=0 moyry4um

sinul=0, wul=rk, w=rk/l (k=12,..).
Nrak, cobcTBeHHBIC (DYHKITUU

Ve =singx,, TAC w=xk/l (k=12,..).

4). Haiinem Bec OpTOrOHaJIbHOCTH COOCTBEHHBIX (PYHKIIMI omieparopa
Ly=4y"+By'+Cy,tne A=1,B=0,C=0:
1 B 0
=—exp| |—dx |=exp||0dx)=e =1.
P [ pUA j p(j' )
5). Haiinem HOpMy cOOCTBEHHBIX (DYHKIUH (11.2):

I

! I
”yk”2 = (Ve i) = Ip'ykz (x)dx= jsinz Ly x dx :j
0 0 0

[

1—cos2,ukxdx :l(x_sinlukxj i
214, 0o 2

31ech MbI BOCIIOJIB30BAIUCH TEM, UTO sin2u,l =sin27zk =0 .
6). Paznosxum dysxio f(x)=x(/—x) B psin @ypbe 10 COOCTBEHHBIM QYHKIM y; = Sin £,x :

- (fayk)
f=) cye, TOE ¢ = )
; o i)

BpruuciauM ckaispHoe NpousBeIeHue ( f,y; ), IPUMEHHB HHTETPUPOBAHUE 110 YaCTAM

Y YUHUTBIBAs, YTO sin s/ =sinzk =0, cos 4l = coszk = (—l)k :
I I

(f,yk) =Ip-f(x)-yk (x)dx = jx(l—x)sin(ukx)dx =

0

0

1

- —(—x(l —x)cos( 1x)

Hy,

(l)+j;(l—2x)cos(ykx)de =

1 /

= —2{(1 —2x)sin ( 44,x) .

Hi;

/ 0, k=2n,

I
+J-2sin(,ukx)de = %(—2 COS £4;,X )
0

M 0 |4/, k=2n+1.

0, k=2n,
to ¢ =22 _

(> i) 8/l k=2n+1.
CrnenoBatenbHo, pasnoxkenue QyHKIUU f(x)=x(/-x) B psg Oypbe UMEET BU

/
Tak kak (yk’yk):?

0 0 2
- &8
f(x) = Z Cons1Von = 2—3 S Ly X -
n=0 n=0 Hop1

Ilpumep 7.2. Haiitu coOcTBeHHBIe QYHKIIMU oriepaTopa Ly =", yIOBJICTBOPSIOLINE
I'paHUYHBIM ycaoBUsAM )'(0)=0, y'(/)+h-y(/)=0. HaliTi Bec OpPTOrOHaJILHOCTH U

HOPMY COOCTBEHHBIX (DYHKITHA.
Pewenue. 1). Kak u B npeapiayiieM npuMepe, moayaum
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Y =¢|-COS X+, -Sin ux .

2). Tak KaK y' =—c;u-sin px+c,p-cos px , T0 y'(0)=0=c,u. IloaTomy ¢, =0 (4, a 3HaUUT
U u , OTJIMYHBI OT HYJIS, TAK KaK TPAaHUYHBIE YCIIOBUSI — BTOPOT'O U TPEThEro TUMa). Toraa
y=¢;-cos ux WM y=cosux (IpHU ¢ =1). U3 ycnosus y'(I)+hy(l)=0 nomyuum

—p-sinpl+h-cosul =0, M tgul=h/u . ITO TPAHCLICHACHTHOE YPABHEHUE UMEET MHO-
’KECTBO KOPHEH 44, (3TO MOXKHO YCTAaHOBUTH Tpaduuecku). MTak, coOCTBEHHbIE (PyHKIIUH

yp =cosyx (k=1,2,..), TA¢ L4 — KOPHU YPAaBHCHUS tgul=h/pu |

4). Bec opToroHanibHOCTH COOCTBEHHBIX (QYHKIUI p =1 BBIYUCIACTCS TaK XKe, KaK U
B IIPEIbIAYIIEM ITPUMEpE.
5). Haiinem HOpMy COOCTBEHHBIX (DYHKITHIA:

I

l / '
2= [p-y? ~ [cos? _plrcos2ux 1[  sin2uyx
el = gp w2 () d gcos s g 2 g 2[x+ 2 j

[

0o 2 A

7.3. Metoa ®@yphbe 1Jisi OJHOPOJHOTO YPABHEHMSI

MeTton @ypbe pasieneHus MePEeMEHHBIX IPUMEHSICTCS JIUIsl PEIICHHUS B OTpaHU-
4yeHHOM o0nactu (D) ¢ rpaHulel (o) 3a4a4u TEIoNpoBoAHOCTH (7.3) nim 3a1a4n

KoJjiebanuii (7.4) Uiy cTallMOHAPHBIX 3a]1a4:

u,=Lu+ f(M,t), u,, =Lu+ f(M,1),

o | )
(au+ﬂaj(o)—g1(M,t), (7.3); (aquﬁanj(o)—gl(Mat)’ (7.4)
“|z:0:g2(M)’ ”|t:0:g2(M)’ ”t|t:0:g3(M)-

3nechk Lu— nuddepeHimanbHbIi onepaTop (B TE€X 3aj1auax, KOTOpbIe Mbl OyJ1eM pac-
cMaTpuBaTh, 3TO — onepartop Jlamnaca).

JnddepennnanbHoe ypaBHEHNE U TPAHUYHBIEC YCIIOBUS HA30BEM 0OHOPOOHBIMU,
ecnu UM yaoBietBopsieT GyHkmus u =0 . B 3amauax (7.3) u (7.4) nuddepennmnansubie
YyPaBHEHMs ¥ TPaHUYHBIE YCI0BHs OyyT OJJHOPOJHBIMH, €CliH [ (M,1)=0 U
g (M ,1)=0.

Paccmorpum meton @ypbe 7151 OTHOPOJHOTO YPABHEHUS U OJJTHOPOIHBIX T'pa-
HUYHBIX YCIIOBUN HA IPUMEPE CIEAYIOIIEH 3a/1auu:

u, =Lu,

(au+ ﬂa—“j _0, (7.5)
on) (o)

n

ulo=g(M).
Meton Dypbe penieHus 3aaauu (7.5) COCTOUT U3 HECKOJIbKHUX JTaIlOB.

1). Omvickanue pewenusn 6 6ude u(M,t)=X(M)-T(t).

IMoncraBuM u(M,t)=X (M)-T(t) B nupdepennuansHoe ypaBHeHue 3anaun (7.5):
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X(M)-T'(t)=T(t)-LX(M).
Paznenum nepemeHHbIe
T'(t) LX(M)
()  X(M) -
JpoOpb B J1€BOI YaCTH 3TOTO PABEHCTBA 3aBUCHUT TOJIBKO OT f, B IPABOM YaCTH —

TOJIBKO OT TOUKH M ; IOSTOMY PaBEHCTBO BO3MO>KHO JIMIIb TOT1a, KOTJa 3TU Apodu
paBHbI IOCTOSIHHOMN, 0003HaunM ee 4. Toraa u3 paBeHcTBa

') _LX(M)_
() x(m)
[IOJIy4YUM J(Ba YPABHECHU:
T'(t)=2-T(1), (7.6)
LX(M)=2-X(M). (7.7)

2). Ilepenoc 00HOPOOHBIX 2PAHUYHBIX YCIO8UT HA PYHKUUIO X (M ).
IoncraBuM u(M,t)= X (M)-T(t) B TpaHM4HOE yca0BHeE 3a7a4H (7.5):

T(t)-(a-X(M)+,B-M] 0. (7.8)
on (o)
Ecmu T(¢t)=0, To 1 pemenne u(M,t)=0, 4TO NPOTUBOPEYUT HAYAIILHBIM YCIIOBHSIM.
Wrak, T(¢)+0, noaToMy U3 paBeHcTsa (7.8) ciexyer
(a-X(M)+,B-Mj ~0. (7.9)
(o)

on

Taxum 00pa3oM, Uit OTbICKaHUs QYHKIMU X (M) noiayuuiau ypasHenue (7.7) u rpa-
HU4YHOE yciioBue (7.9).

3). Pewenue 3adauu ona @ynkyuu X (M):
LX(M)=2-X(M),

8X(M)j o (7.10)
(o)

{a-X(M)+,6’- —

Jro ecth 3anaua [ltypma-JInyBuinis, paccMoTpeHHas B 11. 7.2. Ee penienuem sBis-
€TCsl CHCTEMA OPTOrOHANIBHBIX COOCTBEHHBIX (QDYHKIMI X, (M ), COOTBETCTBYIOIAS

cucTeEME COOCTBEHHBIX 3HAUECHUI A (k=12,..).
4). Omvickanue ynxyuu T, (1) u3 ypaeuenus T (t)= 2, -T; (¢).

3anuueM ypaBHEHHE B BU/JIE d%fz) =X -T; (¢) . Pazgennum nepemeHHble CZTL(E;) =/ dt
k

M TIPOMHTETPUPYEM ITO PaBeHCTBO. [lomyunm InTy (1) = A, t +Inc,, mmm Ty (t)=c; ™",

o0
5). Omvickanue uckomozo pewtenus 6 guoe u(M,t)=> u, (M,t).
k=1

Dynximu wy (M,1)= X, (M)-T, (¢) 6blan HaiiieHs! U3 AU(dEepeHIIATBHOTO YpaBHEHNUS
Y TPAaHUYHBIX ycIoBuid 3a7auu (7.5). [loaToMy nuHeHas KOMOWHAIHS STHX (QYHKITANA
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o0 o0
u(M,t)=Y u (M,t)=> ¢ e X, (M)
k=1 k=1

TaK)Xe yAOBIETBOpsieT nuddepeHITnaTbHOMY YPAaBHCHHIO M TPAHUYHOMY YCJIOBHUIO
(B crITy IMHEWHOCTH U OJHOPOTHOCTH Au(depeHITNaTIBLHOTO YPaBHEHUS U TPAHUY-
HbIX ycnnoBuit). Halinem koo GUIMEHTHI ¢; Tak, 4ToObl QyHKIMS u (M ,t) YAOBIETBO-

psinia ele ¥ HadalbHOMY YCIIOBHIO u|,_ =g (M ). Torma

gcka(M):g(M).

[Honyunnu psig @ypbe 1o OpTOroHaIbHON cucTeMe QYHKIMN X, ; Ko PUIIEeHTHI

(g.%;)

(X X))
g(M) ecTb nuHelHasg koMOMHaNMs QyHKIMHA X, (M ), y100HEEe HAXOUTh ¢, METO-

dypbe ¢, HalaeM o popMyne ¢, = . B uactHom ciyuae, korja GyHKIus

JI0M CpaBHEHUs KOY(P(UIIMEHTOB NpU QyHKIUAX X, (M ).

Ilpumep 7.3. Haiitu 3ak0H CBOOOJHBIX KOJI€OaHUN OJJHOPOIHOM CTPYHBI, pacoo-
’KEHHOH Ha oTpe3ske [0;/], ecan B HaYaJIbHBIA MOMEHT CTpyHe OblIa IpuaaHa Gopma

o I . 3xzx o
KpuBOHl g(x)= oo ® CO0011IeHa CKOPOCTb, paBHas v, . JIeBbIil KOHELl CTPYHBI

100

3aKperieH, a MpaBblii KOHEI] CBOOO/ICH.
Pewenue. YpaBuenue cB0OOIHBIX KOJI€OAHUN OJTHOPOAHOM CTPYHBI UMEET BUI:

u,, =a*u . JIeBblil KOHEL| CTPYHBI 3aKpEIIeH, 3HAYUT OTKIOHEHHE u(x,t) paBHO Hy-

mo npu x = 0. IIpaBblii KOHEl CTPYHbI CBOOOJIEH, 3HAUUT u, (x,7) PABHO HYIIO NIPU

[ . 37x
x =/ . HayanbHO€ OTKIIOHEHHUE u (=0 Tog Sin =, » HaualbHast CKOpOCTh u, |i=o=V -

I/ITaK, MaT€MaTHYECCKasd IMMOCTAaHOBKA 3aJa4r UMECT BU:

Uy =ty
=0, uy|,=0, (7.11)
u‘,zozﬁsin(3ﬂx/2l), Uy | o= vp-

®OyHkIUs =0 YJIOBICTBOPSCT TPAHUYHBIM YCIOBUSAM H AuddepeHnnaIbHOMy
YPaBHCHHIO, T.C. TPAHUYHBIC YCJIIOBUS M ypaBHCHHE SIBJISIOTCS OJHOPOIHBIMU. [lo-
sToMy npuMeHuM Metosl Dypbe. Pemienne 3a1auu COCTOUT U3 CICITYIOIIUX JTAIOB.
1). Omvickanue pewenus 6 guoe u(x,t)=X(x)-T(z).
IMoncraBuM u(x,t)= X (x)-T(¢) B muddepennmansHoe ypapHenue 3agauu (7.11):
X(x)-T"(t) =a2T(t)-X”(x).

Trr (t) X" ()C)
Paznenum nepemMeHHbIC = :

a’T(t)  X(x)
JIpoOb B JIEBO# YacTH 3TOTO PAaBEHCTBA 3aBUCHUT TOJIBKO OT ¢, B IPABOW 4aCTH —
TOJILKO OT X ; IO9TOMY PaBEHCTBO BO3MOXKHO JIMIIIb TOT/IA, KOT/a 3TH JPOOU PaBHBI
MIOCTOSIHHOM, 0003Ha4nM ee 4. Tornma u3 paBeHCTBa
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(1) _ X'(x) _
T(t)  X(x) -

MOJTyYUM JIBA YPABHCHHSI:
T"(t)=4a’T(t),  X"(x)=2AX(x).
2). Ilepenoc 00HOPOOHBIX ZPAHUYHBIX YCIO0BUTL HA PYHKUUIO X (X).
IMoxcTaBuM u(x,t)= X (x)-T(¢) B TpaHM4HBIE ycaoBHs 3a1aun (7.11):
X(0)-T(r)=0; X'(1)-T(r)=0.
Tak kak T(7)=0, To moayuum X (0)=0; X'(/)=0.

) X"(x) :/I-X(x),
3). Pewenue 3a0auu ona ynkyuu X (x): {X(O) 0, x'(1)=0.
a). luddepennmanbuerii onepatop uMeet BUI: LX = AX"+BX'+CX ,tae A=1, B=0,
C=0.Tak kak 4>0, C =0, TO COOCTBEHHBIC 3HAYCHUS A <0 . YT00HO 3amucaTh OT-
pHuATeNbHOE Yncio A B BUae A=-u°. Toraa ypaBaenue X' (x)=A-X (x) npumer
BT
X”(x) = —,uzX(x) .
0). s perieHns 3Toro OAHOPOAHOTO JIMHEHHOTo MG depeHITNATBLHOTO YPaBHEHHS C T10-
CTOSIHHBIMM KO(p()MIIMEHTAMH COCTABUM XapaKTEPUCTUYECKOE ypaBHeHue k” =—u*. Ero
perieHus k =+u i, a ooiee pemenue qudphepeHIIaTbHOTO YpaBHEHUS
X (x)=c,-cos px+c, -sin px .
B). Bocnionb3yemcs rpaHI4HBIMU ycIoBHAME X (0) =0, X'(/)=0. W3 rpannyHOro ycnosus
X (0)=0 umeeM ¢, =0 U X (x)=c, -sin ux . Tak Kak coOCTBEHHBIE (PYHKIMK — 5TO HEHYJIE-

BbIC (DYHKIMH, OIPE/ICIISFOIIHECS C TOYUHOCTBIO JI0 MTOCTOSIHHOTO MHOYKHMTEJISI, TO MOYKHO
HOJIOXKUTb ¢, =1. M3 ycrnoBust X'(/)=0 mOIyduM - cos ul=0; IpH4eM x = 0, ©HAYe

X(x)=sinux=0, u(x,t)=0 ¥ HE BBINOJIHEHBI HAYaIbHbIE yci0BUs. Torna

cosul=0, ul :%(2k+1), 1y :211(2k+1) (k=0,1,2,...). UTak, cOOCTBCHHBIE (PyHKITHH

X, =sinx, Tae ﬂk=2£l(2k+1) (k=0,1,2,...).

r). Haitnem Bec opTOroHaqbHOCTH COOCTBEHHBIX (DYHKIMI oriepatopa Ly =Ay"+By' +Cy,
rge A=1,B8=0,C=0:

p=|71| exp“jdxj:exp(Ide)zeo =1.

4). Omuvickanue @ynxyuii Ty (t) us ypasnenus T} (1) =—a* 1] T, ().

JI71st petieHnst 3TOro 0THOPOAHOTO JTMHEHHOTO JudepeHIINaAILHOTO YPaBHEHHUS C T10-
CTOSHHBIMHA KOO()()HUIMEHTAMH COCTABUM XapAKTEPHCTHYECKOE yPABHEHHUE 52 = —a’ 11,
Ero pemenust s=+ay; i, a oduiee permeHue mMbPepeHIMaILHOIO ypaBHEHUS
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Tk(t):Ck'COSCllukt“r‘dk'Sinaﬂkt.
o0
5). Ompvickanue uckomozo peuwienus 6 uoe u(x,r) Zuk )= T (1) X

[ToacTaBum (GyHKINIO

x,t)= iTk (t)-Xk(x)zg(ck -cosap  t+d, -sinaukt)-Xk (x) (7.12)

. 3mx
B HayaJbHbIE ycaoBuUs 3af1a4u (7.11) m yureM, 9To sin ~—~ = X, (x):
2

u

0= chXk( )= —Xl( ), (7.13)

100

0

U, o= ;;')(_Ckaluk sinapt+diauy, -cosa,ukt)‘ o X (x)= l;)dka,uk X (x)=v,.  (7.14)

CpaBHuBas B paBeHCTBE (7.13) xoabduipeHTs py X, (x) MO X (x) (k #1), HOTydHM
c;=1/100, ¢, =0 (k=1).

B paBeHcTBe (7.14) umeem psang Pypoe Y. diauy, - X, (x)=v, IO OPTOrOHAIBHOMN CHC-
k=0
teme GyHKIU X, ; ko3puiuentsr Oypoe d,ap, Haiinem no Gopmye

(vo- X)) Lo cos x|l ( j Vo
diay, =—=, Vo, X1 )= | vy sin gy x dx = —vy ——— I-cos—(2k+1 .
U (X xy) (0 %) { o Y 10 2( ) 1

Buipaserme (X, X, ) = | X,|* sbrmcnsercs Tax e, kak B mpumepe 7.2 U PaBHO é Torma

2v, 2v,
drapp=—", d= %
e aul
[Toacrapsist B penieHue u (x,t) ch cosapt- X (x de sinag;t- X, (x) 3Ha-
k=0 k=0

yeHus ¢; =1/100, ¢, =0 (k#1) u X (x)=sinu;x, IOIy4nM

2v,

! : : :
u(x,t)=——cosaut-sin y;x+ de sinaut-sinpgx, TAC dy=—73, My 21(2k+1).
100 = ap;l 21

7.4. Metoa ®ypbe /151 HEOJHOPOAHOTO YPaBHEHUS

Paccmotpum Meton Dypbe ISl HeOOHOPOOH020 YPABHEHUS U 0OHOPOOHBIX TPA-
HUYHBIX YCIIOBUM Ha MpUMEPE CIEAYIOIIEH 3a1auu:

w=Lu+ f(M,1),
(aquﬁj _o, (7.15)
on) (s
o= (M), )= (M),

Meron @ypbe pemienus 3anayu (7.15) cOCTOUT U3 CAEAYIOMMX ITANOB.
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LX=1-X,
1). Omvickanue coocmeennvix pynxuyuii X, (M) 3adauu (a X+ 2% j _o.
on ( O.)
Jro ecth 3anaua [ltypma-JInyBuinis, paccMoTpeHHas B 11. 7.2. Ee penienuem sBis-
€TCsl CHCTEMA OPTOrOHANIBHBIX COOCTBEHHBIX QDYHKIMI X, (M ), COOTBETCTBYIOILAS

cucteMe cCOOCTBEHHBIX 3HaUeHUuM A4, (k=1,2,...).

2). Paznooswcenue ¢ pao Pypve no cucmeme X, (M) écex Qynxyuit 3adauu (7.15):

‘//(M):Z,'/’k'Xk(M)-

Koaddunnents! 7, (1) Heu3BeCTHBI M OyayT HaliAEeHbI Janee; KO3 PUIEHThI
fi» Pi» W HAXOAATCS TIO POpMyTIaM:

(/> Xk) (0. X) (v, Xx)
fk:(Xkan)’ Qk:()((ok,)(k)’ Wk:()l(//k,)(k)

3). Iloocmanogka ps0og ona gynkyuit u(M.,t), f(M,t), (M), y (M) 6 3a0auy (7.15):

a) B nudpepeHImaibHoe ypaBHEHHE
DL ()X (M) =D T (¢)-LX; (M) + ) fi(£)- X (M)
=0 =0 k=0

YUUTBIBAs, 4TO LX; (M )= A4 X, (M), u cpaBHUBas KOOPPUIMEHTSHI IpU X (M ), HOIy-

M audepeHnuanbablie ypapHeHus 1 GyHkuuil 7, (¢):

T (1) =T () A + [ (1)

0) B HaYaJIbHBIE YCIOBHUS
3.7 (0) X (M) = X s (1) 24 (M) = 1,(0) =04 (1),
k=0 Je=0

gork'(o).xk (M):gz//k(t)-Xk(M) = 1 (0) =y, (1).

OTMeTHM, 4TO TPaHUYHBIE YCIIOBUS ObUIN yUTEHbI IPH OTHICKAHMU (QYHKLUHA X, (M ).

WTak, moxyynnu ciexyronyro 3agady st GyHKIui 7 (1):
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T (6) =Ty (£)- A + £ (1),

L(0)=pr. T,/ (0)=y;. (7.16)

4). Omvickanue pewenuii T, (t) 3a0auu (7.16) u 3anuce UcKOM020 pewieHus

u(M,t):liTk(t)-Xk(M).

Ilpumep 7.4. HailTu 3aK0H pacnpeiesieHUs] TEMIIEPAaTypbl BHYTPHU OJTHOPOIHOTO
CTEPIKHS IJTUHOMU /, €CJIM BHYTPU CTEPKHS AEUCTBYET UCTOUYHHUK TEIljIa INIOTHOCTH
f=cy- cos52—’lfx (c— K03 (PUIMEHT TEIIOEMKOCTH, y — INIOTHOCTh PACIPEICICHUS

Macchl). KoHer crepkHs x =0 TEIJIOM30JIMPOBAaH, HA KOHIIE x =/ MOIEPKUBACTCS
HyJIeBasl TEMIIEpATypa, HadaJbHasl TEMIIEpaTypa paBHa HYJIIO.
Pewenue. 3anuieM MaTeEMaTUYECKYIO IIOCTAHOBKY 3a/1auu:

u, =a‘u .+ % ,
ux|x:0:05 u|x:[:05 (7.17)
u |t:0: 0.

31ech a” = % , p— Kod(puIMenT TemtonposoHocTy. JudpepeHnnansHoe ypas-

HEHUE 3TOM 3a7]a4l — HEOJHOPOAHOE. [103TOMY penieHune 3a1aum COCTOUT U3 Clie-
IYIOIUX DTAIIOB.

LX=X"=1-X,

X'(0)=0, Xx(I)=0.

a). JluddepennmanbHbii oneparop uMeeT BUA: L X = AX"+BX'+CX ,tne A=1, B=0,
C=0.Tak kak 4>0, C =0, ToO cCOOCTBEHHBIE 3HaUECHUA A <0.Y100HO 3anucaTh OT-

1). Omvickanue cobcmeennvix ynxyuil X, (x) 3adauu {

punaTenpHoe uucio A B BUAe A=-u’. Toraa ypaBHeHHe X'(x)=AX (x) IpPUMET BU:
X"(x)=—pX(x). (7.18)

0). Jlyst pereHust 3TOro 0JJHOPOIHOTO JIMHEHHOTO MU (HEepPeHIIMATBHOTO YPaBHEHUS C

MOCTOSIHHBIMU KO3()(PHIIMEHTAMH COCTAaBUM XapaKTEPUCTUIECKOE YPABHECHUE

k* =—u*. Ero pemenus k=+u i, a o0mee pemenue quQpdepeHnaIbHOr0 ypaBHEHUs
X (x)=c,-cos ux+c, -sin pux.

B). Bocrnosib3yemcsi TpaHUYHBIMH YCIOBUSMU X ’(0) =0, X (l )=0. 13 rpaHu4HOroO yc-

JIoBUS X '(O) =0 UMECM c,u - cos ,ux|x:0 =0, ¢, =0. KpaeBas 3aj1aua — TpeTbero Tumna,

no3toMy u#0, ¢, =0 M X (x)=¢,-cos ux. Tak kak cOOCTBEHHbIE (DYHKIIUU — ITO He-

HyJIeBbIe ()YHKIIUH, ONIPEIEIISIONINECS C TOYHOCTBIO JI0 TOCTOSTHHOTO MHOKHUTEJIS, TO
MO>KHO NOJIOKHUTB ¢, =1. 13 ycnoBust X (/)=0 noixyyum

cos 1 =0, ,ul:%(2k+l), ykzzil(zkﬂ) (k=0,1,2,..).

Hrak, coOCTBEeHHBIE (I)yHKuHH Ve =cosux, TOE 1 :211(2k+1) (k=0,1,2,...).
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2). Paznoxcenue 6 pao @ypve no cucmeme X, (x) 6cex pynxuyui 3aoauu:

o0

u(x,t):l‘;)Tk (t)-Xk (x);
A Sz

E:cosfx:)g(x), TaK Kak 5—7;=,u3,

ulg=0=>0-X; (x).
k=0

3). Iloocmanogka ps0oe ona pyuxuuii u(x,t), f(x,1), ¢(x), v(x) 6 3a0auy (7.17):
a) u3 qudepeHIanIbHOr0 YpaBHEHUS
sz’ (t)Xk (X) = Z asz (t)Xk" (X)+X3 (X).
=0 =0
VYuursiBast, 4to X" (x)=-u X, (x), 1 cpaBHUBast KOIPOHUIMEHTHI IPH X, (x), HOITY-
4yuM auddepeHnnanbable ypaBHeHUs 101t QyHKuuit 7, (¢):
T (t) = —az,u32 I (t)+1, T, (t) = —az,uk2 T, (t) (k #3);
0) U3 HAYaJILHOTO YCJIOBUS
D T (0)- X, (x)=D0-X, (x) = T,(0)=0.
=0 =0
OTMeTHM, YTO TPaHUYHBIE YCIIOBUS OBUIM yYTEHbI IPH OTBICKAHMM QYHKIUHA X (x).
WTak, moxy4unu Ciexyronyro 3agady st GyHKIui 7 (1):
T (t)=—a’u3T3(1)+1, T, (t)=-a’u; T; (t),
(k#3). (7.19)

73(0) =0, T (0)=0,

4). Omvickanue pewenuit T, (t) 3a0auu (7.19)

a). [Ipu k=3:
dT3(t) 2.2 2. .2 1 ( —a2 21‘)
=dt, Inl-a’u;L(t)+1|-Ind=-a"ust, Tz(t)= l—-d-e * #3" .
~au3Ty(1)+1 (w01 SR
2 2
W3 ycnoust 73(0)=0 nomyuuM d=1 u Ty(r)= 212 (1—5“ “3’)
a p3
0). [Ipu k=3:
dT, (1)

:_azﬂlzcdta ln(Tk(t))—lndk:—azyit, Tk(t):dk.e*azﬂ%"

W3 ycnosus 7y (0)=0 momyduM d;, =0 u T, (¢)=0.
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5). 3anuce uckomozo pewrenus

o 1 22 5
()= 270X (9= () X ()= =14 Jaossr, s =3,
k=0 a’u;

7.5. Meton ®ypbe AJ14 32124 ¢ HCOJAHOPOAHBIMUA I'PAHNYHBIMH YCJIOBUAMM

[Tycth TpeOyeTcs HaiiTu pemeHne auddepeHInaiIbHOTO ypaBHEHUS
Lu(M,t)= f(M,t) B obnactu (D), yAOBIETBOPAIOIIEE HAa TpaHuIle o obnactu (D)

IPAaHUYHOMY YCJIIOBHIO

ou ‘

oa-u+pf-— =g(M,t),

(auep 2| =e(or)

MpUYeEM «, # OJHOBPEMEHHO HE PAaBHbBI HYIIIO.

Ecim =0, TO noTydaeM rpaHUHOE YCIOBHE IEPBOro THIA u|,=g(M.t)/a.

Eciau o =0, TO mojryyaeM IrpaHUYHOE YCIOBHE BTOPOrO THIIA 2—” =g(M.1)/pB.
nl &

Eciu a =0, g0, TO UMeeM rpaHUYHOE YCIOBUE TPETHETO TUIIA.

ITycTh 00nacTh (D) — ofHOMEpHas, T.€. OTPE30K [a,b]; TOr/a IPAaHUIA & COCTOUT
U3 JIBYX TOYEK x =a, x =b . [IpH 3amucu rpaHUYHOTO YCIOBHUS CICAYET YIUTHIBATH, YTO

ou ou ou ou
—=—-——1IpHh x=a, —:+—HpI/Ix=b.
on ox on Oox
Torna rpaHUYHBIC YCIIOBUS IPUMYT BU]T
(ot -u—py-uy) g & (2),

(7.20)

(az 'u+,82 u;) =b = g2 (t)
Ecnu Ha 0THOM M3 KOHIIOB HHTEpBala (a,b), HAIPUMEP B TOUKE x =a, B OLIEPATO-
pe Lu=Au"+Bu'+Cu QyHKIMU A(x) WIH B(x) HE OIpeseseHbl WM A(x)—> 0 mpu

xX—>a, TO FpaHI/I‘-IHBIe YCJ'IOBI/IH HUMCHKOT BU/I.
| u |x:a <0,
(a-u+ﬂ-u;) — =g(t).

[Ipexne yuem npumenuts metoa Oypre, ciaeayeT NpuBeCTU HEOJHOPOIHBIE Tpa-
HUYHBIE YCJIOBUS K OJJHOPOAHBIM. JIjist 5TOr0 HaineM QyHKLUUIO w(x,t), yAOBIETBO-

(7.21)

PSIOLIYI0 HEOAHOPOIHBIM I'PAaHUYHBIM YCIOBHIM. B 3aBUCMMOCTH OT TUIIA TPaHHY-
HBIX YCJIOBHM Oy/ieM UCKaTh 3Ty (QYHKIUIO B CIEIYIOIIEM BUIE:
IUIsl TPaHUYHBIX ycaoBul Buaa (7.20)
Ax* + Bx, ecnu oy =a, =0,
w(x, t) =
Ax+ B, B OCTAQJIbHBIX CIIy4YasiX;

JUISl TPAaHUYHBIX yclioBui Bua (7.21)
Ax, ecam o =0,
w(x, t) =
A, B OCTaJbHBIX CIy4dasXx.
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IIpu nosicranoBKe QYHKIMH w(x,¢) B TPAHUYHBIE YCIOBUS HalieM K03 OHIIMEHTHI

A, B ans ycnosuit (7.20) nnu ko uunent 4 s ycnosuit (7.21).

Torna pernenre nepBOHAYAILHOM 337]a4¥ ¢ HEOJHOPOHBIMU TPAHUYHBIMU YyC-
JIOBUSIMU CJIETYET UCKATh B BUJIC

u (x, t) = v(x,t) + w(x,t) .

Ioncrasnsas u(x,t)=v(x,t)+w(x,¢) B tuddepeHnmansHoe ypaBHEHUE, FPAHUY-
HbIE YCJIOBUS U HaYaJIbHBIE YCIOBUS, HOIYyYUM 3a7ady s QyHKIMHU v(x,7) € OAHO-
POJIHBIMU TPAHUYHBIMH YCIIOBUSMH, K KOTOPOM MPUMEHUM MeTo ] Dyphe, H3105KEH-
HBIM B 1. 7.3, 7.4.
Ipumep 7.5. HaiiTy 3aKOH pacnpeieliCHUs] TEMIIEPATyPbl BHYTPU OJHOPOIHOTO
CTEPKHSI IJIMHOM /, €CJIM BHYTPH CTEPXKHS ACHCTBYET UCTOYHUK TEIljia MIOTHOCTHIO
S =cy-cos¥x (c— KOOPPUIHMEHT TEMIOEMKOCTH, y — INIOTHOCTb PACHPEENICHHUS

Macchl). Ha koHel cTepxHS x =0 MOAAETCS TEIIOBOM NOTOK INIOTHOCTBIO ¢ , HA KOH-
e x =/ NoJAEp>KUBAETCS TEMIIEpaTypa u,, Ha4yajlbHas TEMIIEpaTypa paBHa

q(x—1)+u,.
Pewenue. 3anuiiem MAaTCMAaTUYICCKYIO ITIOCTAHOBKY 3aa4u:
_ 2 f
U, =au,, +C_]/ ,

petty|ico=q,  u|y=u,, (7.22)

u‘t:():q(x—l)+uo.

3n1ech a” = % , p— KO3 QUIMEHT TEMIONPOBOIHOCTH.

I'paHnuHbIE yCOBUSA B 3TOW 3ajaue — HEOJHOPOAHBIC, [MOATOMY CHayajua CIEIyeT
IIPUBECTU HEOJHOPOAHBIE TPAHUYHBIE YCIOBHS K OJAHOPOIHBIM. [[1s1 3TOrO Hailnem
(GyHKLIUIO w(x,?), YIOBIETBOPSIONUIYI0O HEOJAHOPOJHBIM TPAaHUYHBIM ycinoBusaM. I'pa-

HUYHbIE ycaoBus umeroT Buja (7.20), rae o, =0, a, #0, mo3ToMy OyZeM HUCcKaTh (PyHK-
M0 w(x,t) B BUJE
w(x,t) =Ax+B.

4
p

Tak KaKk w, = 4, a U3 YCIOBUS 331394 w, | ,_,=-~, 10 A=-<L . Kpowme Toro,

W|x:l: A-1+ B, a3 ycJI0OBUd 3a1a4YU w

=u, . [ToaTomy Bzuo_A.lzuo_%.l; TOrIa

w:i(x—l)Jruo.

p
Pemenue 3amaun (7.22) OyneM UCKaTh B BUJE

u(x,t)=v(x,t)+w(x,r), Ta€ w:i(x—l)-i-uo.
p

IoncraBnsas u(x,t)=v(x,t)+w(x,t) B tupdepennuransHoe ypapHenue 3anaun (7.22) u

YYUTBIBasA, YTO w;, =0, w,, =0, IIOJTYYUM

47



f

v +w =a’ (vy +wxx)+i = v =av, +—.
c cy
IMoxcraBnss u(x,t)=v(x,t)+w(x,¢) B rpaHU4HBIE yCIIOBUS 3a1a4u (7.22) 1 yuuThIBas,

9TO pWy|ro=q,  W|,y=1,,, TOTYIAM

{pu

IToncraBisis u x,t

Vilye0=0
x=0— P Vx ‘x otpPW |x 0=49> x|x—0 ’
—

x=l = V|x=1 TW|x=1= Uy,

V|x:l: 0.

)=v(x,7)+w(x,t) B HauanpHOE yciloBUE 3a1auu (7.22) U yuuThIBas,
9TO W, =— ( [)+u,, MOIYy4IIM
”‘z:0:V|z:0 +W|t:0 =z(x—l)+u0 :>v|t:0:0.

Wrax, 11 GyHKUMK v(x,¢) TOIYYHIN 3a]a4y

2
v, =a vxx+£,
vx|x:0:0, v|x:l:O,
V|z=0:0

C OJIHOPOIHBIMH TPaHWYHBIMH YCIIOBMSIMU. Ee peliienne ObL10 mojydeHo B npumepe 7.4:
1 —azy 2 t 572'
v(x,t)= l-e 37 | cos usx,
(=] e, =
Torna pemenue 3agaun (7.22) UMeET BU/L;

1 —azluzt q 572'
= = 1- 3 : - _l = .
u(x,t) v(x,t)+w(x,t) az,u§ ( e j cos,u3x+p(x )+u0, M3 Y

7.6. PemieHne 3a1a4 MaTeMaTH4eCKOil (PM3MKHN B Kpyre M HUJIHHAPE
Pemenue 3anay mateMaTudeckoil PU3MKU B KPyre v HUIUHAPE PACCMOTPUM Ha
JBYX IpUMEpax.

Ilpumep 7.6. OnnopoHas Kpyrias MeMOpaHa panycoM R, 3aKperieHHas 1Mo Kparo,
COBEpIIAET MaJible ONEpeUHbIe KoJieOaHus B cpejie 0e3 conpotunieHus. Onpene-
JUTH KoseOaHusi MeMOpaHbl, BBI3BAHHBIE TIOCTOSIHHON HAYaJIbHOW CKOPOCTBIO v,

TOYEK MEMOPAHBHI.
Pewenue. O003HauMM uepes u(p,,t) OTKIOHEHHE B MOMEHT BPEMEHH ¢ TOUKH M

MeMOpaHbI ¢ NOJIAPHBIMU KOOPJMHATAMHU (p,¢). YpaBHEHHE CBOOOIHBIX KOJIeOaHUi
MeMOpaHbl OysieT UMeTh BU (6.15):

2
a—Lzl:az-Au-i-i, rone f=0.
ot 4
Oneparop Jlammaca criemayer B3Th B IOJISIPHOM cucteMe koopauHat (popmyna (6.17)) u

Y4€CTh, YTO u HE 3aBUCHUT OT ¢ (TaK KaK HAYaJIbHbBIC ¥ TPAHUYHBIC YCIIOBUS HE 3aBU-
o%u

CAT OT ¢ ), T.C. Py =0. Torma
@
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2
Au_1£( auj_ﬂ 1 du

=——/| p—|= ——
pop\"dp) op* pop
Llentp xkpyra p =0 siBisieTcs 0coO0M TOUKOW oneparopa Au, IOATOMY B 3TOM TOUKe

CTAaBUTCS TPAHUYHOE YCIOBUE YETBEPTOIO THUIIA! ‘ u‘ =0 ‘ <. MeMOpaHa 3akperieHa
[0 Kpalo, T.¢. Ha TPAHUIe MEMOPAHbI IPH p = R OTKIOHCHHUE PABHO HYJIIO: u| ,_p =0.
HavanbHO€ OTKIIOHEHHE paBHO HYJIO, Ha4aJbHAsI CKOPOCTh PABHA v,, T.€.
’
”|t:0: 0, u, |t:0:V0-
Urak, 3anaua npumer BUA:
_ 2
u,, =a" -Au,
|| o | <0 | =0, (7.23)
!
”‘ 1=0=0, ut‘ =0~ Yo-

OyHKIMA u=0 YAOBICTBOPSET TPAHUYHBIM YCIOBUSM U AuddepeHnaIbHOMYy
YpPaBHEHUIO, T.€. TPAHUYHBIC YCJIOBUS U YpPAaBHEHUE SBIISIIOTCS OJHOPOAHBIMU. [lo-
sTOMy npumMeHuM MetoJ Dypee (11.7.3). PeleHue 3agauu COCTOUT U3 CIETYIOLIUX
ATaIoB.

1). Omvickanue pewenusn 6 6ude u(p,t)=X(p)-T(t).

IoncraBuMm u(p,t)=X(p)-T(t) B auddepenmanbaoe ypaBHeHHe 3an1aun (7.23):

X(p)T"(t)=a’T(t)-AX(p).
PaB,Z[CJ'II/IM INEPEMCHHEIC
(1) AX(p)
@T(t)  X(p)
JIpoOb B JIEBOI YaCTH 3TOr0 paBEHCTBA 3aBUCUT TOJIBKO OT ¢, B TPABOM YacCTH —
TOJIBKO OT p ; HIO3TOMY PAaBCHCTBO BO3MOXXHO JIMIIb TOrAa, KOrja 9TU ,Z[pO6I/I PaBHBI
MOCTOSTHHOM, 0003Ha4YuM ee A . Torjma u3 paBeHCTBa
T'(6)  AX(p)
@T(1)  X(p)

=4

MOJIy4YHM JBa ypaBHCHMUSI:
T"(1)=2a"-T(t), AX(p)=4-X(p).

2). Ilepenoc 00HOPOOHBIX 2PAHUUHBIX YC06UIL HA PyHKUuIo X (p).

IMoncraBum u(x,t)=X (x)-T(¢) B rpaHUuHbIE ycaoBus 3aaaun (7.23):
% (0)-7(t)|<0;  X(R)-T(t)=0.

Torza noxyuum ‘ X(0) ‘ <w; X (R)=0.

3). Pewenue 3a0auu ona pynkyuu X (p):

{AX(p)—ﬂX(p),
| X(0)|<w, X(R)=0.
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a). Inddepenunanbupiii oneparop uMeeT BUJ A X (p) = X”(p)+lX’(p) ,rae A=1,
o,

B= l, C=0.Tak xak 4>0, C=0, To coOOCTBEHHbIE 3HaUeHUs A <0. Y100HO 3aI11H-
o,

caTh OTPULIATENBHOE YUCIO A B Buje A=-u°. Torja ypaBHenue AX (p)=4-X(p)

MIPUMET BUJL; X”(p)+lX'(p) =—u’X(p). YMHOXHB ero Ha p” , TIOTyduM
yo,

P X"(p)+pX (p)+u’p’X(p)=0. (7.24)
OT0 ypaBHEHHE €CTh YaCTHBIN CiIydail 0osiee 00IIero ypaBHEHHUS
sz”(p)+pX'(p)+(,u2p2—sz)X(p):O , (7.25)

Ha3bIBaEMOro ypasuenuem beccens ¢ napamempom s . O0uiee pelieHue ypaBHEHUS
beccens ¢ mapameTpom s MMEET BUA:

X(p)=cJs(mp)+ce,Ny(up)|. (7.26)

dynxuus J, (4 p) HazpiBaeTcs QyHkuuei beccens nopsaka s, oHa OrpaHUYeHa B

HyJIe ¥ He OTpaHuueHa B OeckoHewHOCTH. DyHKIUA N (1 p) HazpiBaeTcs QyHKInen

HeiimMaHa mopsiika s ; OoHa HA00OPOT HE OrpAaHMYCHA B HYJIC M OTpaHHUYCHA B OECKO-
HeuHoctu. Oynkiuu beccens J, (1 p) n Gynkiun Heiimana N (u p) ABIAIOTCS He-

aneMeHTapHbIMU QyHKIMsIMU. VIX cBOMCTBA MpUBEIEHBI B IPUIL. 1.

®yukiuu beccens n Helimana, kak coOCTBeHHbBIE (DYHKIIMH OrlepaTopa

AX(p)zX"(p)+lX'(p) (A4=1, le, C =0), OpTOroHanbHBI Ha (0,R) C BECOM p,
P P

KOTOPBIN MOKHO BBIYUCIUTH MO opMyJie

0 :|A; exp (J-jdpj =exp (J.llodpj =exp(lnp)=p.

Bepuemcs k ypaBaenuto (7.24); oHO moydaeTcs U3 o01ero ypaBHenus bec-
censt (7.25) npu s =0; no3ToMy penieHue ypaBHeHus (7.24) umeet BUA:
X(p)=ado(up)+eNo(up)|.

ITo ycnoButo GyHKIMS X (p) OorpaHudeHa B Hyle, GyHKINS N, (up) HE OrpaHHYCHA

B HYJI€; I0ATOMY, YTOOBI MTOTYYUTh OTPAHUUYEHHOE B HYJIE PEIIEHUE, CIEAYET M0JI0-
KUTh ¢, =0. KpoMe TOro, MOKHO MOJIOKHUTH ¢; =1, TaK Kak COOCTBEHHbIE (QYHKIIUU

OIPEIENAIOTCS C TOYHOCTBIO JI0 MOCTOSIHHOTO MHOXHUTENA. Torna X (p)=J,(up).
W3 ycnous X (R)=0 nomxyuuM J,(#R)=0.IT0 ypaBHEHHE UMEET MHOKECTBO

KOpHEH u; , KOTOpbIe MpuBeeHbI B puil. 2. COOTBETCTBYIOIIME COOCTBEHHBIE (PYHK-

U X, (p)= Jo(ﬂk p) (k=1,2,3,...) OPTOTOHAJBHBI C BECOM p .

4). Omevickanue ynxyuii T, (t) u3 ypasnenusn T](t)=—a’ ;T (t).
JIJ151 pelleHyst 3TOro OJHOPOIHOIO IMHEHHOro MU depeHINATBLHOTO YPABHEHHUS C T10-
CTOSHHBIMH KOO()()UIIMEHTAMH COCTABUM XapaKTEPUCTHYECKOE yPaBHEHHE: s° = —a’ 1.
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Ero pemenust s =+tau, i, a odmee pemenne audhepeHMaTLHOTO YPaBHEHUS

Tk (t):Ck -Cosa,ukt—i-dk -Sina,ukt .
5). Ompvickanue uckomozo pewienus 6 uoe u(p,t) Z w (pot) =T (1)-X

[ToactaBum GyHKIINIO

o0

o0
u\p l): ZTk(l)Xk(p): Z(Ck -Cosa,ukt-i-dk -Sina,ukt)-Xk (p)
= k=0

B HayaJIbHbIE yCIOBUs 3aaaun (7.23):

u t:():kiocka(p):O = ¢, =0,

u, t_0=kz_;‘)(—cka,uk sinaput+dau, -cosa,ukt)‘tzo ¢ (p)zl;dkayk X (p)=v,

[omyunnu psn ypbe 10 OPTOrOHANBHOU cucTeMe yHKIHN X (p); Koddduiuen-

Tbl Dypbe HalizieM 110 hopmylie
(vo: X4 ) .
(Xe X)

drapy =
3navenue (X, X;)=|X, k||2 HpI/IBC,Z[eHO B 1puil. 1.

: R’
x| = [Joz(ﬂkR)JrJoz(ﬂkR)]=7J12(ﬂkR)~

3/1eCh MBI Y9I, YTO 4, — KOPHH ypaBHeHUs J,(uR)=0 u Jy (x)=-J,(x) u3 BTOpO-
IO PEKYPPEHTHOI'O COOTHOLIEHUS pH s =0 (Tpuit. 1).

Tenepb BIUMCIUM CKaJSPHOE MPOU3BEICHUE

R Hp=1n v iR
(0. Xe) =[Py Xy (p)dp = vojp Jo(mp)dp=|y, - dn==25 [ n-Jy(n)dn.
0 ﬂk Hie o

I3 nepBoro peKyppeHTHOrO COOTHOMIEHHS IPH s =0 (pui1. 1) moayuum
n-Jo(n)=(n-J, (77)) [TosTomy

Vo HR v MR ' : R .
(v Xi)=="5 [ m-Jo(n)dn==5 [ (n-5(n)) dn=-"5(n-71(n)) 71 (14R)
luk ’ Mo ﬂk Hy
Torma
dapy = O Xe) _ (Rt ) Sy (4R) 2v, B 2v,

_ _ . d, - .
(X%, Xy) (Rz/z)'J12 (14R) Rt Jy (1eR) T aRu’ I (1yR)
B 3axsroueHue cieLyeT moCTaBUTh HalileHHbIe KOO (UIIHEHTHI ¢, d), B PEIIEHHE

u(p,t):Z(ck cosaut+d, - sma,ukt) X (p)= 2%

sinaut-Jo (e p)-
=1 aR S w’ (R
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Ilpumep 7.7. Halitu pacupeneneHne NoTeHIrana JEKTPOCTATUYECKOTO MOJIs1 BHYT-
pH T0JIOTO LUJIMHAPA PAIMYCOM R U BBICOTOM H , €ciu 00a OCHOBAHMS 3a3€MIJICHBI, a
MOTEHIIMa Ha OOKOBOM MOBEPXHOCTH PABEH u .

Pewenue. IToTeHIMa 371€KTPOCTATUYECKOIO OIS YOBJIETBOPAET ypaBHeHUo Jlan-
naca Au=0.3a1a4y eCTECTBEHHO peliaTh B UIMHIPUYECKON CUCTEME KOOPAUHAT

P, @, z. YCIOBUS 33/1a4 HE 3aBUCST OT ¢, IO3TOMY ITOTEHLIUAN u SBISAETCS (PYHKIU-
€il TOJIBKO MEPEMEHHBIX p, z. Onepatop Jlamaca ciaenyeT B3ATh B LIWINHIPUYECKOM

2
CUCTCMC KOOp,Z[I/IHaT nu yquTB, YTO u HEC 3aBUCUT OT Q, T.C. 2_1; =0:
7
10( o6u) &u 0*u 10u oOu
Au=——|p—|+—=="5+—+=-
pop\’ Op) 0z Op° pop oz
0’u 1 ou o
CJIaFaCMLIC F-'__@_ HAa30BEM pa,Z[I/IaJIBHOI/I qJaCTbIO onepaTopa Harmaca nu 0603Ha-
p- pop

9uM A, u. Torna Au=A,u+u,,.

LlenTp kpyra p =0 gBisgeTcs 0coOOW TOUYKOM oreparopa Au, IO3TOMY B 3TOH
TOYKE CTABUTCS I'PAHUYHOE YCIOBHUE YETBEPTOIO TUIA! ‘ u‘ =0 ‘ <oo. [ToreHuman Ha
OOKOBOI IOBEPXHOCTH PABEH u,, , I0O3TOMY u‘ peR= Uy -

OcCHOBaHUs LIUIIMHAPA 323EMIICHBL, TOITOMY u|._o=0, u|._;=0.

HTak, nMeeM CIIeAyOIIyI0 MATEMaTUYECKY0 [IOCTAHOBKY 3a/1a4u:

— - 1
A utu,.=0 (Apu—upp+pup),
‘u‘pzo‘<oo, up‘p:R =u,, (7.277)
M|Z:0:0, u|Z=H:O'

JudbdepennmansHoe ypaBHEHHE U TPAHUYHBIE YCIIOBUS IO z — OJTHOPOJIHBI (TaK
Kak QyHKIMs =0 uM yaoBieTBopseT). [loaromy npumernm meton Oypee (11.7.3).
Pemmenwne 3a1aum COCTOUT U3 CIEAYIOIINUX 3TAIOB.

1). Omvickanue pewienusn 6 éude u(p,z)=X(p)-T(z).

IoncraBuMm u(p,z)=X(p)-T(z) B suddepennnansHoe ypaBHeHHe 3anau (7.27)
A, X(p)T(z)+X(p)-T"(z)=0.
Paznennm nepeMeHHbIE
'(z) __ A, X(p)
r(z)  X(p)
Jpo0Ob B 7€BOIf 4aCTH 3TOr0 PaBEHCTBA 3aBUCUT TOJIBKO OT z, B IIPABOM YaCTH —
TOJIBKO OT p ; TIO3TOMY PaBEHCTBO BO3MO>KHO JIUIIb TOT/A, KOTA 3TH IPOOU PaBHEI
TIOCTOSHHOM, 0003HaunM ee A . Torga u3 paBeHcTBa
'(z) __ A, X(p)
I(z)  X(p)

=41

IIOJIyYMM JIBA YPABHEHUS:
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T"(z)=AT(z), A, X(p)=-24X(p).
2). Ilepenoc 00HOPOOHBIX 2PAHUYHBIX YCA0BUIL

IoncraBuM u(p,z)=X(p)-T(z) BOIHOPOOHBIC IPAHMYHBIC YCIOBHS — YCJIOBUS IO z
X(p)-T(0)=0, X(p)-T(H)=0.

Dynxnus X (p)=0 (nHave noryduM u =0, He yIoBIeTBOpsromee 3agaye (7.27)); mo-

stomy T(0)=0, T(H)=0.

3). Pewenue 3a0auu ona gpynkyuu T(z):

T"(z) = /1T(z),
{T(O) =0, T(H)=0.

a). uddepenunanbHblii onepaTop UMeeT BUn: LT = AT"+BT'+CT ,tae A=1, B=0,
C=0.Tak kak 4>0, C=0, To cOOCTBEHHBIE 3HaUeHUS A <0. YO0OHO 3amUCaTh OT-
puuaTenbHOE uncio A B Bue A=—x°. Torna ypasuenue 7" (z)=AT(z) npumeT BUI:
T”(Z) =—,u2T(z) .

0). lns pemeHust 3Toro 0JJHOPOIHOTO JTMHEHHOTO MU (epeHIIMATBEHOTO YPABHEHHUSI C
MOCTOSIHHBIMU KO3((ULIMEHTAMHU COCTAaBUM XapaKTEPUCTUYECKOE YPABHEHHE

k* =—u*. Ero pemenus k =+ i, a obmee pemenue qupdepeHuansHoro ypaBHEHUs
T(z)=c¢,-cos uz+c,-sin pz.

B). Bocnonmb3yemcs rpannunbiME yenoBusamu 7(0) =0, T(H)=0. 13 rpaanaHOrO Yyc-

noBust T(0)=0 umeeM ¢, =0 u T(z)=c, -sin pz. Tak kKak cOOCTBEHHBIE (DYHKIIUU — ITO

HEHYJIeBbIe (DYHKIIUH, OMIPEACISIONIMECS C TOYHOCTBIO 10 TIOCTOSIHHOT'O MHOYKUTEIIS,
TO MOXKHO IIOJIOXKHUTB ¢, =1. VI3 ycnoBust T(H)=0 momyduM sin uH =0 ; TOrIA

1y =%k, T (z)=singz (k=12,.).

4). Omvickanue ynkuuit X, (p) us ypasuenus A,X(p)=-AX(p).

Tak KaKk A=—;, TO ypaBHEHHE A, X (p)=-1X(p) npumer BHL:

X"( p)-i-lX "(p)= w3 X (p). YMHOXKUB €ro Ha P, TOJTYYHM TaK Ha3bIBAEMOE MO/IH-
P

¢bunupoBanHoe ypasuenue beccens
p’X"(p)+pX'(p)-uip*X(p)=0,

oTIMyYaloleecs oT ypaBHeHus beccens 3HakoM nepen u” . Pelenue 3toro ypasHe-
HUS 3aIllUChIBaeTCs uepe3 Moouguyuposannsie pynkyuu beccenn 1,, K, KOTOpbIe

o0JnaaroT CBOMCTBAMHU, CXOKMMHU CO cBoicTBaMu (yHKIMM beccens u npuBeieHb! B
npui. 1. Utak,

Xi(p)=al (/Jk P)+02Ko (/Jk P) .
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ITo ycnoButo GyHKIMS X, (p) orpaHudeHa B Hyle, GyHkuus K, (up) He orpaHuye-

Ha B HYJIE; TIOATOMY, YTOOBI MTOTYYUTh OTPAHUUYEHHOE B HYJIE PEIICHUE, CIETYET I0-
JIOKUTD ¢, =0. Kpome TOro, MOXKHO MOJOXKHUTH ¢, =1, TaK Kak COOCTBEHHbIE (DYHKITUU

OTIPEIENSIFOTCS ¢ TOYHOCTHIO JIO IOCTOSTHHOTO MHOKUTEIs. Torna
X (p)=1o (s p)-
5). Omvickanue uckomozo pewienus 6 uoe u(p,z)=> ;T (z) X, (p) -
k=1

[ToactaBum GyHKIINIO

u(p,z):gcka(z)Xk(p):gck sin 132X, ()

B IPaHUYHOE YCIIOBUE u | g = Uot

u(R,z)zgcka(R)Tk(z):uo .

Homyunnu psn @ypbe 10 OpTOroHanbHOH cucteMe GyHKIUH 7 (z); K03 UIHEHTHI
dypre HaligeM 1o GpopMyram:

U, Tk)
cpdo | 1R ,
k O( k ) (TkaTk)
B B B . 0, k=2,
(uO,Tk): .([uosin,ukzdz:’u—kocosykz f:ﬂ—:(cosukH—l):ﬂ—Z(l—COSﬁk): 2ﬂ_”k(>, k=2]+1.

Bripasenne (7;,T; ) =|T;|* Bormcaserces tax e, kax B mpumepe 7.2 1 paBHO % Torna

0, k=21, 0, k=21,
_J) 4 4 _ 4u
Ck[o(ﬂkR)— LIOJ: uk", k=20+1, Ck= TOR) k=20+1.
Hi a TR Lo\ K

B 3akitoueHue ciaenyer noACTaBUTh HailieHHbIe KOO (PUIIMEHTHI ¢, B pellIeHUE

. 4y & SN fly) 2 IO(,Uzmp)
u(p,z)=) cpsmupz-Iy\pup)= . .
(2:2) kzz‘i ‘ ¢ 0( ‘ ) 7 lzzo (21+1) Io(ﬂsz)
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IMpuioxenus

IIpunoxenue 1

HazBanue Oyukumu beccens Momapuipposantbie QyHKipm
beccens
1 .
O6o3HayeHue J, (1 x) 1, (ux) = > J (i x)
Orpesok oproro- ©0,0); p=x 0,0); p=x
HATRHOCTH 1 BEC
2 5 2 P2 2 1? 2 p2 2
||fn || o Jp(,ul){l—ﬂzlzjjp(yl) ) Ip (uhy+ 1+ﬁ Ip(yl)
Orieparop, Jy1s KO- 1, p? 2
Lu=u"+—u'—Fu=—u"u
TOPOIO f,, -CO0CTB ) g 2x2 5 Pu"+xu' — (X + pPu=0
ysxapm Xu"+xu'+(ux"—pHu=0
CooTB. coOCTB. PR A= i
3HAUYCHUC
(P, (x)) = x"J ,1(x) (1, () =x"1,4(x)
PeKyppeHTHEG (PT,(x) ==x"PJ (%) (P, (X)) =x"P1,4(x)
2 2
COOTHOMEHMA | =) () =/, 1(x)+/ 1 (¥) L0 =1 ()~ 1)
2J, (x)=J,4(x)—Jp(x) 21, (x)=1,4,(x)+1,,(x)
Bripaxxenue J ()= i (-1)" (x /2)2n+6 - i (x /2)2n+p
qepe3 pa P = MIT(p+n+l) s o MI(p+n+l)
J_()=(=D"J,(x) T3
2 . ]1 ()C) =, Sh X
YacTHbIe J1(0)= P 2 x
2
clIydau
yq 2 1 1 (_X') = i Chx
J 1(x)=,/—-cosx ) X
- 5 X

IIpunoxenne 2

Kopnu ypaBHeHus J(u)=0 ¥ COOTBETCTBYIOIINE 3HAYCHUSA QYHKIIH J, (1)

n

1 2 3 4 5 6
1, 2.4048 5.5201 8.6537 11.7915 14.9309 18.0711
Jy ( u, ) 0.5191 -0,3403 0.2715 -0.2325 0.2065 0.1877

56



Kopuu ypaBHeHUA o - Jo (p)— - Jy (1) =0

IIpunoxenue 3

a M 3 M3 K4 Us Us
0,0 0,0000 3,8317 7,0156 10,1735 13,3237 16,4706
0,01 0,1412 3,8343 7,0170 10,1745 13,3244 16,4712
0,02 0,1995 3,8369 7,0184 10,1754 13,3252 16,4718
0,03 0,2814 3,8421 7,0213 10,1774 13,3267 16,4731
0,06 0,3438 3,8473 7,0241 10,1794 13,3282 16,4743
0,08 0,3960 3,8525 7,0270 10,1813 13,3297 16,4755
0,10 0,4417 3,8577 7,0298 10,1833 13,3312 16,4767
0,15 0,5376 3,8706 7,0369 10,1882 13,3349 16,4797
0,20 0,6170 3,8835 7,0440 10,1931 13,3387 16,4828
0,30 0,7465 3,9091 7,0582 10,2029 13,3462 16,4888
0,40 08516 3,9344 7,0723 10,2127 13,3537 16,4949
0,50 0,9408 3,9594 7,0864 10,2225 13,3611 16,5010
0,60 1,0184 3,9841 7,1004 10,2322 13,3686 16,5070
0,70 1,0873 4,0085 7,1143 10,2419 13,3761 16,5131
0,30 1,1490 4,0325 7,1282 10,2519 13,3835 16,5191
0,90 1,2048 4,0562 7,1421 10,2613 13,3910 16,5251
1,0 1,2558 4,0795 7,1558 10,2710 13,3984 16,5312
1,5 1,4569 4,1902 7,2223 10,3188 13,4353 16,5612
2,0 1,5994 4,2910 7,2884 10,3658 13,4719 16,5910
3,0 1,7887 4,4634 7,4103 10,4566 13,5434 16,6499
4,0 1,9081 4,6018 7,5201 10,5423 13,6125 16,7073
5,0 1,9898 4,7131 17,6177 10,6223 13,6786 16,7630
6,0 2,0490 4,8033 7,7039 10,6964 13,7414 16,8168
7,0 2,0937 4,8772 17,7797 10,7646 13,8008 16,8684
8,0 2,1286 4,9384 7,8464 10,8271 13,8566 16,9179
9,0 2,1566 4,9897 7,9051 10,8842 13,9090 16,9650
10,0 2,1795 5,0332 7,9569 10,9363 13,9580 17,0099
15,0 2,2509 5,1773 8,1422 11,1367 14,1576 17,2008
20,0 2,2880 5,2568 8,2534 11,2677 14,2983 17,3442
30,0 2,3261 5,3410 8,3771 11,4221 14,4221 17,5348
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